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Preamble 


The purpose of this License is to make a manual, textbook, or other functional and useful document “free” in the sense of freedom: to assure everyone the effective freedom to copy and redistribute it, with or without modifying it, either 
commercially or noncommercially. Secondarily, this License preserves for the author and publisher a way to get credit for their work, while not being considered responsible for modifications made by others. 

This License is a kind of "copyleft”, which means that derivative works of the document must themselves be free in the same sense. It complements the GNU General Public License, which is a copyleft license designed for free software. 

We have designed this License in order to use it for manuals for free software, because free software needs free documentation: a free program should come with manuals providing the same freedoms that the software does. But this License 
is not limited to software manuals; it can be used for any textual work, regardless of subject matter or whether it is published as a printed book. We recommend this License principally for works whose purpose is instruction or reference. 


1. APPLICABILITY AND DEFINITIONS 


This License applies to any manual or other work, in any medium, that contains a notice placed by the copyright holder saying it can be distributed under the terms of this License. Such a notice grants a world-wide, royalty-free license, 
unlimited in duration, to use that work under the conditions stated herein. The “Document”, below, refers to any such manual or work. Any member of the public is a licensee, and is addressed as "you”. You accept the license if you copy, modify 
or distribute the work in a way requiring permission under copyright law. 

A “Modified Version” of the Document means any work containing the Document or a portion of it, either copied verbatim, or with modifications and/or translated into another language. 

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals exclusively with the relationship of the publishers or authors of the Document to the Document’s overall subject (or to related matters) and 
contains nothing that could fall directly within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section may not explain any mathematics.) The relationship could be a matter of historical connection 
with the subject or with related matters, or of legal, commercial, philosophical, ethical or political position regarding them. 

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being those of Invariant Sections, in the notice that says that the Document is released under this License. If a section does not fit the above definition 
of Secondary then it is not allowed to be designated as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify any Invariant Sections then there are none. 

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover Texts, in the notice that says that the Document is released under this License. A Front-Cover Text may be at most 5 words, and a 
Back-Cover Text may be at most 25 words. 

A “Transparent” copy of the Document means a machine-readable copy, represented in a format whose specification is available to the general public, that is suitable for revising the document straightforwardly with generic text editors or 
(for images composed of pixels) generic paint programs or (for drawings) some widely available drawing editor, and that is suitable for input to text formatters or for automatic translation to a variety of formats suitable for input to text formatters. 
A copy made in an otherwise Transparent file format whose markup, or absence of markup, has been arranged to thwart or discourage subsequent modification by readers is not Transparent. An image format is not Transparent if used for any 
substantial amount of text. A copy that is not "Transparent” is called “Opaque”. 

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-conforming simple HTML, PostScript or PDF 
designed for human modification. Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary formats that can be read and edited only by proprietary word processors, SGML or XML for which the 
DTD and/ or processing tools are not generally available, and the machine-generated HTML, PostScript or PDF produced by some word processors for output purposes only. 

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are needed to hold, legibly, the material this License requires to appear in the title page. For works in formats which do not have any title page as 
such, "Title Page” means the text near the most prominent appearance of the work’s title, preceding the beginning of the body of the text. 

A section “Entitled XYZ" means a named subunit of the Document whose title either is precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another language. (Here XYZ stands for a specific section name 
mentioned below, such as “Acknowledgements", “Dedications”, “Endorsements”, or “History”) To “Preserve the Title” of such a section when you modify the Document means that it remains a section "Entitled XYZ” according to this definition. 

The Document may include Warranty Disclaimers next to the notice which states that this License applies to the Document. These Warranty Disclaimers are considered to be included by reference in this License, but only as regards 
disclaiming warranties: any other implication that these Warranty Disclaimers may have is void and has no effect on the meaning of this License. 


2. VERBATIM COPYING 


You may copy and distribute the Document in any medium, either commercially or noncommercially, provided that this License, the copyright notices, and the license notice saying this License applies to the Document are reproduced 
in all copies, and that you add no other conditions whatsoever to those of this License. You may not use technical measures to obstruct or control the reading or further copying of the copies you make or distribute. However, you may accept 
compensation in exchange for copies. If you distribute a large enough number of copies you must also follow the conditions in section 3. 

You may also lend copies, under the same conditions stated above, and you may publicly display copies. 


3. COPYING IN QUANTITY 

If you publish printed copies (or copies in media that commonly have printed covers) of the Document, numbering more than 100, and the Document’s license notice requires Cover Texts, you must enclose the copies in covers that carry, 
clearly and legibly, all these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly and legibly identify you as the publisher of these copies. The front cover must present the full 
title with all words of the title equally prominent and visible. You may add other material on the covers in addition. Copying with changes limited to the covers, as long as they preserve the title of the Document and satisfy these conditions, can be 
treated as verbatim copying in other respects. 

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages. 

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either include a machine-readable Transparent copy along with each Opaque copy, or state in or with each Opaque copy a computer-network 
location from which the general network-using public has access to download using public-standard network protocols a complete Transparent copy of the Document, free of added material. If you use the latter option, you must take reasonably 
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible at the stated location until at least one year after the last time you distribute an Opaque copy (directly or 
through your agents or retailers) of that edition to the public. 

It is requested, but not required, that you contact the authors of the Document well before redistributing any large number of copies, to give them a chance to provide you with an updated version of the Document. 


4. MODIFICATIONS 


You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and 3 above, provided that you release the Modified Version under precisely this License, with the Modified Version filling the role of the 
Document, thus licensing distribution and modification of the Modified Version to whoever possesses a copy of it. In addition, you must do these things in the Modified Version: 


A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from those of previous versions (which should, if there were any, be listed in the History section of the Document). You may use the same 
title as a previous version if the original publisher of that version gives permission. 

B. List on the Title Page, as authors, one or more persons or entities responsible for authorship of the modifications in the Modified Version, together with at least five of the principal authors of the Document (all of its principal authors, 
if it has fewer than five), unless they release you from this requirement. 


State on the Title page the name of the publisher of the Modified Version, as the publisher. 
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D. Preserve all the copyright notices of the Document. 

E. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices. 

F. Include, immediately after the copyright notices, a license notice giving the public permission to use the Modified Version under the terms of this License, in the form shown in the Addendum below. 

G. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in the Document’s license notice. 

H. Include an unaltered copy of this License. 

I. Preserve the section Entided "History", Preserve its Title, and add to it an item stating at least the tide, year, new authors, and publisher of the Modified Version as given on the Tide Page. If there is no section Entided "History" in the 
Document, create one stating the tide, year, authors, and publisher of the Document as given on its Tide Page, then add an item describing the Modified Version as stated in the previous sentence. 

J. Preserve the network location, if any, given in the Document for public access to a Transparent copy of the Document, and likewise the network locations given in the Document for previous versions it was based on. These may be 
placed in the "History” section. You may omit a network location for a work that was published at least four years before the Document itself, or if the original publisher of the version it refers to gives permission. 

K. For any section Entitled "Acknowledgements” or "Dedications”, Preserve the Title of the section, and preserve in the section all the substance and tone of each of the contributor acknowledgements and/ or dedications given therein. 

L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Section numbers or the equivalent are not considered part of the section titles. 

M. Delete any section Entitled "Endorsements”. Such a section may not be included in the Modified Version. 

N. Do not retitle any existing section to be Entitled "Endorsements” or to conflict in title with any Invariant Section. 

O. Preserve any Warranty Disclaimers. 

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sections and contain no material copied from the Document, you may at your option designate some or all of these sections as invariant. 
To do this, add their titles to the list of Invariant Sections in the Modified Version's license notice. These titles must be distinct from any other section titles. 

You may add a section Entitled "Endorsements”, provided it contains nothing but endorsements of your Modified Version by various parties-for example, statements of peer review or that the text has been approved by an organization as 
the authoritative definition of a standard. 

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage of Front-Cover Text and one of Back-Cover 
Text may be added by (or through arrangements made by) any one entity. If the Document already includes a cover text for the same cover, previously added by you or by arrangement made by the same entity you are acting on behalf of, you may 
not add another; but you may replace the old one, on explicit permission from the previous publisher that added the old one. 

The author(s) and publisher(s) of the Document do not by this License give permission to use their names for publicity for or to assert or imply endorsement of any Modified Version. 


5. COMBINING DOCUMENTS 

You may combine the Document with other documents released under this License, under the terms defined in section 4 above for modified versions, provided that you include in the combination all of the Invariant Sections of all of the 
original documents, unmodified, and list them all as Invariant Sections of your combined work in its license notice, and that you preserve all their Warranty Disclaimers. 

The combined work need only contain one copy of this License, and multiple identical Invariant Sections may be replaced with a single copy. If there are multiple Invariant Sections with the same name but different contents, make the title 
of each such section unique by adding at the end of it, in parentheses, the name of the original author or publisher of that section if known, or else a unique number. Make the same adjustment to the section titles in the list of Invariant Sections in 
the license notice of the combined work. 

In the combination, you must combine any sections Entitled "History” in the various original documents, forming one section Entitled “History”; likewise combine any sections Entitled "Acknowledgements”, and any sections Entitled 
"Dedications”. You must delete all sections Entitled "Endorsements”. 


6. COLLECTIONS OF DOCUMENTS 


You may make a collection consisting of the Document and other documents released under this License, and replace the individual copies of this License in the various documents with a single copy that is included in the collection, 
provided that you follow the rules of this License for verbatim copying of each of the documents in all other respects. 

You may extract a single document from such a collection, and distribute it individually under this License, provided you insert a copy of this License into the extracted document, and follow this License in all other respects regarding 
verbatim copying of that document. 


7. AGGREGATION WITH INDEPENDENT WORKS 


A compilation of the Document or its derivatives with other separate and independent documents or works, in or on a volume of a storage or distribution medium, is called an “aggregate" if the copyright resulting from the compilation 
is not used to limit the legal rights of the compilation’s users beyond what the individual works permit. When the Document is included in an aggregate, this License does not apply to the other works in the aggregate which are not themselves 
derivative works of the Document. 

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be placed on covers that bracket the Document 
within the aggregate, or the electronic equivalent of covers if the Document is in electronic form. Otherwise they must appear on printed covers that bracket the whole aggregate. 


8. TRANSLATION 


Translation is considered a kind of modification, so you may distribute translations of the Document under the terms of section 4. Replacing Invariant Sections with translations requires special permission from their copyright holders, but 
you may include translations of some or all Invariant Sections in addition to the original versions of these Invariant Sections. You may include a translation of this License, and all the license notices in the Document, and any Warranty Disclaimers, 
provided that you also include the original English version of this License and the original versions of those notices and disclaimers. In case of a disagreement between the translation and the original version of this License or a notice or disclaimer, 
the original version will prevail. 

If a section in the Document is Entitled "Acknowledgements”, "Dedications”, or "History", the requirement (section 4) to Preserve its Title (section 1) will typically require changing the actual title. 


9. TERMINATION 


You may not copy, modify, sublicense, or distribute the Document except as expressly provided for under this License. Any other attempt to copy, modify, sublicense or distribute the Document is void, and will automatically terminate your 
rights under this License. However, parties who have received copies, or rights, from you under this License will not have their licenses terminated so long as such parties remain in full compliance. 


10. FUTURE REVISIONS OF THIS LICENSE 

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License from time to time. Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems 
or concerns. See http://www.gnu.org/copyleft/. 

Each version of the License is given a distinguishing version number. If the Document specifies that a particular numbered version of this License "or any later version” applies to it, you have the option of following the terms and conditions 
either of that specified version or of any later version that has been published (not as a draft) by the Free Software Foundation. If the Document does not specify a version number of this License, you may choose any version ever published (not as 
a draft) by the Free Software Foundation. 

Que a quien robe este libro, o lo tome prestado y no lo devuelva, se le convierta en una serpiente en las 
manos y lo venza. Que sea golpeado por la paralisis y todos sus miembros arruinados. Que languidezca 
de dolor gritando por piedad, y que no hay a coto a su agonia hasta la ultima disolucion. Que las polillas 
roan sus entrahasy, cuando llegue al final de su castigo, que arda en las llamas del Infierno para siempre. 

-Maldicion anonima contra los ladrones de libros en el monasterio de San Pedro, Barcelona. 


Contents 


GNU Free Documentation License iii 

1. APPLICABILITY AND DEFINITIONS iii 

2. VERBATIM COPYING iii 

3. COPYING IN QUANTITY iii 

4. MODIFICATIONS iii 

5. COMBINING DOCUMENTS iv 

6. COLLECTIONS OF DOCUMENTS iv 

7. AGGREGATION WITH INDEPENDENT WORKS iv 

8. TRANSLATION iv 

9. TERMINATION iv 

10. FUTURE REVISIONS OF THIS LICENSE iv 

Preface viii 

1 Preliminaries 1 

1.1 Sets 1 

Homework 3 

1.2 Numerical Functions 4 

1.2.1 Injective and Surjective Functions 5 

1.2.2 Algebra of Functions 6 

1.2.3 Inverse Image 6 

1.2.4 Inverse Function 7 

Homework 8 

1.3 Countability 9 

Homework 10 

1.4 Groups and Fields 10 

Homework 12 

1.5 Addition and Multiplication in IR 13 

Homework 18 

1.6 Order Axioms 19 

1.6.1 Absolute Value 20 

Homework 21 

1.7 Classical Inequalities 21 

1.7.1 Triangle Inequality 21 

1.7.2 Bernoulli’s Inequality 23 

1.7.3 Rearrangement Inequality 23 

1.7.4 Arithmetic Mean-Geometric Mean Inequality 24 

1.7.5 Cauchy- Bunyakovsky- Schwarz Inequality 26 

1.7.6 Minkowski’s Inequality 27 

Homework 28 

1.8 Completeness Axiom 29 

1.8.1 Greatest Integer Function 32 

Homework 32 


v 


VI 


CONTENTS 


2 Topology of 0? 34 

2.1 Intervals 34 

2.2 Dense Sets 36 

Homework 37 

2.3 Open and Closed Sets 37 

2.4 Interior, Boundary, and Closure of a Set 39 

2.5 Connected Sets 41 

2.6 Compact Sets 41 

Homework 43 

2.7 I 44 

2.8 Lebesgue Measure 45 

2.9 The Cantor Set 45 

3 Sequences 47 

3.1 Limit of a Sequence 47 

3.2 Convergence of Sequences 47 

Homework 51 

3.3 Classical Limits of Sequences 53 

Homework 58 

3.4 Averages of Sequences 59 

Homework 62 

3.5 Orders of Infinity 62 

Homework 66 

3.6 Cauchy Sequences 66 

Homework 67 

3.7 Topology of sequences. Limit Superior and Limit Inferior 67 

Homework 68 

4 Series 70 

4.1 Convergence and Divergence of Series 70 

Homework 72 

4.2 Convergence and Divergence of Series of Positive Terms 73 

Homework 78 

4.3 Summation by Parts 79 

4.4 Alternating Series 80 

4.5 Absolute Convergence 80 

5 Real Functions of One Real Variable 81 

5.1 Limits of Functions 81 

Homework 85 

5.2 Continuity 86 

Homework 89 

5.3 Algebraic Operations with Continuous Functions 89 

5.4 Monotonicity and Inverse Image 90 

5.5 Convex Functions 91 

5.5.1 Graphs of Functions 91 

5.6 Classical Functions 92 

5.6.1 Affine Functions 92 

5.6.2 Quadratic Functions 92 

5.6.3 Polynomial Functions 92 

5.6.4 Exponential Functions 92 

5.6.5 Logarithmic Functions 92 

5.6.6 Trigonometric Functions 92 

Homework 93 

5.6.7 Inverse Trigonometric Functions 93 

5.7 Continuity of Some Standard Functions 93 

5.7.1 Continuity Polynomial Functions 93 


CONTENTS 


vii 

5.7.2 Continuity of the Exponential and Logarithmic Functions 93 

5.7.3 Continuity of the Power Functions 94 

Homework 94 

5.8 Inequalities Obtained by Continuity Arguments 95 

Homework 99 

5.9 Intermediate Value Property 99 

Homework 101 

5.10 Variation of a Function and Uniform Continuity 101 

Homework 105 

5.11 Classical Limits 105 

6 Differentiable Functions 109 

6.1 Derivative at a Point 109 

Homework 109 

6.2 Differentiation Rules 110 

Homework 115 

6.3 Rolle’s Theorem and the Mean Value Theorem 116 

Homework 117 

6.4 Extrema 118 

Homework 119 

6.5 Convex Functions 119 

Homework 122 

6.6 Inequalities Obtained Through Differentiation 123 

Homework 125 

6.7 Asymptotic Preponderance 126 

Homework 130 

6.8 Asymptotic Equivalence 130 

Homework 135 

6.9 Asymptotic Expansions 136 

Homework 138 

7 Integrable Functions 139 

7.1 The Area Problem 139 

Homework 148 

7.2 Integration 148 

Homework 153 

7.3 Riemann-Stieltjes Integration 155 

7.4 Euler’s Summation Formula 155 

8 Sequences and Series of Functions 156 

8.1 Pointwise Convergence 156 

8.2 Uniform Convergence 156 

8.3 Integrals and Derivatives of Sequences of Functions 157 

8.4 Power Series 157 

8.5 Maclaurin Expansions to know by inspection 157 

Homework 158 

8.6 Comparison Tests 158 

Homework 158 

8.7 Taylor Polynomials 158 

Homework 158 

8.8 Abel’s Theorem 158 

Homework 158 

A Answers and Hints 159 

Answers and Hints 159 


Preface 


For many years I have been lucky enough to have students ask for more: more challenging problems, more illuminating 
proofs to different theorems, a deeper look at various topics, etc. To those students I normally recommend the books in 
the bibliography. Some of the same students have complained of not finding the books or wanting to buy them, but being 
impecunious, not being able to afford to buy them. Hence I have decided to make this compilation. 

Here we take a semi-rigorous tour through Calculus. We don’t construct the real numbers, but we examine closer the 
real number axioms and some of the basic theorems of Calculus. We also consider some Olympiad-level problems whose 
solution can be obtained through Calculus. 

The reader is assumed to be familiar with proofs using mathematical induction, proofs by contradiction, and the me- 
chanics of differentiation and integration. 

David A. SANTOS 
dsantos@ccp.edu 
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Chapter 1 

Preliminaries 


Why bother? We will use the language of set theory throughout these notes. There are various elementary 
results that pop up in later proofs, among them, the De Morgan Laws and the Monotonicity Reversing of Com- 
plementation Rule. 

The concept of a function lies at the core of mathematics. We will give a brief overview here of some basic 
properties of functions. 


1.1 Sets 

This section contains some of the set notation to be used throughout these notes. The one- directional arrow => reads 
“implies” and the two-directional arrow reads “if and only if.” 


1 Definition We will accept the notion of set as a primitive notion, that is, a notion that cannot be defined in terms of more 
elementary notions. By a set we will understand a well-defined collection of objects, which we will call the elements of the 
set. If the element x belongs to the set S we will write xe S, and in the contrary case we will write x S. 1 The cardinality of 
a set is the number of elements the set has. It can either be finite or infinite. We will denote the cardinality of the set S by 
card (S) . 


dr 


Some sets are used so often that merit special notation. We will denote by 


N = 10,1,2,3,...} 


the set of natural numbers, by 


Z = {..., -3, -2, -1,0, 1,2, 3, ...} 2 


foyQ the set of rational numbers 3 , Z?y(R the real numbers, and by C the set of complex numbers. We will occasionally also use 

aZ = {...,-3a,-2a,-a,0,a,2a,3a,...}, etc. 


We will also denote the empty set, that is, the set having no elements by 0 . 


2 Definition The union of two sets A and B is the set 

TuB = li:(xeT)or (re B )}. 

This is read “A union B." See figure 1.1. The intersection of two sets A and B is 

An B - {x : (x e A) and (x; e B )}. 

1 Georg Cantor(1845-1918), the creator of set theory, said “Aset is any collection into a whole of definite, distinguishable objects, called elements, of our 
intuition or thought.’’ 

2 Z for the German word Zahlen meaning "integer.” 

3 Q for "quotients.” 
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A B 




Figure 1.1: Au B 


Figure 1.2: AnB 


Figure 1.3: A\B 


This is read “A intersection B." See figure 1.2. The set difference of two sets A and B is 

A \ B — {x : (a: e A) and(x £ £)}. 

This is read “A set minus B." See figure 1.3. 

3 Definition Two sets A and B are disjoint if An B = 0. 

4 Example Write Au B as the disjoint union of three sets. 

Solution: Observe that 

Au B - (A \ B) U (A n B) U (B \ A), 

and that the sets on the dextral side are disjoint. 

5 Definition A subset B of a set A is a subcollection of A, and we denote this by B Q A. 1 This means that xe B => x e A. 

0 and A are always subsets of any set A. 

Observe that 

A = B (Ac B) and ( BQA ). 

We use this observation on the next theorem. 

6 Theorem (De Morgan Laws) Let A, B,C be sets. Then 

A\(BnC) = (A\B)u(A\C), A\{BuC) = (A\B)n(A\ C). 


Proof: We have 


Also, 


xeA\(BuC) 


xe A and xg(B or C) 

(x e A) and ((x ^ B) and (x ^ Q) 

(x e A and x ^ B) and (x e A and x ^ C) 
(xeA\B) and (x e A \ C) 
x e (A\ B) n (A\ C). 


x e A \ (B n C) 


x e A and x g {B and C) 

(x e A) and ((x ^ B) or (x t C )) 

(x e A and x ^ B) or (x e A and x ^ C) 
(x e A \ B) or (x e A \ C) 
xe(A\B)u(A\C) 


□ 


4 There seems not to be an agreement here by authors. Some use the notation c or £ instead of © Some see in the notation c the exclusion of equality. 
In these notes, we will always use the notation 0, and if we wished to exclude equality we will write c. 
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7 Theorem (Monotonicity Reversing of Complementation) Let A,B,X be sets. Then 

AgB X\BgX\A. 


Proof: We have 

AgB 


(x £ A) => (x e B) 

(x<?B) => (xgA) 

(x e X and x g B) => (xeX and xg A) 
X\BgX\A. 


□ 


8 Definition Let Ai,A 2 ,...,A n , be sets. The Cartesian Product of these n sets is defined and denoted by 


Ai x A 2 x ••• x A n - {(ai,a 2 ,...,a n ) : a k eA k ], 


that is, the set of all ordered /i-tuples whose elements belong to the given sets. 


In the particular case when all the A k are equal to a set A, we write 

A\ x A 2 x ■ ■ ■ x A„ = A' 1 . 

If a e A and be Awe write ( a , b ) e A 2 . 

9 Example The Cartesian product is not necessarily commutative. For example, (x/2, 1) e i x Z but (V2, lj^ZxB. Since 
R x Z has an element that ZxR does not, R x Z ^ Z x R. 

1 0 Example Prove that ifXxX = Tx F then X - Y. 

Solution: Let xeX. Then (x, x) e X x X, which gives (x, x) £ Y x Y , so y e Y . Hence X Q Y. 

Similarly, ify £ Y then (y,y) £ FxF, which gives (y,y) £ X x X, so y £ X. Hence Y Q X. 

Thus X c Y and fcX gives X = Y. 

Homework 


Problem 1.1.1 For a fixed n e N put A n = { nk :ke hi}. 

1. Find A 2 n A 2 . 

OO 

2. Find p| A n . 

n= 1 

oo 

3. Find [J A n . 

n I 

Problem 1.1.2 Prove the following properties of the empty set: 

An 0 = 0, Au0 = A. 

Problem 1.1.3 Prove the following commutative laws: 

AnB = BnA, Au B = Bu A. 

Problem 1.1.4 Prove by means of set inclusion the following dis- 
tributive law: 


Problem 1.1.5 Prove the following associative laws: 

An(BnC) = (AnB)nC, Au(BuC) = (AuB)uC. 

Problem 1.1.6 Prove that 

AnB = A AcB. 

Problem 1.1.7 Prove that 

AuB = A Be A. 

Problem 1.1.8 Prove that 

A^B => AnCeBnC. 

Problem 1.1.9 Prove that 

AQB and CeB => AuCeB. 


(AuB)nC = (AnC)u(BnC). 
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Problem 1.1.10 Prove the following distributive laws: 

An(BuC) = (AnB)uUnC), 4u(BnC) = (AuB)n(AuC). 


Problem 1.1.13 Let A,B, and C besets. Shew that 


A x (B \ C) = (A x B) \ (A x C). 


Problem 1.1.11 Is there any difference between the sets 0, {0} and 
{{0}}? Explain. 


Problem 1.1.14 Prove that a set with N e N elements has exactly 2 N 
Problem 1.1.12 Is the Cartesian product associative? Explain. subsets. 


1.2 Numerical Functions 

11 Definition By a (numerical) function f : Dom(/) — ► Target (/) we mean the collection of the following ingredients: 
O a name for the function. Usually we use the letter /. 


O a set of possible real number outputs of the function, called the target set of the function. The target set of / is denoted 

by Target (/) ^ R. 

© an assignment rule or formula, assigning to every input a unique output. This assignment rule for / is usually de- 
noted by x >->• fix). The output of x under / is also referred to as the image ofx under f, and is denoted by fix). 


read “the function /, with domain Dom(/), target set Target(/), and assignment rule / mapping x to fix)” conveys all 
the above ingredients. 

Oftentimes we will only need to mention the assignment rule of a function, without mentioning its domain or target set. 

In such instances we will sloppily say “the function f” or more commonly, “the function x —> fix)’’, e.g., the square function 
x- ..v 2 . 11 

1 2 Definition The image Im (/) of a function / is its set of actual outputs. In other words, 


13 Theorem Let / : X — <■ Y be a function and let A Q X, A! Q X. Then 

1. AQA' => f(A)gf(A') 

2. fiAuA')=fiA)ufiA') 

3. fiAnA')gfiA)nfiA') 

4. fiA)\fiA')gfiA\A') 


© a set of real number inputs called the domain of the function. The domain of / is denoted by Dom (/) ^ R. 

© an input parameter , also called independent variable or dummy variable. We usually denote a typical input by the 


letter x. 


The notation 5 


Dom (/ ) — Target (/) 

x fix) 


Im(/) = {fia ) : a e Dom(/)}. 

Observe that we always have Im (/) c Target (/) . For a set A, we also define 

fiA) - {fia): ae A}. 


Proof: 


5 Notice the difference in the arrows. The straight arrow — * is used to mean that a certain set is associated with another set, whereas the arrow —*• (read 


“maps to”) is used to denote that an input becomes a certain output. 

6 This corresponds to the even sloppier American usage “the function f[x) = x 2 .” 
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1. xe A => xe A and hence f{x) e /(A) => f(x) e /(A'j => /(A) Q /(A') 

2. Since A ^ AuA 1 and a! © Au A , we have f (A) © /(Au A') and fiA) © fiA u A'), by part (1) and thus 
/(A) © /(A') © /(Au A'). Moreover, ify £ /(Au A'), then 3xe AuA 1 such thaty- fix). Then either x e A 
and so f{x) £ /(A) o/uc e A' and so fx e f{A'). Either way, fix) £ /(A) u /(A') and 

yefiAuA') => ye/(A)u/(A') /(Au A') g/(A)u/(A'). 

Hence 

/(A u A') = / (A) u /(A'). 

3. Let y £ /(An A'). Then 3 xe AnA' such that fix) — y. Thus we have both x e A =» /(x) £ /(A) and 
xeA' fix)efiA'). Therefore f ix) e /(A) n /(A') and we conclude that /(An A') (= /(A) n /(A'). 

4. ye/ (A) \ / ( A ) . Then y e / (A) and y if (A). ThusBx e A such that fix) - y. Since y £ fiA), then 
x £ A'. Therefore x e A \ A and finally, y e fiA \ A). This means that fiA) \ fiA) ^ /(A\ A') as claimed. 


1 .2. 1 Injective and Surjective Functions 

14 Definition A function is injective or one-to-one whenever two different values of its domain generate two different values 
in its image. A function is surjective or onto if every element of its target set is hit, that is, the target set is the same as the 
image of the function. A function is bijective if it is both injective and surjective. 


15 Example The function 

is neither injective nor surjective. 
The function 

is surjective but not injective. 

The function 

is injective but not surjective. 

The function 

is a bijection. 


b : 


0 ;+oo 
2 


c : 


0 ;+oo 
x 


d : 


[o ;+oo[ 

— 

fo ;+oo[ 

L L 


2 


A bijection between two sets essentially tells us that the two sets have the same size. We will make this statement more 
precise now for finite sets. 

16 Theorem Let/: A^ B beafunction, and let A and B be finite. If/ is injective, thencard(A) < card (U). If/ is surjective 
then card (B) < card (A). If / is bijective, then card (A) = card [B). 

Proof: Putn = card (A), A={x i t X 2 ,...,x n } and m - card(B), B = Iyi,y 2 y, n }. 

Iff were injective then fix\),fix 2 ),-..,fix n ) are all distinct, and among the y^. Hencen< m. 

If f were surjective then each y^ is hit, and for each, there is an x, with fix,) - y; f . Thus there are at least m 
different images, and so n> m. □ 
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1.2.2 Algebra of Functions 

17 Definition Let / : Dom(/) — ► Target(/) and g : Dom(g) — ► Target(g). Then Dom(/+ g) = Dom(/) n Dom(g) and the 

sum (respectively, difference) function f+g (respectively, / - g) is given by 

f Dom(/) nDom(g) — Target [f±g) 

J ~ 8 ' x - /W±gW ' 

In other words, if x belongs both to the domain of / and g, then 

if±g)ix) = /(x)±g(x). 

18 Definition Let / : Dom(/) — ► Target(/) and g : Dom(g) — ► Target(g). Then Dom(/g) = Dom(/) n Dom(g) and the 
product function fg is given by 

Dom (/ ) n Dom (g) — Target (/g) 

18 ' x - fix)- g {x) ■ 

In other words, if x belongs both to the domain of / and g, then 

(fg)(x)=f(x)-g{x). 


19 Definition Let g : Dom(g) — * Target (g) be a function. The support of g, denoted by supp(g) is the set of elements in 
Dom (g) where g does not vanish, that is 

supp (g) = {x e Dom (g) : g(x) ^ 0}. 


20 Definition Let / : Dom(/) — ► Target(/) and g : Dom(g) — ► Target(/). Then Dom|— j = Dom(/) n supp(g) and the 

/ 

quotient function — is given by 
g 

f Dom (/)n supp (g) — Target (//g) 

J - : fix) 

8 gix ) 

In other words, if x belongs both to the domain of / and g and g(x) / 0, then — (x) = fSfl. 

g gW 


21 Definition Let / : Dom(/) — ► Target (/), g : Dom(g) — ► Target (g) and let U - {xe Dom(g) : g(x) e Dom(/)j. We define 
the composition function of / and g as 


We read / o g as “ f composed with g.” 


f u - Target (f°g) 

J 8 ‘ x - figix)) ■ 


( 1 . 1 ) 


1.2.3 Inverse Image 

22 Definition Let X and Y be subsets of R and let / : X — ► Y be a function. Let B^Y. The inverse image ofB by f is the set 

f~ 1 iB) = {xEX:fix)eB}. 

If B — \b\ consists of only one element, we write, abusing notation, / -1 ({fo}) = f ' ib). It is clear that / _1 (F) = X and 
/“ 1 ( 0 ) = 0 . 

23 Example Let 

, 1-2, -1,0,1,31 - 10,1,4,5,9} 

x x 2 

Then / _1 ({0, 1}) = {0,-1, 1}, / _1 (1) = {-1,1}, / _1 (5) = 0 , / _1 (4) = 2, / -1 (0) = 0, etc. Notice that we have abused notation 
in all but the first example. 
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24 Theorem Let f:X-> Y be a function and let B 0 F, B 1 0 F. Then 

1. B0B' => / _1 (B) 0/ _1 (B') 

2. f 1 (BuB') = f I (B)ur 1 (fi'j 

3. f 1 (BnB') = f 1 (B)nf 1 (B') 

4. /“ 1 (B) \ f(B')- f~ 1 (B\ B') 

Proof: 

1. Assume x e r l {B). Then there is y e B £ B' such that fix) — y. But y is also in B' so x e / _1 (B'). Thus 
f- 1 {B)gf~ 1 {B'). 

2. Since B £ B u B 1 and B'^Bu B' , we have f~ l (B) 0 / _1 (B u B') and f~ l iB') 0 / _1 (B u B'), by part (1). 
'77z^^s/ _1 (B)u/ _1 (B , ) 0 / _1 (BuB'). Now, letx e / _1 (BuB'). There isyeBuB ' such that fix) — y. Either 
yeBandsoyeB => xe/ _1 (B) ory e B' andsoy e B ==> xe f~ l (B'). Either way, xe / _1 (B)u/ _1 (B'). 
Thusf~ 1 (BuB , )gf~ 1 (B)uf~ l (B'). We conclude that / 1 1 (B u B') = / _1 1 (B) u /“ 1 (B') . 

3. Let x e r\s n B'). Then 3y e BnB' such that fix) — y. Thus we have both y e B => xe f 1 (B) and y e 
B 1 ==> xe/ _1 (B'). Therefore xe / -1 (B)n / _1 (B') and we conclude that f~ l iBnB') ^ f _1 iB)n f~ l iB'). 

Now, letx e / -1 (B) n/ _1 (B'). Then x e f~ l )B) and x e f~ l iB'). Then f ix) e B and f ix) e B' . Thus 
fix) e Bn B' and so x e / _1 (B n B 1 ). Etence / _1 (B) n / _1 (B') ^/ _1 (Bn B') also, and we conclude that 
/- 1 (B)n/- 1 (B') = /- 1 (BnB'). 

4. Let x e f~ x iB)\ f~ l iB'). Then x e f~ x iB) and x t f~ l iB'). Thus f ix) e B and f ix) € B' . Thus fix) e 
B\ B' and therefore x e / _1 (B \ B'), giving f~ l (B) \ / _1 (B') 0 / _1 (B \ B'). A/otq Zet x e / _1 (B \ B'). Then 
/(.r) e B\B' , which means that fix) e B but fix) £ B'. Thus x e rhB) but x £ r^B'), which gives 
x e / -1 (B) \/ _1 (B') and so/ _1 (B \ B') 0 / _1 (B) \/ _1 (B'). This establishes the desired equality. 

□ 

25 Theorem Let / : X — ► F be a function. Let A x B 0 X x F. Then 

1. Agif- l of)iA) 

2. ifof~ l )iB)gB 

Proof: We Ztane 

1. LetxeA. TlienBy e Y such that y — fix). ThusyefiA). Therefore x e f~ x if iA)) . 

2. y e (/o/ -1 )(B). ThenSx e / _1 (B) such that fix) — y. Thus x e / _1 (y). Hence fix) e B. Therefore y e B . 

□ 

1.2.4 Inverse Function 

26 Definition Let Ax B 0 IK 2 . A function F : A — > ■ B is said to be invertible if there exists a function F 1 (called the inverse of 
F) such that F o F 1 - Id /; and F 1 o F = Id a- Here Id $ is the identity on the set S function with rule Id six) = x. 

The central question is now: given a function F : A — ► B, when is F -1 : B — ► A a function? The answer is given in the next 
theorem. 

27 Theorem Let AxB 0 IR 2 . A function / : A ^ B is invertible if and only if it is abijection. That is, / _1 : B — *• A is a function 
if and only if / is bijective. 
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Proof: Assume first that f is invertible. Then there is a function f 1 : B — ► A such that 

/°/ -1 = Ids and f~ 1 of = Id A . (1.2) 

Let us prove that f is injective and surjective. Let s, t be in the domain off and such that f(s) - fit). Applying 
/ -1 to both sides of this equality we get if" 1 ° f){s) — (/ _1 o f)(t). By the definition of inverse function, ( f~ l o 
f ){s) - s and if~ 1 °f){t) - t. Thus s-t. Hence f is) - f(t) ==> s-t implying that f is injective. To prove that 
f is surjective we must shew that for every b e f(A) 3 ae A such that f (a) - b. We take a - f x [b) (observe that 
f \b) e A). Then f(a) = /(/ 1 {!>)) - if o f 1 )ib) - b by definition of inverse function. This shews that f is 
surjective. We conclude that iff is invertible then it is also a bijection. 

Assume now that f is a bijection. For every be B there exists a unique a such that f (a) - b. This makes the rule 
g:B^A given by g(b) - a a function. It is clear that g ° / = Id a and f ° g = Id g. We may thus take f 1 - g- 
This concludes the proof. □ 

Homework 


Problem 1.2.1 Find all functions with domain [a, b] and target set 

{c,d}. 


Problem 1.2.2 Let A, B be finite sets with card ( A ) = n and 
card (B) = m. Prove that 

• The number of functions from A to B is m n . 

• If n < m, the number of injective functions from A to B is 
m(m- l)(m-2) • • • (mi - n+ 1). Ifn > m there are no injective 
functions from A to B. 


Problem 1.2.3 Let A and B be two finite sets with card (A) = n and 
card (B) = m. Ifn < m prove that there are no surjections from A to 
B. Ifn > mi prove that the number of surjective functions from A to 
B is 


Til til „ ml 

(MI-1)"+ (mi- 2)"- (Ml-3)"+- + (-l) m_1 


Problem 1.2.4 Let h:U—>U be given by h(l- x) =2x. Find h{3x). 

Problem 1.2.5 Consider the polynomial 

r . „2 . v 4.2003 _ „ Jl . . „ „8012 

(1 — X +X ) — Mo + Cl\ X + Ct2,X + — + ^ 8012 -^ 

Find 

O u 0 

© MO + d\ + l?2 + ‘ ‘ ‘ + M8012 

© Mo - Ml + fl2 - «3 + «801 1 + A8012 

© «o + a 2 + fl 4 _l + fl 8010 + a 8012 

© «i + «3 H + <18009 + «801 1 

Problem 1.2.6 Let f : IR — ^ > IR, be a function such thatMx e]0; +oo[, 
[/(x 3 + l)]' / * = 5, 

find the value of 



for y e]0;+oo[. 


Problem 1.2.7 Let f satisfy fin + 1) = (-1)" +1 m - 2 fin), n > 1 If 
fil) = /(1001) find 

/(l) + /(2) + /(3)+-+/(1000). 


Problem 1.2.8 Iffia ) fib) = fia + b) V a,beU and fix) >0Vie 
U,fi?id fi 0). Also, find fi~a) and f(2a) in terms of fia). 


Problem 1.2.9 Prove that f: 
and find / -1 . 


R \ {1} 

x - 1 is a bijection 
x+l 


Problem 1.2.10 Letf^\x) = fix) = jc+ l,/'" +1 ' = f ° f^ ,n >1. 

Find a closed formula for 


Problem 1.2.11 Let f,g : 0 ; 1 J — ► R be functions. Demonstrate 
that there exist ia,b) e [o;l] such that — < \fia) + gib) - ab\ . 


Problem 1.2.12 Demonstrate that there is no function f : R \ 
{1/2} — «■ R such that 

jee R \ { 1 / 2 } => /(x)(/[ X _~M ) = x 2 + jc +1 


Problem 1.2.13 Find all functions f : R \ {-1,0} — ► R such that 


xeR\{-l,0} => f(x) + f\ =3x + 2. 

U+l/ 


Problem 1.2.14 Let f m ix) = fix) = 2x,/ [ " +1] = f°f [n] ,n > 1. 

Find a closed formula for 


Problem 1.2.15 Find all functions g : R — ► R that satisfy gix + y) + 
gix-y) = 2x 2 + 2y 2 . 


Problem 1.2.16 Find all the functions f : R — * R that satisfy 

fixy) = yfix). 
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Problem 1.2.17 Find all functions / : R \ {0} — ► R for which 

/(*) + 2/|i| =x. 

Problem 1.2.18 Find all functions / : R \ {- 1} — > R such that 


Problem 1.2.19 Let f^ = / be given by fix) = . Find 

l-x 

(i) f 121 (x) = (fof)(x), 

(ii) (jt) = (f ° f ° f)(x), and 

(iii) f lm = {f°fo-fof) lx). 

69 compositions with itself 

Problem 1.2.20 Let f : A — B and g : B — > C be functions. Shew 
that(i) ifgof is injective, then f is injective, (ii) ifg°f is surjective, 
then g is surjective. 


1.3 Countability 

28 Definition A set X is countable if either it is finite or if there is a bijection / : X — ► N, that is, the set X has as many 
elements as N. 


Any countable set can be thus enumerated a sequence 


-^ 3 , * •• • 


Thus the strictly positive integers can be enumerated as customarily: 

1,2,3 

Another possible enumeration' is the following 

3, 5, 7, 9 2- 3,2- 5,2- 7,2- 9,... ,2 2 -3,2 2 -5,2 2 -7,2 2 -9 2 4 ,2 3 ,2 2 ,2, 1, 

that is, we start with the odd integers in increasing order, then 2 times the odd integers, 2 2 times the odd integers, etc., and 
at the end we put the powers of 2 in decreasing order. 

29 Lemma Any subset X ^ l\l is countable. 


Proof: IfX is finite, then there is nothing to prove. IfX is infinite, we can arrange the elements ofX increasing 
order, say, 

X\< X2< X$< ■■ ■ . 


We then map the smallest element x\ e S to 1, the next smallest X 2 to 2, etc. □ 

IKS-* 

Hence, even though 2N § N, the sets 2N and N have the same number of elements. This can also be seen by noticing that 
/ : M — ► 2I\I given byx n = 2 n is a bijection. 

30 Lemma A set X is countable if and only if there is an injection / : X — ► N. 


Proof: The assertion is evident ifX is finite. Hence assume X is infinite. Iff : X ^ N is an injection then f(X) is 
an infinite subset of N. Hence there is a bijection g : f(X) — ► N by virtue of Lemma 29. Thus (g ° /) : X —> N is a 
bijection. □ 


An obvious consequence of the above lemma is that ifX' is countable and there is an injection f : X — ^ > X 1 then X is 
countable. 


31 Theorem Z is countable. 


7 Which is relevant in chaos theory, for Sarkovkii’s Theorem. 
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Proof: One can take, as a bijection between the two sets, for example, f : 

f 2x + 1 ifx > 0 


fix) = 


-2x ifx < 0. 


32 Theorem O is countable. 


Proof: Consider f : Q — ► N given 


_ 2l fl l3^5i +s 'g num ( a ) 


where — is in least terms, and b > 0. By the uniqueness of the prime factorisation of an integer, f is an injection. 

b 


The above theorem means that there as many rational numbers as natural numbers. Thus the rationals can be enumer- 
ated as 

qi > q2t */ 3 > • • • > 

33 Theorem (Cantor’s Diagonal Argument) R is uncountable. 


Proof: Assume M were countable so that its complete set of elements may be enumerated, say, as in the list 


r\ - n\.d\\d\2diz ... 
7*2 = 7 * 2 -^ 21 ^ 22^13 ••• 
r 3 = 713 -^ 31 ^ 32^33 •••> 


where we have used decimal notation. Define the new real r = by di = 0 if da f 0 and dt — 1 if 

da = 0. This is real number (as it is a decimal), but it differs from r,- in the i th decimal place. It follows that the 
list is incomplete and the reals are uncountable. □ 

34 Theorem The interval — 1 ; 1 is uncountable. 


Proof: Observe that the map f : 


i ; i 


71 X 


l given by f(x) — tan — is a bijection. □ 


Homework 


Problem 1.3.1 Prove that there as many numbers in [0; 1] as in any Problem 1.3.2 Prove that thereas many numbers in | -oo ;+oo| as 

interval [a; b] with a<b. . ] [ 

’ in 0 ;+oo . 


1 .4 Groups and Fields 

Here we observe the rules of the game for the operations of addition and multiplication in R. 

35 Definition Let S, T be sets. A binary operation is a function 

SxS — T 

® : 

la, b) i-* ®la,b) 

We usually use the “infix” notation a® b rather than the “prefix” notation ®(fl, b). If S - T then we say that the binary 
operation is internal or closed and if S f T then we say that it is external. 
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36 Example Ordinary addition is a closed binary operation on the sets l\l, Z, <Q>, M. Ordinary subtraction is a binary operation 
on these sets. It is not closed on (\l, since for example 1 — 2 = — l^N, but it is closed in the remaining sets. 

37 Example The operation ® : IK x |R — ► IK given by a®b- I + ab, where • is the ordinary multiplication of real numbers is 
commutative but not associative. To see commutativity we have 

a®b-l + ab-l + ba-b®a. 


Now, 


1®(1®2) = l®(l + l-2) = 1®(3) = l + l-3 = 4, but (l®l)®2=(l + l-l)®2 = 2®2=! + 2- 2 = 5, 
so the operation is not associative. 


38 Definition Let G be a non-empty set and ® be a binary operation on G x G. Then (G, ®) is called a group if the following 
axioms hold: 

Gl: ® is closed, that is, 


V(fl, ft) e G 2 , a®beG, 


G2: ® is associative, that is, 


V(a, ft, c) e G 3 , a® {b® c) - {a®b) ® c, 


G3: G has an identity element, that is 

3e e G such that Va e G, e®a-a®e-a, 


G4: Every element of G is invertible, that is 

Vn e G, 3a _1 e G such that a® a~ l = a~ l ® a - e. 


From now on, we drop the sign ® and rather use juxtaposition for the underlying binary operation in a given group. 

Thus we will say a “group G” rather than the more precise “a group (G,®)." 

39 Definition A group G is abelian if its binary operation is commutative, that is, V(n, b) e G 2 , a ® b = b ® a. 

40 Example (Z,+), (Q,+>, (R, +>, (C,+) are all abelian groups under addition. The identity element is 0 and the inverse of 

a is — a. 


41 Example (0 \ {0}, •>, (R \ {0}, -> , <€ \ {0}, -> are all abelian groups under multiplication. The identity element is I and the 

inverse of a is — . 

a 

42 Example (Z \ {0}, -> is not a group. For example the element 2 does not have a multiplicative inverse. 

43 Example Let 14 = \e, a, b, c} and define ® by the table below. 


® 

e 

a 

b 

c 

e 

e 

a 

b 

c 

a 

a 

e 

c 

b 

b 

b 

c 

e 

a 

c 

c 

b 

a 

e 


It is an easy exercise to check that 14 is an abelian group, called the Klein Viergruppe. 


44 Theorem Let G be a group. Then 
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1. There is only one identity element, the identity element is unique. 

2. The inverse of each element is unique. 

3. V (a, b) e G 2 we have 

( ab ) _1 = 


Proof: 

1. Let e and e be identity elements. Since e is an identity, e- ee' . Since e is an identity, e' — ee' . This gives 
e-ee'-e'. 

2. Let b and h' be inverses of a. Then e-ab and b'a- e. This gives 

b-eb= (b 1 a)b- b' (ab) = b'e = hi . 

3. We have 

(«f»)(f? _1 a _1 ) = a(bb~ 1 )a ~ 1 = a(e)a~ l — aa~ l = e. 

Thus b~ 1 a ~ 1 works as a right inverse for ab. A similar calculation shews also that it works as a left inverse. 
Since inverses are unique, we must have 

(ab)~ l - 


This completes the proof. □ 


45 Definition Let neZ and let G be a group. If a e G, we define 

a 0 = e, 

a n — a - a - a, 


and 


\n\ a's 


a |n| = a 1 • a 1 ■■■ a 1 . 


|w| a lr s 


dr 


If(m,n) e Z 2 , then by associativity 


(fl”)(a m ) = (a m )(a n ) - a m+n . 


46 Definition Let F be a set having at least two elements Of and If (Of f If) together with two binary operations • (field 
multiplication) and + (field addition). A field (F, •, +) is a triplet such that (F,+) is an abelian group with identity Of , 
(F \ {Of}, •) is an abelian group with identity 1 p and the operations • and + satisfy 

a - (b+ c) - (a - b) + (a-c), 

that is, field multiplication distributes over field addition. 


We will continue our practice of denoting multiplication by juxtaposition, hence the ■ sign will be dropped. 

47 Example and (C,-,+) are all fields. The multiplicative identity in each case is 1 and the additive identity 

is 0. 


Homework 
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Problem 1.4.1 Is the set of real irrational numbers closed under ad- 
dition? Under multiplication? 

Problem 1.4.2 Let 

S = (xe Z :3 («,b) e Z 2 ,je = a 3 + ft 3 + c 3 -3 abc}. 

Prove that S is closed under multiplication, that is, ifx e S and yeS 
then xy e S. 


Problem 1.4.3 (Putnam, 1971) Let S be a set and let o be a binary 
operation on S satisfying the two laws 

(Vxe S)(jtox = x), 


and 

(V(x,y, z) e S 3 )((xoy)oz= (yoz)ox). 
Shew that o is commutative. 


Problem 1.4.4 (Putnam, 1 972) Let SC be a set and let * be a binary 
operation of SC satisfying the laws V ( x , y) e SC 2 

x*(x*y) = y, (1.3) 


(y * je) * x = y. (1.4) 

Shew that* is commutative, but not necessarily associative. 

Problem 1 .4.5 On Qn] - 1; 1 [ define the binary operation 0 by 

, a + b 


where juxtaposition means ordinary multiplication and + is the or- 
dinary addition of real numbers. Prove that (Qn] - 1; 1 [, 0) is an 
abelian group by following these steps. 

1. Prove that 0 is a closed binary operation on Qn] — 1; 1 [. 

2. Prove that 0 is both commutative and associative. 

3. Find an element e e Qn]-1; 1[ such that (V a e Qn] — 1; 1 [) (e® 

a = a). 

4. Given e as above and an arbitrary element a e Qn] — 1; 1 [, 
solve the equation a® ft = e for b. 


Problem 1.4.6 Let G be a group satisfying (V a e G) 


Prove that G is an abelian group. 

Problem 1.4.7 Let G be a group where (V (a, b) e G 2 ) 

((ab) 3 = a 3 b 3 ) and ((ab) 5 = a 5 b 5 ). 

Shew that G is abelian. 

Problem 1.4.8 Suppose that in a group G there exists a pair (a, b) e 
G 2 satisfying 

(ab) fc = a k b k 

for three consecutive integers k = i, i + 1, i + 2. Prove that ab= ba. 


1 . 5 Addition and Multiplication in U 

Since IR is a field, it satisfies the following list of axioms, which we list for future reference. 


48 Axiom (Arithmetical Axioms of IR) (IR,-,+) — that is, the set of real numbers endowed with multiplication • and addition 
H — is a field. This entails that + and • verify the following properties. 

Rl: + and • are closed binary operations, that is, 

V(a,b)elR 2 , a+beIR, a- be IR, 

R2: + and • are associative binary operations, that is, 

V (a, b,c) e IR 3 , a+ (b+ c) — (a+ b) + c, a-(b-c) = (a-b)-c 

R3: + and • are commutative binary operations, that is, 

V(fl, b) e IR 2 , a+b-b+a, a b-b a, 

R4: IR has an additive identity element 0, and a multiplicative identity element 1, with 0^1, such that 

VaeR, 0+a=a+0=a, l-a = «-l = a, 

R5: Every element of IR has an additive inverse, and every element of IR \ {0} has a multiplicative inverse, that is, 

V a e IR, 3 (- a) £ IR such that a+(-a) - (- a) + a = 0, 

Vb £ IR \ {0}, 3fo _1 £ IR \ {0} such that b- b _1 = h -1 • b = 1, 
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R6: + and • satisfy the following distributive law: 

\/{a, b, c,) e R 3 , a - (b+ c) - a b+ a - c. 

Since + and • are associative in R, we may write a sum a\ + a 2 H h a„ or a product a\ ai ■ ■ ■ a n of real numbers without 

risking ambiguity. We often use the following shortcut notation. 

49 Definition For real numbers a,- we define 

n n 

+ • • • + (In — ^ (Ik and (l\ &2 ■ ■ ■ &n ~ J~[ 

k — 1 k — 1 


By convention E a k = 0 and ]^[ a k = 1 . 


fcE0 


k€0 


50 Theorem (Lagrange’s Identity) Let a k ,b k be real numbers. Then 


' " 

2 

( n 

n 


E a kbk 

.k=l 

= 

E 

U=i 

E 

Vfc=l 

- E ( a k bj-ajb k ) 2 

1 <fc<y<n 


Proof: For j - k, a k bj - ajb k - 0, so we may relax the inequality in the last sum. We have 


E ( a k bj-ajb k ) 2 

1 <k<j<n 


E {alb 2 : -2 a k b k aj bj + a 2 : b\) 

1 <fe<j'<n 

E E a k b k ajbj + E 

l<fc<7</f 1<A:<7<« l<fc<j<w 

n n n ^ 

E a * h k 


k=lj=l 


K k= 1 


proving the theorem. □ 

Recall that the factorial symbol ! is defined by 

0!= 1; fc! = fc(fc- 1)! if fc>l. 


51 Definition (Binomial Coefficients) Let ne N We define 


<n' 

\ k l 


In' 

\°) 


= 1 = 

n\ 




\ n l 


and for 1 < k < n, 


lc\(n- k)l 


If fc > n we take 


In' 

\ k J 


- 0 . 


52 Lemma (Pascal’s Identity) For n > 1 and 1 < fc < w, 


In' 

\ k ) 


n- 1 
k 


n- 1 
fc- 1 


ra- 1 
fc 


n- 1 
fc- 1 


(m- 1)! (w- 1)! 

fcl(ra-l-fc)! + (fc- l)!(ra- fc)! 

(»-!)! fl 1 \ 
(fc- 1)!(«- 1 - fc) 1 fc ra-fcj 

(»-!)! / n \ 

(fc- 1)!(«- 1 - fc) [fc(«-fc)J 


fc!(«- fc)! 


v fc y 



Proof: We have 
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□ 


Using Pascal’s Identity we obtain Pascal’s Triangle. 


1 


l' 

0 


>1 


2 


2 


'i 

0 




2 


3 


3 


3 


3 

0 




2 


3 


4 


4' 


'4 


'4 


'4 

0 


1, 


2 




A 


5 


's' 


5 


5 


5 


s' 





2 


3 


4 


5, 


When the numerical values are substituted, the triangle then looks like this. 

1 

1 1 

1 2 1 
13 3 1 

1 4 6 4 1 

1 5 10 10 5 1 


We see from Pascal’s Triangle that binomial coefficients are symmetric. This symmetry is easily justified by the identity 
n\ n 

= . We also notice that the binomial coefficients tend to increase until they reach the middle, and that then they 

k \ n - ,c ) 
decrease symmetrically. 

53 Theorem (Binomial Theorem) For neN, 


(x + y)" = £ 
k = 0 


'n 

\ k l 


x k y n ~ k . 


Proof: 

(* + y ) 2 


The theorem is obvious for n - 0 (defining (x + y)° = 1), n = l (as (x + y) 
= x 2 + 2xy + y 2 ). Assume n > 3. The induction hypothesis is that (x + y) n = 


x + y), and n - 2 (as 


E 

t=0 


l n l 

\ k ) 


x k yll fc_ Jfr en ^ 
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have 


(*+y) 


n+1 


proving the theorem. □ 


(x + y)(x + y)" 
(x + y) 


E 

k= 0 


n 

\k, 


n 



E 

w 

is 

x k y n~ k 

\fc-0 

\ k l 

t 


k+l n-k 

x y 


+ E 

fc= 0 


1 n' 
\ k ) 


x k y n ~ k+ 1 


n-l 

x" +1 + £ 

n 

If 

x k+l y n-k + £ 

n 

JU 

fc=0 

k l 

fc=l 

1*7 


x k y n-k+l + y n+l 


X ,,+ 1 + y 
k= 1 


x' i+1 +e 

k= 1 
n 

x n+l + y 
k= 1 

n+1 


n 

lc- 1 
« n 
lc- 1 


k n-k+l 
x y 


\\ 


E 

fc =0 


n+1 

fc 


n+1 

fc 


'n" 

\ k )l 


n 

+ E 

fc=i 


V k ! 


X k y n~k + 1 + y» +1 


X k y n ~ k+l + y «+l 


xV'- fc+ i + y" + i 


k n-k+l 
- 1 / » 


54 Lemma If a e IR, a ^ 1 and neN\ {0}, then 

2 1-fl" 

1 + fl+fl H fl = . 

1 - a 

Proof: For, puts = 1 + a+ a 2 f a" -1 . Then aS- a+ a 2 H f a n ~ l + a n . Thus 

S- aS- (1 + a+ a 2 H ¥ a" -1 ) -{a+ a 2 H f a ,I_1 + n") = 1 - a n , 

and from (1 - a)S — S - aS — 1 - a" we obtain the result. □ 

55 Theorem Let n be a strictly positive integer. Then 

y n — x n = (y — x) (y"- 1 + y n ~ 2 x + • • • + yx n ~ 2 + x n ~ 1 ). 


Proof: By making the substitution a - — in Lemma 54 we see that 




n-l l-(f 




we obtain 


or equivalently, 


i — 1 1 1 + — + -| +••• + !- 

y vy 


n-l 


■i- ? . 


I 

( X 

X 2 

x”- 1 ' 

1 x" 

K) 

+ 

1 >> 

+ 

— + - 

y 2 

y" _1 j 

H'r 


Multiplying by y n both sides, 




x x 


,.n I 


which is 

yielding the result. □ 


y n — x n — [y — x) (y B 1 + y" 2 x + --- + yx" 2 + x" 1 ), 
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n{n+ 1 ) 

56 THEOREM 1 + 2 H h /l = 

2 

First Proof: Observe that 
From this 


Adding both columns, 
Solving for the sum, 


k 2 -(k — l ) 2 = 2 k- 1 . 


l 2 - 0 2 

= 2 1-1 

2 2 - 1 2 

= 2 2-1 

3 2 - 2 2 

= 2 3-1 

n 2 -(n- l ) 2 

= 2 - n- 1 


ra 2 - 0 2 = 2(1 + 2 + 3 + ■ + n)-n. 


1 + 2 + 3 H n - n 2 1 2 + n! 2 — 


n(n+ 1 ) 
2 


□ 

Second Proof: We may utilise Gauss’ trick: If 


Aji — 1 + 2 + 3 H m 


then 


Adding these two quantities, 


A n = n+ (n- 1 ) H i-l. 


A n 

A„ 


1 

n 


+ 2 + 

+ (n-1) + 


2 An — (ra+1) + («+ 1) + 

= n(n+ 1 ), 


n(n+ 1 ) 

since there are n summands. This gives A n = , that is, 


1 + 2 + •■■ + #* = 


n(n+ 1 ) 


+ n 
+ 1 

+ (ra+1) 


Applying Gauss’s trick to the general arithmetic sum 

(.a) + {a + d ) + la + 2 d) + ••■ + (fi + (n — 1 ) d) 


we obtain 


□ 


(^j) + + d) + (fj + 2 d) + '*‘ + (fj+(n — 1 ) d) — 


n( 2 fl+ (n- l)d) 
2 


57 Theorem 1 2 + 2 2 + 3 2 +- + h 2 


«(n+ l)( 2 n+ 1 ) 
6 


( 1 . 5 ) 


lc 3 - (k— l ) 3 = 3 fc 2 - 3 fc+ 1 . 

© 


Proof: Observe that 
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Hence 


l 3 -0 3 
2 3 - l 3 
3 3 - 2 3 


= 31-31+1 

= 3 2 2 -3 2+1 

= 3 3 2 -3 3+1 


n 3 -{n- l) 3 = 3-n 2 -3-n+l 


Adding both columns, 


n 3 - 0 3 = 3 (l 2 + 2 2 + 3 2 + • • • + n*) - 3 (1 + 2 + 3 + • • • + n) + n. 


From the preceding example 1 + 2 + 3 h \- n= n 2 /2 + n/2 = 


n(n+ 1) 


n 3 - 0 3 = 3(1 2 + 2 2 + 3 2 + • • • + ra 2 ) - - • n(n + 1) + n. 


Solving for the sum, 


l 2 + 2 2 + 3 2 + ••• + nf - — + -•«(«+ 1)- — . 

3 2 3 


n 3 1 


After simplifying we obtain 


o n(n+ 1)(2m+ 1) 
l 2 + 2 2 + 3 2 H bn 2 - — 


Homework 


Problem 1.5.1 Prove that for n> 1, 


k=0\ k l 


2"=E|”|; o=^ ( -i) fc 

k = 0 


\ k i 


1 


^ z 

0 <k<n 
k even 


\lC] 


^ Z 

1 <fc<n 
k odd 


Problem 1.5.2 Given that 1002004008016032 has a prime factor 
p > 250000, find it. 


Problem 1.5.3 Prove that (« + b+ c) 2 = a 2 + b 2 + c 2 + 2 ab + 2 be + 
2 ca. 


Problem 1.5.4 Let a,b,c be real numbers. Prove that 

a 3 + b 3 + c 3 -3abc = (a + b + c)(a 2 + b 2 + c 2 - ab- be - ca). 


Problem 1.5.5 Prove that 


V 

1 n 1 

»-l 

k > 


fc- 1 , 


Problem 1.5.6 Prove that 


V 

| » n - 1 | 

n-2 


1 k k - 1 ' 

k ~ 2 


Problem 1.5.7 Prove that 


L k 

k= 1 


In) 

\ k l 


p k {l-p) n ~ k = np. 


Problem 1.5.8 Prove that 


Z fc(fc-D 

k—2 


p k — p) n ~ k — n[n — 1) p 2 . 


Problem 1.5.9 Demonstrate that 
n 


Z ( k-npY 

fc= o 


* n ' 
\ k l 


p k a-p) n - k = npa-p). 


Problem 1.5.10 Let x e U \ {1} and let neN\ {0}. Prove that 


n *)k 


iW+ 1 


k= o X 2k + 1 x 1 x 2n+1 + 1 


Problem 1.5.11 Consider the n c k-tuples [ai,a 2 f» f aj c ) which 
can be formed by taking a,- e (1,2 repetitions allowed. 
Demonstrate that 

^ min(fl] «fc) = l fc + 2 k + 1 -n k . 

fl/ejl,2 ni 
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1 .6 Order Axioms 

We assume 

58 Axiom (Trichotomy Law) V ( x , y) e R 2 exactly one of the following holds: 

x>y, x = y, or y>x. 

59 Axiom (Transitivity of Order) V(x,y,z) e IR 3 , 

if x > y and y > z then x > z. 

60 Axiom (Preservation of Inequalities by Addition) V(x,y,z) e R 3 , 

if x;>y then x+ z> y+ z. 

61 Axiom (Preservation of Inequalities by Positive Factors) V(x,y,z) e R 3 , 

if x > y and z > 0 then xz > yz. 

x < y means thaty > x. x < y means that either y> x or y = x, etc. 

62 Theorem The square of any real number is positive, that is, M a e R, a 2 > 0. In fact, if a f 0 then a 2 > 0. 

Proof: If a — 0, then 0 2 = 0 and there is nothing to prove. Assume now that a f 0. By trichotomy, either a > 0 or 
a < 0. Assume first that a > 0. Applying Axiom 61 with x-z-a and y — 0 we have 

aa > aO ==> a 2 > 0, 

so the theorem is proved if a > 0. 


Vocabulary Alert! We will call a number x positive if x > 0 and strictly positive ifx > 0. Similarly, we will call 
a number y negative ify < 0 and strictly negative ify < 0. This usage differs from most Anglo-American books, 
who prefer such terms as non-negative and non-positive. 


R endowed with a relation > which satisfies the following axioms. 


If a < 0 then - a > 0 and we apply the result just obtained: 

-a> 0 ==> (- a) 2 > 0 => 1 • a 2 > 0 ==> a 2 > 0, 
so the result is true regardless the sign of a. □ 

Theorem 62 will prove to be extremely powerful and will be the basis for many of the classical inequalities that follow. 

63 Theorem If (*,y) e R 2 , 

x > y x - y > 0. 

Proof: This is a direct consequence of Axiom 60 upon taking z = -y. □ 

64 Theorem If (x,y,a,b) e R 4 , 

x > y and a > b ==> x + a > y + b. 


Proof: We have 


x > y ==> x + a> y+ a, y + a> y + b, 


by Axiom 60 and so by Axiom 59 x+ a> y+ b. □ 



Order Axioms 


65 Theorem If (x,y,a,b) e IR 4 , 


x > y > 0 and a > b > 0 => xa > yb. 


Proof: Indeed 

x > y => xa > ya, ya > yb, 
by Axiom 61 and so by Axiom 59 xa > yb. □ 

66 Theorem 1 > 0. 

Proof: By definition ofU being a field 0^1. Assume that 1 < 0 then l 2 > 0 by Theorem 62. But l 2 = 1 and so 
1 > 0, a contradiction to our original assumption. □ 

67 Theorem x > 0 => -x < 0 and x _1 >0. 

Proof: Indeed, -1 < 0 since - 1 f 0 and assuming -l > 0 would give 0 = -1 + 1 > 1, which contradicts Theorem 
66. Thus 

-x - -1 • x < 0. 

Similarly, assuming x _1 < 0 would give 1 = x _1 x < 0. □ 

68 Theorem x > 1 => x~ l < 1. 

Proof: Since x~ l / 1, assuming x -1 > 1 would give 1 = xx -1 >1-1 = 1 , a contradiction. □ 


1.6.1 Absolute Value 

f -1 if x < 0, 

69 Definition (The Signum (Sign) Function) Let x be a real number. We define signum (x) = < 0 if x = 0, 

[ +1 if x > 0. 


70 :mma The signum function is multiplicative, that is, if (x, y) e IR 2 then signum (x • yj = signum (x) signum (y) . 

Proof: Immediate from the definition of signum. □ 

71 Definition (Absolute Value) Let x e IR. The absolute value of x is defined and denoted by 

|x| = signum (x)x. 

72 Theorem Let xeR. Then 

[ -x if x < 0, 

1 - |*| = < 

| x if x > 0. 

2. |x| > 0, 

3. |x| = max(x, -x), 

4. |— x| = |x|, 

5. - |x| < x < |x|. 

6. Vx^= |x| 

7. | x| 2 = [ x 2 1 = x 2 


8. x = signum (x) | x| 
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Proof: These are immediate from the definition of | x| . □ 

73 Theorem (V(x,y) £ IR 2 ), 

\*y\ = lxi|y|. 

Proof: We have 

|*y| = signum(xy) xy - (signum(x) x) (signum(j/) y) = |x| |y| , 

where we have used Lemma 70. □ 

74 Theorem Let t>0. Then 

| jc| < t -t<x< t. 


Proof: Either \x\ — x or |x| = -x. If\x\ — x, 

|x| < t <==> x < f <=> - 1 < 0 < x < t. 


If\x\ = -x, 

□ 


|x| < t <=> -x<t - f < x < 0 < t. 


y x+y+|x-y| x + y-|x-y| 

75 Theorem If (x,y) e R , max(x,y) = — 1 and min(x,y) = — . 

Proof: Observe that max(x,y) + min(x,y) - x + y, since one of these quantities must be the maximum and the 
other the minimum, or else, they are both equal. 

Now, either\x- y\ = x-y, andsox> y, meaning that max(x,y)-min(x,y) = x-y, or|x-y| = -(x-y) = y—x, 
which means that y > x and so max(x, y) - min (x, y) = y-x. In either case we get max(x, y) - min(x, y) = |x-y|. 
Solving now the system of equations 


max(x, y) + min (x, y) 
max(x, y) - min (x, y) 


/ormax(x,y) andm\n{x,y) gives the result. □ 


x + y 


Homework 


Problem 1.6.1 Let x,y be real numbers. Then 
0 < x < y <=> x 2 < y 2 . 

Problem 1.6.2 Let t> 0. Prove that 

|x| > t <=> (x > t) or (x<-t). 

Problem 1.6.3 Let (x,y) e IR 2 . Prove that max(x,y) = 
-min(-x,-y). 


Problem 1.6.4 Letx,y,z be real numbers. Prove that 

max(x, y,z) = x+y+z-min(x,y)-min(y,z)-min(z,x)+min(x,y,z). 

Problem 1.6.5 Leta< b. Demonstrate that 

a + b 

\x- a\ < |x- b\ <=> x < . 


1.7 Classical Inequalities 

1.7.1 Triangle Inequality 

76 Theorem (Triangle Inequality) Let ( a,b ) e IR 2 . Then 


\a+ b\ < \a\ + |fo|. 


( 1 . 6 ) 


Classical Inequalities 


Proof: From 5 in Theorem 72, by addition, 

-\a\ < a < \a\ 


to 

-\b\ < b < \b\ 

we obtain 

~(\a\ + \b\)<a + b<(\a\ + \b\), 
whence the theorem follows by applying Theorem 74. □ 

By induction, we obtain the following generalisation to n terms. 


77 Corollary Let xi,X 2 ,...,x n be real numbers. Then 

1*1 + *2+ ’ + X„| < |Xi| + |x 2 | + ••• + \x n \. 


Proof: We apply Theorem 76 n- 1 times 


l*l+*2 + -" + *nl £ 
< 


|xil + |x 2 + ---x„_i + x„| 

1*1 1 + \x 2 \ + 1*3 + ‘ ' ' X n -1 + X n \ 


□ 

78 Corollary Let ( a,b ) e K 2 . Then 


< 1*1 1 + |x 2 | + ••• + \x n -i + X„| 

< lxll + l* 2 l + --- + lx„_ll + lx„l. 


a\-\b\\<\a-b\ . 


(1.7) 


Proof: We have 
giving 
Similarly, 
gives 
Thus 

and we now apply Theorem 74. □ 

79 Theorem Let bt > 0 for 1 < i < n. Then 

. ( d\ &n 

min \7r'Tr'—'7r 

V bi b 2 b n 

Proof: For eveiy k, 1 < k < n, 


\a\ — \ a-b+b\ < \a-b\ + \ b\, 

\a\ - \b\ < | a- b\. 

| b\ - | b - a + a\ < | b - a\ + | a\ = | a - b\ + \ a\ , 
\b\-\a\ < \ a- b\ => - \a- b\ < \ a\ - \b\ . 

- 1 a-b\< \a\-\b\ < \a—b\, 


d\ + d2 + • • • + dji 

< < max 


bi + bz + — i- fen 


d\ d2 d n 


. f a\ a 2 a n \ a k ( a\ a 2 a n \ . [a\ a 2 a n \ ( a\ a 2 

min - T~ - max h-»T- T~ => b k mm\— \ <a k <b k max — 

I hi b 2 b n I b k \b i b 2 b n ) l b\ b 2 b n ) l b\ b 2 


Adding all these inequalities for 1 < k < n 

r d\ d2 d 


i \ • ( ^2 1 fit i \ I ^2 

(foi + b 2 + ■■■ + b n ) mm — — < a x + a 2 + ■ ■ + a n < (in + fo 2 + ■■ • + fo„)max — — 

\b i b 2 b„l \b i b 2 b n 

from where the result is obtained. d 


d n 

K 
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1.7.2 Bernoulli’s Inequality 

80 Theorem IfO< a< b, n> 1 eN 

h n - a' 1 

na nl <- — <nb nl . 


Proof: By Theorem 55, 

h n - n n 

— = b n ~ l + b"~ 2 a + b n ~ 3 a 2 + - + b 2 a n ~ 3 + ba n ~ 2 + a"~ l 

< b n - 1 + b n - 1 +-+b n - 1 + b n - 1 

= nb nl , 

from where the dextral inequality follows. The sinistral inequality can be established similarly. □ 

81 Theorem (Bernoulli’s Inequality) If x> -l,xf 0, and if neN\{0} then 

(1 + x) n > 1 + nx. 


Proof: Set b-l+x,a = lin Theorem 80 and use the sinistral inequality. □ 

Ifx > 0 then Bernoulli’s Inequality is an easy consequence of the Binomial Theorem, as 

n (A M 2 M 

(1 + jc) =1+ _ x+ _ jc h — >1+ _ x=\ + nx. 






(\ 

n 

x + 

n 

x 2 + ■■■>! + 

n 



2, 




1.7.3 Rearrangement Inequality 

82 Definition Given a set of real numbers { xi,X 2 ,...,x n } denote by 

Jq > x 2 > ■ • • > x n 


the decreasing rearrangement of the xi and denote by 

£i < x 2 < ■ • • < x„ 


the increasing rearrangement of the x, . 


83 Definition Given two sequences of real numbers { xi,X 2 ,...,x n } and {yi,y 2 , of the same length n, we say that they 

are similarly sorted if they are both increasing or both decreasing, and differently sorted if one is increasing and the other 
decreasing.. 


84 Example The sequences 1 < 2 <■■■<« and l 2 < 2 2 < ■ • • < n 2 are similarly sorted, and the sequences — > — >■■■> — 
and l 3 < 2 3 <■■■ <n 3 are differently sorted. 


85 Theorem (Rearrangement Inequality) Given sets of real numbers {a\,a 2 ,...,a„} and {b\,b 2 b n } we have 

E a k b k < E a kb k < E 

l <fc<« l <fe<« l <fe<« 

Thus the sum E a kh k is minimised when the sequences are differently sorted, and maximised when the sequences are 
l <fc<« 

similarly sorted. 


Classical Inequalities 


Observe that 

Z Z “kl’k and Z “khk = Z “iJ’k- 

1 <fc<« 1 <fc<« 1 <fc<n 1 <fc<« 

Proof: Let jrT(l),<T(2),...,<T(/i)| foe a reordering of {1,2,... ,n}. If there are two sub-indices i,j, such that the 

sequences pull in opposite directions, say, at > aj and b a q) < h rr f j), then consider the sums 

S ~ a i fofrU) + d2 foo-( 2j + • ’ ’ + b(r(i) + • ■ ■ + aj bay) + ■ ■ • + a n foo-(«) 

S — a i b ( j(i) + d 2 b(x[ 2 ) + '" + a, bo-(j) + • • • + aj foo-(j) + • • • + a^b^^ 


then 


S S — (it j (lj ) (fo(r(y ) h (} i/j ) > 0. 


This last inequality shews that the closer the a 's and the b 's are to pulling in the same direction the larger the sum 
becomes. This proves the result. □ 


1.7.4 Arithmetic Mean-Geometric Mean Inequality 

86 Theorem (Arithmetic Mean-Geometric Mean Inequality) Let ai a n be positive real numbers. Then their geometric 

mean is at most their arithmetic mean, that is, 


with equality if and only if «i =■■■ = a n . 


iyai -a n < 


d\ + * * * + d n 

n 


We will provide multiple proofs of this important inequality. Some other proofs will be found in latter chapters. 

First Proof: Our first proof uses the Rearrangement Inequality (Theorem 85) in a rather clever way. We may 

assume that the «/,- are strictly positive. Put 


Xi 


d\ 


x 2 = 


d\ d2 

(aia 2 - ■a n ) 2ln ’ 


d\ d2 • ‘ ‘ dn 

{a l a 2 - a n ) nln 


and 


Observe that for 2 < k<n, 





x n 


xkyk-i = 


d\ d2 • • • dfc 

{aia 2 -a n ) kln 


(a l a 2 - a n ) (k 1)/n 

d\ d2 • ' • dfc~ i 


dk 

(flia 2 ■■■ a n ) lln 


The Xk and yi c are differently sorted, so by virtue of the Rearrangement Inequality we gather 


1 + 1 + ••• + ! = xiyi + x 2 y 2 + --- + x n y n 


< 


xiy n + x 2 yi + ••• + x n y n -i 

d\ ^ d2 ^ ^ 

(did 2 - d n ) l,n (did 2 - d n ) 11 n (did 2 - dn) 11 n ’ 


or 


from where we obtain the result. □ 


d\ + d2 + ' * * + dyi 

(a 1 a 2 - a n ) lln 


Second Proof: This second proof is a clever induction argument due to Cauchy. It proves the inequality first for 
powers of 2 and then interpolates for numbers between consecutive powers of 2. 


Since the square of a real number is always positive, we have, for positive real numbers a, b 


(\fa- Vb) 2 > 0 


y/ab< 


a+b 
2 ’ 
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proving the inequality for k — 2. Observe that equality happens if and only if a = b. Assume now that the in- 
equality is valid fork - 2“ _1 > 2. This means that for any positive real numbers X\,X 2 x 2 n-i we have 


( il/2" _1 -*1 + x 2 H 1- Xon 1 

(X 1 X 2 ---X 2 n-l) < — x , 


( 1 . 8 ) 


Let us prove the inequality for 21c — 2". Consider any any positive real numbers yi,y 2 yv 1 - Notice that there 

are 2" - 2 n ~ 1 = 2“ _1 (2- 1) = 2”~ 1 integers in the interval [ 2" -1 + 1 ; 2" | . We have 

nI/2" 


[yiy2---y2 n ] 


, A U2 n l , > 1/2 H “ 

(yiy2”-y 2 »-ij ly2»-i+i--yH 

I \ 1/2 H_1 , 1 \H2 n 

(yi n— y2» 1 J + (y2»-> +1 • • ■ yH 


yi + y2 h — *■ y 2 «-i y2 ni +i ■* — y2 n 


2 "- 


in- 1 


yi + ■ ■ ■ + y 2 „ 
2 ” ’ 


where the first inequality follows by the Case n-2 and the second by the induction hypothesis (1.8). The theorem 
is thus proved for powers of 2. 


Assume now that 2" _1 < k < 2", and consider the k positive real numbers a\, 02 ,..., a k . The trick is to pad this 
collection of real numbers up to the next highest power of 2, the added real numbers being the average of the 
existing ones. Hence consider the 2" real numbers 


d\ y d2y ••• y dfcy ••• y &2 n 


d\ + d2 dfc n 

with djc+ 1 = ... = « 2 n = Since we have already proved the theorem for 2 we have 


( l d\ + d2 + * * • + dfc \2 

I d\ d2 ' ' ' djc y “ j J 


2 n —k\ 1/2” d\ + d2 + • • • + dfc + 


(2" — fc) ( 


d\ + d2 + * * * + dfc ) 


whence 


1 12 n ( 

( a 1 a 2 -a k ) | 

which implies 


n / Cl\ + (12 + • • • + d k s ^ 


d\ + d2 + • • • + dfc 


(2 fc) ( 


d\ + d2 + • • • + dfc > 


2” 


. . 1/2" I a l + a 2 H A 1 ,f/2 " ( d\ + Cl2 H t- flfc \ 

0 a 1 a 2 -a k ) [ J <[ J, 


d\ + d2 + * * * + dfc 

Solving for - gives the desired inequality. □ 

Third Proof: As in the second proof, the Case k-2 is easily established. Put 

ai + a 2 + --- + a k llk 

A k - , G k = (rii a 2 ■■■ a k ) 

k 

Observe that 

a k +i — (fc + — kA k . 

The inductive hypothesis is that A k > G k and we must shew that A k+ i > G k+ 1 . Put 


A = 


a k + 1 + (fc- l)^4fc+i 


G=(a k+1 A k k - + \) V \ 


By the inductive hypothesis A> G. Now, 

(fc + l)Afc + i - lcA k + (fc- l)Afc + i 
A+A k J c 


+ A k 



2 


2 


- A k+ \. 
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Hence 


We have established that 


Ak + 1 


A+A k 


1/2 


1/2 


> [AA k ) 

> (GG fc ) 

_ ^fc+l^fc+lj 


112k 


A k+l >(G k u +]A k -^ 


112k 


k + 1 k+ 1 J 


^fc+i - Gfc+i, 


completing the induction. □ 


Fourth Proof: We will make a series of substitutions that preserve the sum 


0\ + 0-2 + • • * + Oji 


while strictly increasing the product 


0\ 02 • • • o n . 


At the end, the aj will all be equal and the arithmetic mean A of the numbers will be equal to their geometric 

a,\ + a-i H 1 - a n nA 

mean G. If the a, where all > A then > — = A, impossible. Similarly, the a,- cannot be all 


n n 

< A. Hence there must exist two indices say i,j, such that a, < A < aj. Put a! i — A, a'j = at + aj - A. Observe 
that at + aj — a • + a - , so replacing the original a ’s with the primed a ’s does not alter the arithmetic mean. On 
the other hand, 


al a'j = A[ai + aj - A) = at aj + ( aj - A) ( A - a,-) > a/ aj 


since aj - A > 0 and A - a,- > 0. 


This change has replaced one of the a’s by a quantity equal to the arithmetic mean, has not changed the arith- 
metic mean, and made the geometric mean larger. Since there at most n a’s to be replaced, the procedure must 
eventually terminate when all the a 's are equal (to their arithmetic mean). Strict inequality then holds when at 
least two of the a’s are unequal. □ 


1.7.5 Cauchy-Bunyakovsky-Schwarz Inequality 

87 Theorem (Cauchy-Bunyakovsky-Schwarz Inequality) Let x k ,y k be real numbers, 1 <k<n. Then 


n 


r n 

1/2 

r n y 

£ x k y k 

< 

£4 


£4 

k= 1 


U=i 


U=i 


with equality if and only if 
for some real constant t. 


(til 1 a2, • . • , a f i) — t(bi f 1)2y > . ■ , bn) 


First Proof: The inequality follows at once from Lagrange’s Identity 


£ x k y k 

\k= 1 


X»t Ly k - £ c X k yj-Xjy k f 

^k= 1 ) \k= 1 1 <k<j<n 


(Theorem 50), since £ [x k yj - Xjy k ) z > 0. □ 

1 <fc<y<n 

n n n 

Second Proof: Put a = £ x b — £ x k y k , and c = Ly 2 k - Consider the quadratic polynomial 
fc=i k = 1 fc = 1 

n n n n 

at 2 + bt + c=t 2 Y J xl~ 2 tY J x k yk + £ y 2 k = £ ( tx k - y k ) 2 s 0 , 

k= 1 k= 1 k= 1 k= 1 
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where the inequality follows because a sum of squares of real numbers is being summed. Thus this quadratic 
polynomial is positive for all real t, so it must have complex roots. Its discriminant b 2 - 4ac must be negative, 
from where we gather 



t n 

2 

( « 

n 

4 

£ Xkyk 

<4 

L4 

LA 


\k=l 


U=i 

\k=i 


which gives the inequality □ 

For our third proof of the CBS Inequality we need the following lemma. 

88 Lemma For ( a , b,x,y ) e R 4 with x > 0 and y > 0 the following inequality holds: 

a 2 b 2 ( a + b ) 2 

h — > . 

x y x + y 

a b 

Equality holds if and only if — = — . 

* y 


Proof: Since the square of a real number is always positive, we have 

( ay - bx) 2 > 0 ==> a 2 y 2 - 2 abxy + b 2 x 2 > 0 

=> a 2 y(x+ y) + b 2 x(x + y) > (a+ b) 2 xy 


a 2 b ( a+bf 

— + — > 

x y x + y 


Equality holds if and only if the first inequality is 0.0 


dr 


Iterating the result on Lemma 88, 


with equality if and only if 


U\ 


a 2 


2 2 
at at 

bi b 2 

_ Mn 

bn 


{a\ + a 2 H 1- a n r 

b\ + b 2 -\ 1 - b n 


Third Proof: By the preceding remark, we have 


2 2 2 
X \ + X 2 H X n — 


2 2 2 2 

x f yf x 2 y 2 


y \ 


y\ 


+ ■•■+ 


4,yl 

yl 


( Xiyi+x 2 y2 + --- + x n y n r 

y\ + y|+- + y« 


and upon rearranging, CBS is once again obtainedLi 


1.7.6 Minkowski’s Inequality 

89 Theorem (Minkowski’s Inequality) Let x^,yk be any real numbers. Then 


£ + Tfc ) 2 

\k=l 


1/2 


£*; 

Vfc=i 


1/2 


1/2 


Lyl 

U-i 


Proof: We have 


£ (*fc + Ykf 

k= 1 


n n n 

„2 , o V" , V" ..2 


' « 

£4 

Wfc=i 

where the inequality follows from the CBS InequalityLi 


L x k + 2 L x kyk+ £y fc 

k= 1 k= 1 k= 1 

n n n 1 ^ 2 n 

L4+ 2 L4 LA + LA 

k = 1 \fc=l \fc=l fc= 1 

1/2 ( „ \ l/2\ 2 


n y 

Lyi 

\k= 1 
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Homework 


Problem 1.7.1 Let ( a , b, c, d) e R. Prove that 


\a- c\ -\b- c\ \ <\a- b\ <\a- c\ + \b- c\. 


Problem 1.7.11 Prove that\/{a,b,c) e IR , with a > 0, b > 0, c > 0, 
the following inequalities hold: 

a 3 + b 3 + c 3 > ma xla 2 b+ b 2 c + c 2 a,a 2 c+ b 2 a + c 2 b), 


Problem 1.7.2 Let(xi,X 2 ,...,x n ) e IR” be such that 

22 233 344 4 

Xf + + • • • + X„ = JCj + JCj + • • • + X„ = X[ + ^2 + • + X*. 


a 3 + b 3 + c 3 > 3 abc, 


a 3 + b 3 + c 3 > i fl 2 (b + c) + i; 2 (c + fl) + c 2 (fl + l;) . 


Prove thatXfr e {0, 1}. 

Problem 1.7.3 Letn> 2 ah integer. Let{xi,X 2 ,...,x n ) e IR” be such 
that 

2 2 2 

x l + X 2 H 1- X„ = XjX2 + X 2 X 3 H h X„_lX„ + X„X\. 

Prove that xi = X 2 = • • • = x n . 


Problem 1.7.4 Ifb > 0 and B > 0 prove that 


Problem 1.7.12 (Chebyshev’s Inequality) Given sets of real num- 
bers { ai,a 2 ,...,a n } and { b\,b 2 ,---,b n } prove that 

1 * / 1 1 \ 1 

-7 E a k b k s - E a k - E b k S- E A k b k- 

n 1 <fc<n ” 1 <fc<n n 1 <fc<« n 1 <fc<« 


fl A n a + A A 

b < B ==> b < b + B < Ti' 


Further, ifp and q are positive integers such that 

7 p 11 

— < - < — , 

10 q 15 

what is the least value ofq ? 


Problem 1.7.13 Ifx> O.from 


/x+1- \fx - 


/x+ 1 + A 


prove that 


— -= < Vx+ 1 - yGe < — — . 

2v/x+l 2v/x 


L/lse this to prove that ifn > 1 is a positive integer, then 

, 11 1 _ 

2Vn+l — 2 < 1 H — — H — — + ■ ■ ■ H — — < 2\fn - 1 
v2 v3 v® 


Problem 1.7.14 //'() < a< b, shew that 

1 lb -a) 2 a + b , — 1 lb -a) 2 

— < v ab< — • 

8 b 2 8 a 


Problem 1.7.5 Prove that ifr > s> t then 


r 2 -s 2 + t 2 > lr-s+t) 2 . 


Problem 1.7.15 Shew that 


135 9999 1 

2 4 6 10000 < TOO - 


Problem 1.7.6 Assume that a^yb^yC^, k=l,...,n, are positive real 
numbers. Shew that 


Problem 1.7.16 Prove that for all x> 0, 


E a k b kc k \ s I E a t E b i E 4\ ■ 

k= 1 / U=i Vfc=i Vfc=i / 


" 1 ; 1 1_ 

(x + k) 2 x x+n 


Problem 1.7.7 Prove that for integer n > 1, 

I n + l\ n 


Problem 1.7.17 Let xi e IR such that x/ = 1 and x,- = 0. 

i=l i=l 

Prove that 

; . / 2 n I 


Problem 1.7.8 Prove that for integer n> 2, 


n nl2 < n\. 


Problem 1.7.9 Prove that for all integers n > 0 the inequality n ( n - 
1) < 2 n+1 is verified. 

Problem 1.7.10 Prove thatMla, b, c) e IR 3 , 


Problem 1.7.18 Let n be a strictly positive integer. Letxi > 0. Prove 
that 

n n 

FI (! + *fc)S 1+ E x k- 

k = 1 fc= 1 

When does equality hold? 

Problem 1.7.19 (Nesbitt’s Inequality) Let a, b, c be strictly positive 
real numbers. Then 

a b c 3 

1 1 > — . 

b+ c c+ a a+b 2 
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Problem 1.7.20 Let a > 0. Use mathematical induction to prove 
that 


a + y a + \J a f- \fa < 


1 + v^4fl + 1 


where the left member contains an arbitrary number of radicals. 

Problem 1.7.21 Let a, b, c be positive real numbers. Prove that 
(a + b){b + c)(c + a) > 8 abc. 

Problem 1.7.22 (IMO, 1978) Let be a sequence of pairwise dis- 
tinct positive integers. Prove that 

" a k "1 

z^z *■ 

k= 1 k= 1 K 

Problem 1.7.23 (Harmonic Mean-Geometric Mean Inequality) 

Let x; > Oforl < i< n. Then 


n 


11 1 

— + — -I — -I 

X\ x 2 X n 


< (XlX2 -X„) lln , 


with equality iffx j = x 2 = ■ ■ ■ = x n . 

Problem 1.7.24 (Arithmetic Mean-Quadratic Mean Inequality) 

Let x; > Oforl <i<n. Then 

2 1/2 

rr. 


X\ + X 2 H 1 X n 


Xj + jc| -I hxf, 


with equality iffx i = x 2 = • • • = x n . 

Problem 1.7.25 Given a set of real numbers { ai,a 2 ,...,a n } prove 
that there is an index m e {0, 1, . . . , n] such that 


Z a k - Z a lc 

1 - k~ in m<k: n 


< max \ak\ 
1 <fc<n 


Ifm = 0 the first sum is to be taken as 0 and ifm = n the second one 
will be taken as 0. 


Problem 1.7.26 Give a purely geometric proof of Minkowski’s In- 
equality for n = 2. Thatis, prove thatif{a,b),(c,d) e IR 2 , then 


y (n + c) 2 + (b+ d) 2 < V a 2 + b 2 + \/c 2 + d 2 . 


Equality occurs if and only if ad = be. 


Problem 1.7.27 Let x^ e 0 ; 1 for 1 < k < n. Demonstrate that 


2 " 


n x k> n 

Vfc=l k= 1 


Problem 1.7.28 Ifn > 0 is an integer and if > 0, 1 < k < n are 
real numbers, demonstrate that 


y 

\fc= 1 K 


“ “ a;ae 

^ZZt j 


i=ik=\i + k 1 


Problem 1.7.29 Let n be a strictly positive integer, let ak > 0, 1 < 
fc < n be real numbers such that «i > a 2 > • •• > a n , and let h^, l < 
k<nbe real numbers. Assume that for all indices k e {1, 2, . . . , n], 

k k 

E a i ~ L b i- 

i = 1 i = 1 


Prove that 


n n 

Z«hZ*>? 

i=l (=1 


Problem 1.7.30 Let n >2 an integer and let ak, 1 < k < n be real 
numbers such that a\ < a 2 < ■■■ < a n . Prove that there is an index 
Ice {1,2,..., n] such that 

12 

( a k + 1 — a lcl — T 2 77 ( a l + a 2 “* a nl % 

n(n - 1) 

Problem 1.7.31 (AIME 1991) Let P = {a\,a 2 ,...,a n } be a collec- 
tion of points with 


0 < fli < a 2 < • ■ • < a n < 17. 


Consider 


S„ = min Z \J (2fc- l) 2 + aj£, 


fc=l 


where the minimum runs over all such partitions P. Shew that ex- 
actly one ofS 2 ,S 3 ,...,S n ,... is an integer, and find which one it is. 


1 .8 Completeness Axiom 


Why bother?We saw that both Q and IK are fields, and hence they both satisfy the same arithmetical axioms. 
Why the need then for K? In this section we will study a property of K that is not shared with Q, that of com- 
pleteness. It essentially means that there are no ‘holes’ on the real line. 


90 Definition A number u is an upper bound for a set of numbers A c |R if for all a e A we have a< u. The smallest such 
upper bound is called the supremum or least upper bound of the set A, and is denoted by sup A. If sup A e A then we say 
that A has a maximum and we denote it by maxA(= sup A). Similarly, a number l is a lower bound for a set of numbers 
B Q IR if for all b e B we have l<b. The largest such lower bound is called the infimum or greatest lower bound of the set B, 
and is denoted by infB. If sup B e B then we say that B has a minimum and we denote it by infB (= inf£). 



Completeness Axiom 


We define inf(IR) = -oo, sup(IR) = +oo, inf(0) = +oo and sup(0) = -oo. 

91 Definition A set of numbers A is said to be complete if every non-empty subset of A which is bounded above has a 
supremum lying in A. 

92 Axiom (Completeness of R) Any non-empty set of real numbers which is bounded above has a supremum. Any non- 
empty set of real numbers which is bounded below has a infimum. 

93 Theorem (Approximation Property of the Supremum and Infimum) Let A^ 0 be a set of real numbers possessing a supre- 
mum sup A. Then 

Vf > 0 3a e A such that sup A - e < a. 

Let ft ^ 0 be a set of real numbers possessing an infimum inf ft. Then 

Me > 0 3b eB such that infA + £>fo. 

Proof: IfM ae A, sup A- e> a then sup A- e would be an upper bound smaller than the least upper bound, 
a contradiction to the definition o/sup A. Hence there must be a rogue ae A such that sup A - e < a. 

IfM h e A, inf ft + e < b then inf ft + e would be a lower bound greater than the greatest lower bound, a contra- 
diction to the definition of inf B. Hence there must be a rogue be B such that inf B + e>b. 

□ 

fKSP 

The above result should be intuitively clear, sup A sits on the fence, just to the right of A, so that going just a bit to the 
left should put sup A- e within A, etc. 

94 Theorem (Monotonicity Property of the Supremum and Infimum) Let and suppose that both A and ft 

have a supremum and an infimum. Then sup A < sup ft and inf ft < inf A. 

Proof: Assume B is bounded above with supremum sup ft. Suppose x£ A. Then x£ B and so x< sup ft. Thus 
sup ft is an upper bound for the elements of A, and so A and so by definition, sup A < sup ft. 

Assume B is bounded below with infimum infff . Suppose x £ A. Then x £ B and so x> infff . Thus inf ft is a 
lower bound for the elements of A and so by definition, inf A > inf ft. □ 

95 Lemma Let a, b be real numbers and assume that for all numbers e > 0 the following inequality holds: 

a<b + e. 


Then a<b. 


Proof: Assume contrariwise that a> b. Hence — - — > 0. Since the inequality a < b + e holds for every e > 0 in 

a- b 

particular it holds for e - — — — . This implies that 

a-b 

a<b-\ or a<b. 

2 

Thus starting with the assumption that a > b we reach the incompatible conclusion that a < b. The original 
assumption must be wrong. We therefore conclude that a< fo. O 

96 Theorem (Additive Property of the Supremum) Let 0 g Ac R, and B ^ R. Put 

A+ B - {x + y : (x,y) £ Ax B] 

and suppose that both A and ft have a supremum. Then A + B has also a supremum and 



sup(A+ ft) = sup A + sup B. 
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Proof: IfteA + B then t-x+y with (x,y) e Ax B. Then t-x+y< sup A + sup B, and so sup /l + sup B is an 
upper bound for A+ B. By the Completeness Axiom, A+ B is bounded. Thus sup(A + B) < sup A + sup B. 


We now prove that sup A+ sup B < sup (A + B). By the approximation property, Ve > 0 3a e A and b e B such 
£ £ 

that sup A - — < a and sup B - — < b. Observe that a + b e A + B and so a+b< sup( A + B ) . Then 

sup A + sup B - £ < a+b< sup(A + B), 


and by Lemma 95 we must have 
This completes the proof'd 


sup A + sup B < sup(A + B). 


97 Theorem (Archimedean Property of the Real Numbers) If (x,y) e i 2 with x > 0, then there exists a natural number n 
such that nx > y. 


Proof: Consider the set 


A - {nx: ne N}. 


Since 1 • x e A, A is non-empty. IfM n e N we had nx < y, then A would be bounded above by y. By the Complete- 
ness Axiom, A would have a supremum sup A. Thus Vra e N, nx < sup A. Since (n + l)x e A, we would also 
have 

( n+ l)x< sup A => nx< sup A- 

This means that sup A- x is an upper bound for A which is smaller than its supremum, a contradiction Thus 
there must be an n for which nx > y. □ 


98 Corollary N is unbounded above. 


Proof: This follows by taking x = 1 in Theorem 97. □ 

The Completeness Axioms tells us, essentially, that there are no “holes” in the real numbers. We will see that this prop- 
erty distinguishes the reals from the rational numbers. 

99 Lemma [Hipassos of Metapontum] \[2 is irrational. 


2 rn 

Proof: Assume there is se<Q such that s = 2. We can find integers m,nf0 such that s - — . The crucial part 

n 

of the argument is that we can choose m, n such that this fraction be in least terms, and hence, m, n must not be 
2 2 2 2 2 2 

both even. Now, m s = n , that is 2m - n . This means that n is even. But then n itself must be even, since 
the product of two odd numbers is odd. Thus n - 2a for some non-zero integer a (since nf 0J. This means that 
2m = (2a) = 4 a ==> in - 2a . This means once again that m is even. But then we have a contradiction, 
since m and n were not both even. □ 


100 Theorem Q is not complete. 


Proof: We must shew that there is a non-empty set of rational numbers which is bounded above but that does 

not have a supremum in 0. Consider the set A - {r e Q : r 2 < 2} of rational numbers. This set is bounded above 
by u — 2. For assume that there were a rogue element of A, say ro such that ro > 2. Then r ( 2 > 4 and so ro would 
not belong to A, a contradiction. Thus r <2 for every r e A and so A is bounded above. Suppose that A had a 
supremum s, which must satisfy s< 2. Now, by Lemma 99 we cannot have s 2 - 2 and thus s 2 < 2. By Theorem 

, 1 1 

97 there is an integer n such that 2- s > . Put t-s-\ -, a rational number and observe that since s < 2 

6 10 " 10"- 1 


one has 


2s 1 

10 ”- 1 + to 2 "- 2 


< s 2 + 


2s 


10 


n-l 


10 


n-l 


< S 2 + ■ 


10 "- 


< s 2 + ■ 


10' 


< 2 . 


Thus te A and t> s, that is t is an element of A larger than its least upper bound, a contradiction. Hence A does 
not have a least upper bound. □ 


Completeness Axiom 


1.8.1 Greatest Integer Function 

101 Theorem Given yelR there exists a unique integer n such that 

n < y < n + 1. 


Proof: By Theorem 97, the set{neZ:n<y] is non-empty and bounded above. We put 

[[yJJ = sup{« £ Z : n < y}. 

□ 

Vx e K, [[x[J < x < |[x_[J + 1. 

102 Definition The unique integer in Theorem 101 is called the floor of x and is denoted by |[x[J. 


The greatest integer function enjoys the following properties: 


103 Theorem Leta,j6eK, aeZ,neN. Then 

1. [[a + ajj = |[aj) + a 

3* M + Ms|La + fj|s|L«J| + M + i 


Proof: 


1. Let m = [[a + ajj. Then m < a + a < m+ 1. Hence m— a < a < m - a + 1. This means that m - a - [[ajj, 
which is what we wanted. 

2. Write al n as al n— [[a/w]| + 0,0 < 0 < 1. Since n\\ a/n\\ isaninteger, we deduce by (1) that 

[[ajj = [[«|[a/nj) + «0J] = «[[a/raJJ + |[n0[J. 


Now, 0 < |[«0J| < nO < n, and so 0 < |[n0jj/n < 1. If we let® = |[«0jj/w, we obtain 


li«JI 


IL-Jl + e. o < 0 < i. 

n 


This yields the required result. 

3. From the inequalities a- 1 < |[aj| < a,) 3-1 < [[/3JJ < fl wegeta+p~2< |[aJJ + [[/3j] < a+/3. Since [[ajj + [[/8JJ 
is an integer less than or equal to a + p, it must be less than or equal to the integral part of a + p, i. e. [[a + /5JJ . 
We obtain thus |[aJJ + ILfll * li« + P\\. Also, a + p is less than the integer [[ajj + | p\\ + 2, so its integer part 
[[a + p^ must be less than |[aJJ + |[/5JJ + 2, but [[a + )6JJ < |[aJJ + |[/ijj + 2 yields |[a + ^JJ < [[ajj + |[^JJ + 1 . This 
proves the inequalities. 


□ 


104 Definition The ceiling of a real number x is the unique integer f[x][ satisfying the inequalities 

[T*H-i<*< M- 


105 Definition The fractional part of a real number x is defined and denoted by 

{x} = x- j[xJJ. 


Observe that 0 < {x} < 1 . 


Homework 
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Probleml.8.1 LetAandB be non-empty sets of real numbers. Put 

-A= {-x : x e A], A- B = {a- b : (a,b) e Ax B}. 

Prove that 

1. If A is bounded above, then -A is bounded below and sup A = 
-inf(-A). 

2. If A and B are bounded above then A u B is also bounded 
above and sup(Au B) = maxfsup A, sup II). 

3. If A is bounded above and B is bounded below, then A - B is 
bounded above and sup(7l - B) = sup A- inf B. 


Problem 1.8.2 Assume that A is a subset of the strictly positive real 

numbers. Prove that if A is bounded above, then the set A -1 = {— : 

x 

x e A] is bounded below and that sup A = . 

Inf 4 — A 


Problem 1.8.3 Let n > 2 he an integer. Prove that 


max 

0<X1<X2< SX„<1 


E (*/-*/) = 

1 VI </</<n ’ 


Problem 1.8.4 Find a non-zero polynomial P(x,y) such that 

p(lL2rjl,lL3tJJ) = o 


for all real t. 


Problem 1 .8.5 Prove that the integers 

L(i + ^)"U 

with n a positive integer, are alternately even or odd. 


Problem 1.8.6 Let x e R and let n be a strictly positive integer. Prove 
that 

IL»*U = E II* + t;JJ- 

k-t 11 


Problem 1.8.7 (Putnam 1948) If n is a positive integer, demon- 
strate that 


[[%/« + t/it+T]] = J[x/4« + 2jJ. 


Problem 1.8.8 Find a formula for the n-th non-square. 


Problem 1.8.9 Prove that if a, b are strictly positive integers then 


a 2 

"b 2 < 2 


(a + 2b) 2 
(a+ b) 2 


Prove, moreover, that 


(a + 2b) 2 a 2 

2 < 2 . 

(a + b) 2 b 2 


(a + 2b) 2 a 2 

This means that — is closer to 2 than —x is. 

(a + b) 2 b 2 


Problem 1.8.10 Shew thatVx > 0, x is farther from VS than - 


Problem 1.8.11 (Existence of n-th Roots) Let a > 0 and let neU, 
n> 2. Prove that there is a unique beU such that b n = a. 




Chapter 2 

Topology of [R 


2.1 Intervals 


Why bother? In this section we give a more precise definition of what an interval is, and establish the interesting 
property that between any two real numbers there is always a rational number. 


106 Definition An interval I is a subset of the real numbers with the following property: if s e I and tel, and if s< x< t, 
then x e I. In other words, intervals are those subsets of real numbers with the property that every number between two 
elements is also contained in the set. Since there are infinitely many decimals between two different real numbers, intervals 
with distinct endpoints contain infinitely many members. 


fKS-* 

The empty set 0 is trivially an interval. 

We will now establish that there are nine types of intervals. 


Interval Notation 

Set Notation 

[a;b] 

{x e R : a < x < 

]a;b[ 

{x e R : a < x < 

[a;b[ 

{x e R : a < x < 

]a;b] 

(xel:«<x< 

]n;+oo[ 

|xER:x>a| 

[a;+oo[ 

(xeR:x><i| 

] -oo;b[ 

{x e R : x < b] 

] - oo; b] 

{x e R : x < b] 

] - oo;+oo[ 

1 R 


Graphical Representation 


a 

b 

a 

b 

a 

b 

a 

b 

a 

+oo 

a 

+oo 

-oo 

b 

-oo 

b 

-oo 

+oo 


Table 2.1: Types of Intervals. Observe that we indicate that the endpoints are included by means of shad- 
ing the dots at the endpoints and that the endpoints are excluded by not shading the dots at 
the endpoints. 


dr 


Ifx e R, then {x} = 


34 
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107 Theorem The only kinds of intervals are those sets shewn in Table 2.1, and conversely, all sets shewn in this table are 
intervals. 

Proof: The converse is easily established, so assume that I Q M possesses the property that V [a, h) e I 2 , ^ 

I. Since 0 is an interval one may assume that I f 0. Let ae I be a fixed element of I and put M a = |ie/:i< 
a] - - oo ; a n I and N a - {x e I : x > a] - \a ; +oo n I. 


IfN a is not bounded above, then Mb eya ;+oo|, 3c e N a such that b < c. Since a < b < c, this entails that 
be N a . Thus N a - [ a ; +oo [ . 


IfN a is bounded above, then it has supremum s = sup(lV a ) and N a ^ y a ; sj . By Theorem 93, Mb e y a ; s y , ce 
N a such that b< c, and since a< b< c, this entails that be N a . Thus 


and so N a - \a ; s or N a - \a ; s 


gN a g , 


Thus N a is one among three possible forms: | a ;+oo| , I «;sj , or Applying a similar reasoning, one obtains 

gathers thatM a is of one of the forms j -oo ;a] , j l ;a] , or ;aj, where l - inf (M„). Since I - M a u N a , there are 
3 choices for M a and 3 for N a , hence there are 3 3 = 9 choices for I. The result is established. □ 


00 r 1 1 I 

1 08 Example Determine 1 ; 1 + — . 

k= 1 2 * 


Solution: Observe that the intervals are, in sequence, 


\ l -2\- f 3 

. 3 1. 

[Z 

■ 4 1 

l 2 * J* u 

’2b 

\-8 

’ 3 J 


00 r 1 1 1 

IVe claim that Pi 1 t>1h — = 1. For we see that 

L'i [ 2,c kl 


1 1 1 

Vfc > 1, -<1- — <l<l + -<2, 

2 2 k c 


so 1 is in eveiy interval. Could this intersection contain a number smaller than 1 ? No, for if—<a< 1, then we 
can take k large enough so that 

1 

a < 1 r , 

2 k 

for example 

a< 1 => k > -log 2 (l - a), 

2 k 

so taking k > [[- log 2 (1 - a ) JJ + 1 will work. Could the intersection contain a number b larger than 1 ? No, for if 
1 < b < 2, then we can take k large enough so that 

1+7 <b, 
k 


for example 


1 H — <b ==> k > , 

k b - 1 


so taking k> [J — — — JJ + 1 will work. Hence the only number in the intersection is 


1. 


Dense Sets 


2.2 Dense Sets 

1 09 Definition A set B ^ IK is dense in A ^ IR if V (aj , a 2 ) £ A 2 , a\ < a 2 , 3b e B such that a\ <b< a 2 , that is, between any 
two different elements of A one can always find an element of B. 

110 Theorem Q is dense in KL 

Proof: Let x,y be real numbers with x < y. Since there are infinitely many positive integers, there must be a 

1 m 

positive integer n such that n > by the Archimedean Property of IR. Consider the rational number r = — , 

where m is the least natural number with m > nx. This means that 

m > nx > m - 1. 

m m 

We claim that x < — < y. The first inequality is clear ; since by choice x < — . For the second inequality observe 

n n 

that, again 

1 ml 1 m 1 1 m 

nx > m- 1 and y- x > — ==> x > and y > — => j/> 1 — = — . 

n n n n n n n n 

m 

Thus — is a rational number between x and y. □ 

n 

111 Theorem IR \ Q is dense in IR. 

a b 

Proof: Let a < b be two real numbers. By Theorem 110, there is a rational number r with — — < r < . But 

V 2 \/2 

then a < V2 r < b, and the number C2r is an irrational numberd 

112 Theorem (Dirichlet) For any real number 0 and any integer Q> 1, there exist integers a and q, 1 < q< Q, such that 


0- 


qQ 


Proof: For 1 < n < Q, let 


In — 


n-1 n 


Q Q 

Thus these Q intervals partition the interval [0; 1 [. The Q + 1 numbers 


{ 00 }, { 10}, {2 0},...,{Q0] 

lie in [0; 1 [. Hence by the pigeonhole principle there is an n such that I n contains at least two of these numbers, 
say 

{^i0}e/„, {q 2 0}el n , 0<qi<q 2 <Q. 

Put q = q 2 - qi, a = [q 2 0] - [</i0]. Since {qiO} £ I n ,{q 2#1 e In tve must have 

\{q 2 0}-{qi0}\ < 


But 


whence the result. □ 


{ q 2 0 } ~ {q 10} = </20 - [020] - 0t0 + [0t0] = 00 - a , 


113 Corollary If 0 is irrational prove that there exist infinitely many rational numbers — , gcd(«, q) - 1, such that 0 lies 

0 

] a la 1 r 

in the open intervals ; — i — - . 

[0 0 2 0 0 2 [ 


Chapter 2 


Proof: Suppose that 


0 - 


0r 


0r 


: for 1< r < R. Since the differences 0 are non-zero, we may choose Q so 


large in Theorem 112 that none of these rational numbers is a solution of 


<lr 

0 -- 


1 


< . Since this latter inequal 

q qQ 

ity does have a solution, the R given rational approximations do not exhaust the set of solutions of 0 - ■ 


q 


q 


2 ' 


Homework 


Problem 2.2.1 Determine p) [/c;1001-fc 
l<fc<500 


Problem 2.2.2 Determine [_J 1 ; 1 + — 
fc= 1 k 


Problem 2.2.8 Let 

Q + %/2Q = {a + Vz b : (a, b) e Q 2 } 
and define addition on this set as 


OO 

Problem 2.2.3 Determine (_J 
k= 1 



OO 

Problem 2.2.4 Determine p) 
k= 1 



( a + Vzb ) + (c+Vzd) = (« + c) + V 2 [b + d), 

and multiplication as 

{a + Vzb)lc + Vzd) = (ac + Zbd) + Vz{ad + be). 


Problem 2.2.5 Determine p) k 
k= 1 1 


+oo 


OO 

Problem 2.2.6 Determine p| 
k= 1 



Then (Q + VzQ,-, +> is a field. 

Problem 2.2.9 Put D = {x : x = q 2 or x = -q 2 , qel J}. Prove 
thatD is dense in IR. 


Problem 2.2.7 Let I = a ; />J , and l' - ya ; b' | be closed intervals 
in IR. Prove that I Q I 1 if and only if a' < a and b< b . 


Problem 2.2.10 A dyadic rational is a rational number of the form 

m 

— , where m e Z, n e N. Prove that the set of dyadic rationals is 
dense in IR. 


2.3 Open and Closed Sets 


Why bother? Many of the properties that we will study in these notes generalise to sets other than IR. To better 
understand what is it from the features of IR that is essential for a generalisation, the language of topology is 
used. 


114 Definition The open ball 3§ Xo (r) centred atx - x o and radius e > 0 is the set 

&xo (£) = ]x 0 - e ;x 0 + 


115 Definition A set ,/Y Xa P K is an open neighbourhood of a point xo if 3£ > 0 such that (r) ^ jC Xo , that is, there is a 
sufficiently small open ball containing xq completely contained i n ■ A' Xa . 

116 Definition A set U £ IR is said to be open in IR if V x £ U there is an open neighbourhood jC Xa such that jC Xa ^ U. A set 
F c |R is said to be closed in IR if its complement U — IR \ F is open in IR. 

117 Theorem Every open ball is open. 


Proof: Letfi$ Xo (r) with r > 0 be an open ball and letx e &x 0 (r) . We must shew that there is a sufficiently small 
neighbourhood of x completely within (r) . That is, we search fore > 0 such that ye SS X (c) => yefi§ X0 (r). 



Open and Closed Sets 


Now, 

By the Triangle Inequality 
So, as long as 

we will be within (r). One can take 


y e £&x (£) => yt&xo(r) ly-x[<£ |y-xbl<r. 
Iy-*bl < |y-x| + |x- *ol <£+|*-*ol- 
£ + | jc — xol < r, 
r-|*;-xol 


118 Example The open intervals J a ;b\ , J a ;+oo|, J - oo ‘,b\, J -oo ;+oo|, are open in R. 

The closed intervals {a}, [a ;fo] , [a ;+oo|, | - oo ;&],]- oo ;+oo| = R, are closed in R. 
The sets 0 and R are simultaneously open and closed in R. 

The intervals \a ; b\ and \a;b\ are neither open nor closed in R. 


119 Theorem The union of any (finite or infinite) number of open sets in R is open in R. The union of a finite number of 
closed in R sets is closed in R. 

The intersection of a finite number of open sets in R is open in R. The intersection of any (finite or infinite) number of 
closed sets in R is closed in R. 


OO 

Proof: Let U\ , U 2 be a sequence of open sets in R (some may be empty) and consider x e U Un There is an 

fl= 1 

index N such that x e Un- Since Un is open in R, there is an open neighbourhood ofx ] x - e ; x + e [ ^ Un, for 
e > 0 small enough. But then 

1 1 00 

x-£ ;x + £ Q U N £ U u n> 

‘ 1 11=1 

and so given an arbitrary point of the union, there is a small enough open neighbourhood enclosing the point 
and within the union, meaning that the union is open. 

OO 

Jff]Fn is an arbitrary intersection of closed sets, then there are open sets U n = U\ F n . By the De Morgan Laws, 

n= 1 

00 00 00 

D p n = = U Un, 

n= 1 n= 1 n= 1 

oo oo 

and since U Un is open by the above paragraph, P| F n is the complement of an open set, that is, it is closed. 

11 = 1 n = 1 

L 

Let Ux,U 2 ,...,U L be a sequence of open sets in R and consider x e fl Un. Then x belongs to each of the Ui c and 

11=1 

so there are £/<- > 0 such that x e \ x- ;x + E/ c I lit. Let e = min £/ c be the smallest one of such. But then for 

J 1 1 <fc<L 

all k, 

x-£;x+£ Q Lc-£fc;x + £fc ^ Uk, => x-£;x+£ ^ f| U n , 

J L J L J L «=i 

and so given an arbitraiy point of the intersection, there is a small enough open neighbourhood enclosing the 
point and within the intersection, meaning that the intersection is open. 

Using the De Morgan Laws and the preceding paragraph, the remaining statement can be proved. □ 
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1 20 Example The intersection of an infinite number of open sets may not be open. For example 


n i- 


/t= i 


n+ 1 


; 2 - 


1 

n+ 1 


= i;2 . 


which is neither open nor closed. 

121 Theorem (Characterisation of the Open Sets of IK) A set A Q IK is open if an only if it is the countable union of open 
sets of IK. 


2.4 Interior, Boundary, and Closure of a Set 

122 Definition Let A £ IK. The interior of A is defined and denoted by 

A = U «, 

ciQa 

n open 

that is, the largest open set inside A. The points of A are called the interior points of A. 

1 23 Definition Let A ^ IR. The closure of A is defined and denoted by 

A = U n > 

n 2 a 

n closed 

that is, the smallest closed set containing A. The points of A are called the adherence points of A. 


o o _ 

One always has AQ AQ A. AsetU is open if and only ifU=U.AsetF is closed if and only ifF = F. 

1 24 Definition Let A ^ IK. The boundary of A is defined and denoted by 

Bdy(A) = A- A. 

The elements of Bdy(A) are called the boundaiy points of A. 

125 Example We have 

1. ]0;l] = ]o;l[, ]o;l] = [o;l], Bdy(]o;l]) = {0,1} 

2. {07T} = 0, {0jT= {0,1}, Bdy({0, 1}) = {0,1} 

3. Q- 0 > Q = IR, Bdy(Q) = IR 

126 Theorem Let A £ IR. Then 

IR\ A=ir\ a, = 


Proof: The theorem follows from the De Morgan Laws, as 

ir\A=ir\ U n (iR\n)= p| (iR\n)= p f = r\a, 

n =^ n = jl R\ J lgR\n R\^gp 

n open £1 open O open F closed 

and 

IR\A=IR\ P F= |J (U\F)= |J (U\F)= P n = KYA. 

F = A F = A r\a2r\f r\a2h 

F closed F closed F closed fl open 

□ 
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127 Theorem x e A WTi, jV x n A f 0. That is, x is an adherent point if and only if every neighbourhood of x has a 
nonempty intersection with A. 


Proof: Assume x e A and letr> 0. If J x- r;x+r|nA=0, then J x- r ;x+ r | ^ IR\ A. Since J x- r ;x+ r | isopen, 
we have — in particular — pc - r ;x + r £|R\A=IR\A by Theorem 126. This means thatx & A, a contradiction. 


Conversely, assume that for all neighbourhoods jV x of x we have ,.Y X n A ^ 0. Ifx&A then = 

Since IR \ A is open there is anr' > 0 such that ] x - r ' ; x + r' |^IR\A^IR\A. But then ] x - r ' ; x + r ' [ n A = 0, a 
contradiction. □ 


128 Theorem Let 0 ^ A ^ IR be bounded above. Then sup A e A. If, moreover, A is closed then sup(A) e A. 

Proof: Let r > 0. By Theorem 93, there exists a e A such that sup (A) - r < a, which gives |sup(A) - a\ < r. 

This shews that j sup A - r ; sup A + r [ n A 0 regardless of how small r > 0 might be and, hence, sup( A) e A by 
Theorem 127. If A is closed, then A = A. □ 

1 29 Definition Let A Q IR. A point x e A is called an isolated point of A if there exists an r > 0 such that SS X (r) n A = jx}. The 
set of isolated points of A is denoted by A* . 


A point y e IR is called an accumulation point of A in IR if 

Mi \ {X}) n A * 0 , 

that is, if any neighbourhood of x meets A at a point different than x. The set of accumulation points of A is called the 
derived set of A and is denoted byAcc(A). 


130 Example We have 

1. 0 is an isolated point of the set A = {0} u 1 1 ;2 1 . 

1 1 


2 3 

. , 1 1 11 1 

point, and then : — i - 

* J n 2 n+2 n 2" +2 

that2' l+2 > max((i(n+ 1), n(n- 1)). 


2. Every point of the set A = < 1 , — , — , . . . !- is isolated. This is because we may take r = 


2«+ 2 


in the definition of isolated 


n A = < — y. Observe that 


1 


n n + 1 «(«+!) 


and 


n-1 n n(n- 1) 


and 


3. 0 is an accumulation point of A = -j 1, — , 


131 Theorem xis an accumulation point of A if and only if every neighbourhood of x in IR has an infinite number of points 
of A. 

Proof: SupposexeA'. Suppose a neighbourhood of x had only finitely many elements of A, say{yi,y 2 ,...,y n }- 

Take 2 r - min I yt - x| . Then x - r ;x + r \ {x} 1 n A = 0 contradictmg the fact that eveiy neighbourhood ofx 
1 <fe<n vl 1 l 

meets A at a point different from x. 


Conversely if eveiy neighbourhood ofx in IR has an infinite number of points of A, then a fortiori, any intersection 
of such a neighbourhood with A will contain a point different from x, and soxe Acc (A) . □ 


132 Theorem Aset is closed if and only if it contains all its accumulation points. 
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Proof: If A is closed then R \ A is open. Ifce R \ A then there exists r > 0 such that |c-r;c+r|^R\A, a 

neighbourhood that clearly does not contain any points of A, which means c f. Acc (A) . 

Conversely, suppose a set Acc (A) ^ A. We will prove that R \ A is open. Ifx El \ A, then a fortiori, x Acc (A) . 

This means that there is an r > 0 such that ]jc-r;;e+r[nA=0. Hence Jx-r;x+r[^IR\A, and so R \ A is 
open. □ 

One has 

A*gA, A-AgAcc(A), A*nAcc(A) = 0, A* uAcc(A) = A. 

2.5 Connected Sets 

1 33 Definition A set X ^ R is connected if, given open sets U, V of R with Ul)V = X,UnV = 0, either U = 0 or V - 0. 

134 Theorem If X ^ R is connected, and if ( a,c ) e X 2 , be R, are such that a<b< c then be X. 

135 Corollary The only connected sets of R are the intervals. In particular, R is connected. 

2.6 Compact Sets 

oo 

136 Definition A sequence of open sets f/i,{/ 2 ,.* -is said to be an open coi/er for A^Rif A^ [J U n . Ui,U 2 ,...hasasubcover 

n= 1 

oo 

U kl ,U k2 ,...ofAifAQ [J U kn . 

n - 1 


1 37 Definition A set of real numbers is said to be compact in R if every open cover of the set has a finite subcover. 

1 38 Example Since R = [J \n — 1 ; n + 1 , the sequence of intervals n - 1 ; n + 1 , n e Z is a cover for R. 

K£Z J L J L 


139 Theorem Let a, b be real numbers with a < b. The closed interval \a;b\ is compact in R. 


Proof: Let Wi , Ih,--- be an open cover for | fl ; b | . Let E be the collection of all xe | «; /; | such that | n ; .r | has a 
finite subcover from the Ui . We will shew that be E. 


Since a e [J Ui, there exists U r such that aeU r . Thus {a} - \a ; a\ f U r and so E f 0. Clearly, b is an upper 
i=i L J 

bound for E. By the Completeness Axiom, sup E exists. We will shew that b = sup E. 


By Theorem 128, supE e \a ;b\ f [J Ui, hence there exists U s such that sup E e U s . Since U s is open, there exists 

1 i=l 

e > 0 such that j sup E - £ ;sup£ + ^ U s . By Theorem 93 there is xe E such that sup E - e < x < supE. Thus 

, i « 

there is a finite subcover from the Ui, say, U Pl U P2 , ..., U Pn such that In;* £ [J U kj . 

L J i=i 


We thus have 


fl 

a ;sup£] ^ ;x] [J ] sup E- e ;supE+ ^ U U ki 


\i = 1 


u U s , 


2 This definition is appropriate for R but it is not valid in general. However, it very handy for one-variable calculus, hence we will retain it. 


Compact Sets 


a finite subcover. This means that sup E e E. 


Suppose now that sup E < b, and consider y — sup£+ - min(fo- sup £’,£). Then 


IM« 

V«'=i 


sup E < y, a ; j/ = « ; sup E u sup E;y\Q 


u Us, 


whence y e E, contradicting the definition of sup E. This proves that sup E = b and finishes the proof of the 
theorem. □ 

140 Theorem (Heine-Borel) Aset A of R is closed and bounded if and only if it is compact. 

Proof: Let A be closed and bounded in R, and let U\ , U2, . • . , be an open cover for A. There exist {a, b) e K 2 , a < b, 
such that A ^ [a ;fo] . Since 

00 

\a;b\g (IR\ A)u [J U u 
J 1=1 

by Theorem 139 there is a finite subcover of the Ui , say, U ki such that 

[ , OO 

a;b\ g(R\A)u [J U kr 
J i= 1 

Therefore 


A= An \a;b Kj \a;b g (J U ki , 

i = 1 


and so A admits an open subcover. 


Conversely, suppose that every open cover of A admits a finite subcover. The open cover J - n ; n | , n e R of A must 

admit a finite subcover by our assumption, hence there is N e hi such that A £ J - N ; iv[, meaning that A is 
bounded. Let us shew now thatU \ A is open. 


Let x e R \ A. We have 

M I IR \ [ jc ;xh — 1 ] = R \ P| fx ;xh — 1 = R \ {a;} ^ A, 

n>i v n nil „>i 1 n n ' 

since x& A. By hypothesis there is IV e N and n ; v such that 

AQ M (r \ [x ;xH 1 ) CR\ ;xt 1 , 

till 1 tii t n k l I 1 n,„ n m l 

r 1 1 1 

where m — max(/j| , This gives x ; x 4 L R \ A, meaning that R \ A is open, whence A is 

L n m n m 1 

closed. 


141 Corollary (Cantor’s Intersection Theorem) Let 

[«i ;*i] i [ <*2 ; *2 ] 2 [ « 3 ; ^3 ] 2 . 

be a sequence of non-empty, bounded, nested closed intervals. Then 


n a i >bj ^ 0 - 

7=1 


© 
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Proof: Assume that \ai ; b\ n fl \ a i ’ b i\ — 0. Then 

i = 2 

f«i ;&il gR\ fl \ a i < b i 1 = U [«/ ;&/])• 

L J , =2 V J j = 2 L J; 

'/7ze M \ | aj ; bj ] for an open cover for | a\ ; b\ j , which is closed and bounded. By Theorem 7 we have 

[ a; ; ] g [ ; bi ] => R \ [ a* ; fci 1 ^ R \ f ; bj 1 . 

By the Heine-Borel Theorem 1 40 there is a finite subcover, say 



But then | a llN ; b„ N J ^ R \ y a\ ; b\ J , which contradicts | a, lN ; b„ N J ^ | fli ; b\ J , and die proof is completed 
142 Theorem (Bolzano-Weierstrass) Ever bounded infinite set of R has at least one accumulation point. 


Proof: Let A be a bounded set ofU with Acc (A) = 0 . Then A* - A = A. Notice that then every element of A is an 
isolated point of A, and hence, 

Mae A, 3r a >0, such that ] a- r a ; a+ r„ [ n A — {a}. 

Observe that 

A = U «-r a ;a+r a , 

aeA J 

and so the | a - r a ; a + r a | form an open cover for A. Since A - A, A is closed. By the Heine-Borel Theorem 140 A 
has a finite subcover from among the ] a - r a ; a + r a [ and so there exists an integer N>0 and at such that 

N 

Ag U 

i= 1 

Since 

N i N 

A=An |J at - r ai ; + r ai I = (J { «/}, 

i=l J L i=l 

A has only N elements and thus it is finite. □ 

143 Theorem Let X g R. Then the following are equivalent. 

1. X is compact. 

2. X is closed and bounded. 

3. every infinite set of X has an accumulation point. 

4. every infinite sequence of X has a converging subsequence in X. 


a i r aj ;at + r ai 


Homework 


Problem 2.6.1 Give an example shewing that the union of an infi- Problem 2.6.2 Prove that a set A Q R is dense if and only if A = R. 
nite number of closed sets is not necessarily closed. 

Problem 2.6.3 For any set AfR prove that Bdy (A) = Bdy (R \ A) . 


Problem 2.6.4 Let A ^ 0 be a subset ofU. Assume that A is bounded 
above. Prove that sup [A) = sup(A). 

Problem 2.6.5 Demonstrate that the only subsets ofU which are si- 
multaneously open and closed in R are 0 and R. One codifies this by 
saying thatU is connected. 

Problem 2.6.6 Prove that the closed additive subgroups of the real 
numbers are (i) just zero; or (ii) all integral multiples of a fixed non- 


zero number (which may be assumed positive); or (Hi) or all reals. 
Problem 2.6.7 Let /tel. Prove the following 


1^ 

II 

r '-H 

6. AnBQAnB 

II 

N 


3. AgB =>AgB 

7. AuBbduB 

4 . AgB => AQB 


5. Au B = Au B 

8. AnB = AnB 


2.7 U 


Why bother? The algebraic rules introduced here will simplify some computations and statements in subse- 
quent chapters. 

Geometrically, each real number can be viewed as a point on a straight line. We make the convention that we orient the real 
line with 0 as the origin, the positive numbers increasing towards the right from 0 and the negative numbers decreasing 
towards the left of 0, as in figure 2.1. 


-oo 


H — I — I — I — I — I — I — I — I — I — I — I — b 


+oo 


Figure 2.1: The Real Line. 

We append the object +oo, which is larger than any real number, and the object -oo, which is smaller than any real 
number. Letting x e IR, we make the following conventions. 


(+00) + (+00) = +00 

(2.1) 

(-00) + (-00) = -00 

(2.2) 

X+ (+00) = +00 

(2.3) 

X+ (-00) = -00 

(2.4) 

xf+oo) = +00 if x > 0 

(2.5) 

xf+oo) = -00 if x < 0 

(2.6) 

xf-oo) = -00 if x > 0 

(2.7) 

xf-oo) = +00 if x < 0 

(2.8) 

X 


= 0 

(2.9) 


±oo 

Observe that we leave the following undefined: 

±oo 

, (+oo) + (- 00 ), 0(±oo). 

±00 


© 
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144 Definition We denote by IR = ^ - oo ;+ooJ the set of real numbers such with the two symbols -oo and +oo appended, 

obeying the algebraic rules above. Observe that then every set in IR has a supremum (it may as well be +oo if the set is 
unbounded by finite numbers) and an infimum (which may be -oo). 


2.8 Lebesgue Measure 

145 Definition Let (a, b) e IR 2 . The measure of the open interval is b-a. We denote this by = b- a. If 

OO , r OO 

G — [J fl/t ; fofr is a union of disjoint, bounded, open intervals, then p (G) = ^ ( b t - a jt). 
k = 1 k = 1 


1 46 Definition Let E Q IR be a bounded set. The outer measure ofE is defined and denoted by 

Ji (E) = inf p (O) . 

eQo 

O open 

147 Definition A set E £ IR is said to be Lebesgue measurable if Ve > 0, 3G ^ E open such that Ji (G\ E) < e. In this case 
p{E)=Ji{E). 


2.9 The Cantor Set 


148 Definition (The Cantor Set) The Cantor set C is the canonical example of an uncountable set of measure zero. We 
construct C as follows. 

II l 1 2 r 

Begin with the unit interval Co = 1 0 ; 1 1 , and remove the middle third open segment R\ := J - ; - Define C\ as 


Ci := Co \ «i = [o ; |] |J [ | : 1 

Iterate this process on each remaining segment, removing the open set 


to form the four-interval set 


1 1 2r. ,i7 8 
Rl 1 9 ’ 9 t U ] q ’ Q 


C 2 := Ci \ i?2 = 1 0 ; — 


I4]u[|^]u[ 



Continue the process, forming C 3 ,C 4 ,... Note that C/ c has 2 k pieces. 

At each step, the endpoints of each closed segment will remain in the set. See figure 2.2. 
The Cantor set is defined as 

OO OO 

C := n Cfc = C 0 \ U Rn 

k = 1 n = 1 


( 2 . 10 ) 


( 2 . 11 ) 

( 2 . 12 ) 


(2.13) 


149 Theorem (Cardinality of the Cantor Set) The Cantor Set is uncountable. 

Proof: Starting with the two pieces ofC\ , we mark the sinistral segment “0” and the dextral segment “1 We then 
continue to C 2 , and consider only the leftmost pair. Again, mark the segments “0” and “1”, and do the same for 
the rightmost pair. Successively then, mark the 2 k ~ 1 leftmost segments ofC^ “0" and the2 k ~ 1 rightmost segments 
“1.” The elements of the Cantor Set are those with infinite binary expansions. Since there uncountable many such 
expansions, the Cantor Set in uncountable .□ 


150 Theorem (Measure of the Cantor Set) The Cantor Set has (Lebesgue) measure 0. 



The Cantor Set 


Co 


Ci 


C 2 


h 

0 

h 

0 

h 

0 


H 

1 

9 


h- 

2 

9 


H 

1 

3 

H 

1 

3 


1 

2 
3 

1 1 

2 7 

3 9 


h 

8 

9 


-I 

1 

H 

1 

H 

1 


Figure 2.2: Construction of the Cantor Set. 


Proof: Using the notation of Definition 148, observe 

that 




2 

1 1 





3 ~ 3 



(2.14) 


n is 

7 1 

1 2 


^2) = U 

- 9) + (9 

-s) 

1 = 9 

(2.15) 





(2.16) 

k 

M(Kfc) = £ 

2 «-t 



(2.17) 

n=l 





Since the R’s are disjoint, the measure of their union 

is the sum 

of their measures. Taking the limit as k — * 

OO, 

I OO ' 

1 00 2"” 

1 



#* u*» 

1-7 


1. 

(2.18) 

Vii=i 

1 n= 1 ^ 




Since clearly p{Co) = 1, we then have 





p(C)=Jc 0 \ U Rn) 

V tl= 1 ' 

= ju(C 0 ) - 

OO 

E 

n= 1 

1 

— = 1-1 = 0. 

2" 

(2.19) 


□ 

151 Theorem The Cantor set is closed and its interior is empty. 


Proof: Each of Co, Ci , C 2 , . . is closed, being the union of a finite number of closed intervals. Thus the Cantor Set 
is closed, as it is the intersection of closed sets. 


Now, let I bean open interval. Since the numbers of the form —, (m, n) e Z aredensein thereals, there is exists 

m 

a rational number — el. Expressed in ternary, this rational number has a finite expansion. If this expansion 

contains the digit “1 ”, then this number does not belong to Cantor Set, and we are done. If not, since I is open, 

m 1 

there must exist a number lc> n such that 1 — -el. By construction, the last digit of the ternary expansion of 

3“ 3 c 

this number is also “1 ”, and hence this number does not belong to the Cantor Set eitherCl 


Chapter 3 

Sequences 


3 . 1 Limit of a Sequence 


Why bother? The limit concept is at the centre of calculus. We deal with discrete quantities first, that is, with 
limits of sequences. 


152 Definition A (numerical) sequence is a function a : N — *• R. We usually denote a{n) by a n } 


We will use the notation { a n } | to denote the sequence , «fc+ 1 • • • > a l ■ Tor example 


etc. 


l«nlJ,=o = {flO,ai»«2»-"i«10l> 
{hn} n= 4 — Ijq}, 

1 V'l + °° 9 64 

1 +- = { 2 , 

n ) j n - 1 4 27 


153 Example The Harmonic sequence is 


1 1 

1( 2’ 3 


or fl„ = — for n > 1. 
n 


154 Definition A sequence l«n}^“ is bounded if there exists a constant K > 0 such that V n, \ a n | < K. It is increasing if for 
all n> 0, a , , < a n+ 1 and decreasingii for all n > 0, > a n+ j. 


3.2 Convergence of Sequences 

155 Definition A sequence is said to converge if 

3Le K!,V£ > 0, 3 AT > 0 such that VraeN, n> N => \a n — L\ < e. 
In other words, eventually 1 2 the differences 


I tin L\ t \(i n +i L\ 1 1 a.n+2 

remain smaller that an arbitrarily prescribed small quantity. We denote the fact that the sequence converges to L 

as n — > +oo by 

lim a n — L, or by a n — > ■ L as n — ► +oo. 

n—+oo 

1 It is customary to start at n = 1 rather than n = 0. We won’t be too fuzzy about such complications, but we will be careful to write sense. 

2 A good word to use in informal speech “eventually” will mean “for large enough values” or in the case at hand V n > N for some strictly positive integer 
N. 


47 



Convergence of Sequences 


A sequence that does not converge is said to diverge. Thus a sequence diverges if 

VL e IR,3e > 0, ViV e N,3n e N such that n> N and \a n - L| > e. 

Given a sequence sequence j and L e R, 

a n — L as n — * +oo ifandonlyif liminfa,, = limsupa,, = lim« n = L. 

156 Definition A sequence diverges to plus infinity if MM > 0, 3 AT > 0 such that \/n> N, b n > M. A sequence 

{c„(^“i diverges to minus infinity if VM > 0, 3 A > 0 such that Vra > N, c n < -M. A sequence that diverges to plus or 

minus infinity is said to properly diverge. Otherwise it is said to oscillate. 

157 Definition Given a sequence we say that lim a„ exists it is either convergent or properly divergent. 


158 Example The constant sequence 

1 , 1 , 1 , 1 ,- 

converges to 1. Similarly, if a sequence is eventually stationary, that is, constant, it converges to that constant. 


159 Example Consider the sequence 


11 1 
h 2’3 n’ 


We claim that ► 0 as n — ► +oo. Suppose we wanted terms that get closer to 0 by at least .00001 = — -. We only need 

n 10 5 

1 1 


to look at the 100000-term of the sequence: 


= — -. Since the terms of the sequence get smaller and smaller, any 


100000 10 5 

term after this one will be within .00001 of 0. We had to wait a long time — till after the 100000-th term — but the sequence 
eventually did get closer than .00001 to 0. The same argument works for any distance, no matter how small, so we can 
eventually get arbitrarily close to 0. A rigorous proof is as follows. If e > 0 is no matter how small, we need only to look at 

the terms after N = II — + ljl to see that, indeed, if n > N, then 
£ 


1 1 

S n — < — — 


n N []_± + lJJ 


< £. 


Here we have used the inequality 


t - 1 < II til < t, Vie IK. 


160 Example The sequence 


0,1,4,9,16,...,« 2 ,... 

diverges to +oo, as the sequence gets arbitrarily large. A rigorous proof is as follows. If M > 0 is no matter how large, then 
the terms after N = [[n/mJJ + 1 satisfy (n > N) 


t n - n 2 > N 2 - (Hn/mJJ + l) 2 > M. 


161 Example The sequence 


1,-1, 1,-1, 1,-1,..., (-I)",... 

has no limit (diverges), as it bounces back and forth from -1 to +1 infinitely many times. 
162 Example The sequence 


0,-1, 2, -3, 4, -5 (-1 ) n n 

has no limit (diverges), as it is unbounded and alternates back and forth positive and negative values.. 


We will now see some properties of limits of sequences. 
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163 Theorem (Uniqueness of Limits) If a n — L and a n — <• L' as n—> +oo then L- L'. 

. , \L-L'\ 

Proof: The statement only makes sense if both L and L are finite, so assume so. IfL f L , take e = — — — > 0 in 
the definition of convergence. Now 

lim a n - L ==> 3N\ > 0, Mn > N\ \a n - L\ < e, 

n —*+ oo 

lim a n — L' ==> 3 IV 2 > 0, Mn > IV 2 1 a n - L' \ < e. 

11— *+00 1 1 

Ifn> max(N\, N 2 ) then by the Triangle Inequality (Theorem 76) then 

\L- L'\<\L- a„\ + \a„- L'\ <2e = \L- L'\, 

a contradiction, so L - L' . □ 

164 Theorem Every convergent sequence is bounded. 

Proof: Let converge to L. Using e = 1 in the definition of convergence, 3 N > 0 such that 

n> N => \a n -L\ < 1 ==> L- 1 < a H < L+ 1, 
hence, eventually, a n does not exceed L+ 1. □ 


Xq Xi X'l x„ s 


Figure 3.1: Theorem ??. 


When is it guaranteed that a sequence of real numbers has a limit? We have the following result. 

165 Theorem Every bounded increasing sequence of real numbers converges to its supremum. Similarly, every 

bounded decreasing sequence of real numbers converges to its infimum. 

Proof: The idea of the proof is sketched in figure 3.1. By virtue of Axiom 92, the sequence has a supremum s. 

Every term of the sequence satisfies a n < s. We claim that eventually all the terms of the sequence are closer to s 
than a preassigned small distance e > 0. Since s-e is not an upper bound for the sequence, there must be a term 
of the sequence, say a m with s-e < a no by virtue of the Approximation Property Theorem 93. Since the sequence 
is increasing, we then have 


S £ < a no < <Iho+ 1 — «no+2 — «,io+2 — ••• — *> 

which means that after the no -th term, we get to within e ofs. 

To obtain the second half of the theorem, we simply apply the first half to the sequence {- □ 

166 Theorem (Order Properties of Sequences) Let {a n }^ l be a sequence of real numbers converging to the real number 
L. Then 

1. If a< L then eventually a < a n . 

2. If L < b then eventually a n < b. 

3. If a< L< b then eventually a < a n < b. 

4. If eventually a n > a then L> a. 


Convergence of Sequences 


5. If eventually a n < b then L<b. 

6. If eventually a< a n < b then a< L<b. 

Proof: We apply the definition of convergence repeatedly. 

1. Taking £ — L— a in the definition of convergence, 3/V) > 0 such that 

V«>JVi, \a n - L\ < L- a => V/i > IVj, a-L< a n -L<L- a ==> Mn>N\, a<a n , 
that is, eventually a< a n . 

2. Taking e -b-L in the definition of convergence, BAfc > 0 such that 

Vn>IV 2 , \a n -L\ < b-L => Vra> Afc, L- b < a n - L< b- L => V«> N 2 , a n <b, 

that is, eventually a n < b. 

3. It suffices to take N = max(/Vi , Nf) above. 

4. If, to the contrary, L> a, then by part (1) we will eventually have a„ > a, a contradiction. 

5. If, to the contrary, L< b, then by part (2) we will eventually have a n <b, a contradiction. 

6. If either L< a or b < L we would obtain a contradiction to parts (4) or (5). 

□ 

167 Theorem (Sandwich Theorem) Let {a n {u n }^f? v {v n }^ l be sequences of real numbers such that eventually 

Un < a n r ~- v n . 

If for Lei, u n — ► L and v n — > • L then a n — > • L. 

Proof: For all e > 0 there are N\ > 0, IV 2 > 0 such that 

Vm > max(Afi, Af 2 ), \u n -L\<e, \v n - L\ < e ==> -e < u n - L < e, -e<v n -L<£. 

Thus for such n, 

-e< u n - L< a n - L< v n -L<e, => -£ < a n - L<e => | a n -L\<e, 
from where {a n } converges to L. □ 

168 Theorem Let be a sequence of real numbers such that a n —> ■ L. Then \a n \ — *• \L\. 

Proof: From Corollary 77, we have the inequality \\a n \ - |L[| < \a„ - L\ from where the result follows. □ 

169 Theorem Let be a sequence of real numbers such that a n -* 0, and let be a bounded sequence. Then 

anbji * 

Proof: Eventually \a n \ <e. Assume that eventually \b n \ < U. Then 

\a n b n \ < U\a n \ < Ue, 

from where the result follows. □ 

170 Theorem if/?,, -^1^0 then h„ is eventually different from 0 and * — . 

b„ l 
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Proof: By Theorem 169, \h n \ — ► |f|. Usings - — >0 in the definition of convergence, we have that eventually 


\b„\-\l\\<-j- 


\l\- — <\b n \<\l\ + — —<\b n \, 


1 12 

That is, eventually \b„ \ is strictly positive and so — makes sense. Also, eventually, < — Now, for sufficiently 

bn \b„\ |1| 

large n, 


1 

1 


l b n 

\b„-l\ 2 e 

bn 

l 


\b„\\l\ 

' \b n \\i\ ' mm’ 


from where the result follows. □ 

171 Theorem (Algebraic Properties of Sequences) Let k e RL If converges to L and converges to L' then 


Moreover, if L' f 0 then 


lim (lca n + b n ) = kL+ 1! , lim ( a n b n )-LL 

n —*+ oo n —*+ oo 


l im = 

n^+oo[b n L' 


Proof: The trick in all these proofs is the following observation: If one multiplies a bounded quantity by an 

arbitrarily small quantity, one gets an arbitrarily small quantity. Hence once considers the absolute value of the 
desired terms of the sequence from the expected limit. 

Given e > 0 there are N\ > 0 and Afc > 0 such that \a n - L\< e and [ h„ - L' | <e. Then 

| (ka„ + b n ) - (kL + l!) | = \{ka n - kL) + (b„ - L')\ <\k\\a„- L\ + \b n - L’\ < e[k+ 1), 
and so the sinistral side is arbitrarily close to 0, establishing the first assertion. 

For the product, observe that by Theorem 1 64 there exists a constant K> 0 such that \b„\< K. Hence 

\a n b n - LL'\ = | (a„ - L)b n + L(b n - 1!) \ < |«„-L||fo„| + |L| \ b n - L'\< eK+\L\e- e(K+\L\), 
and again, the sinistral side is made arbitrarily close to 0. 

, 1 1 

Finally, ifL f 0 then by Theorem 170, b„ is eventually f 0 and * — . We now simply apply the result we 

bn L 

obtained for products, giving 

a n b n — l [jj) = 77- 


□ 

Homework 


Problem 3.2.1 IfMn > 0, a n > 0 and {a n }fff j converges to L must 
it be the case thatL >0? 

Problem 3.2.2 Prove that if a n — +oo and if\h n 'fff\ is bounded, 
then a n + !;„—► +oo. 

Problem 3.2.3 Prove that if a n — > +oo and b n — +oo is bounded, 
then a n + b n —> +oo. 


Problem 3.2.4 Prove that ifa n — > +oo and if there exists K > 0 such 
that eventually b n 5 K, then a n b n — +oo. 

Problem 3.2.5 Prove that if a n — ► +oo and h„ — > +oo is bounded, 
then a n b n — > +oo. 

Problem 3.2.6 Prove that if a n — +oo and if \b n } is bounded, 
then a n + b n — ► +oo. 


Convergence of Sequences 


Problem 3.2.7 Prove that ifa n — +oo then * 0. 

a n 


Problem 3.2.8 Prove that ifa n — «■ 0 and if eventually a n > 0, then 


1 

a n 


• +oo. 


Problem 3.2.9 Prove that ^ 


i= 1 


n* + 1 


1 as n — ► +oo. 


Problem 3.2. 1 0 Prove that - 


(«!) 


1 In 


• 0 . 


Problem 3.2.11 Prove that *- 0. 

nl 


Problem 3.2.12 Let X\,X 2 ,... be a bounded sequence of real num- 

S..2 

bers, and puts n = X] + x^ H — + x n . Suppose that — - — > 0. Prove 

;i 2 

Sft 

that > 0. 


Problem 3.2.13 Prove rigorously that the sequence {sin is di- 

vergent. 

Problem 3.2.14 Prove that (n!) 11,1 — • +oo as n —■ +oo. 

Problem 3.2.15 A sequence of real numbers ai,a 2 ,... satisfies, for 
all m, n, the inequality 

l 

\a m + a n - a m +n I S ■ 


m+n 

Prove that this sequence is an arithmetic progression. 

Problem 3.2.16 Prove rigorously that Vn+1 - y/ii — 0 as n — +oo. 


Problem 3.2.17 Prove that the sequence H n = 1h 1 1 — H — 


diverges to +oo. 


Problem 3.2.18 Find 


2 3 


K 

lim V 

r- i 


V In -1)1 


(1 + \/l)(l + \/2)(l + \/3) • • • (1 + \fn) 
Problem 3.2.19 What reasonable meaning can be given to 


i+yi+vi+z 


Problem 3.2.20 Prove that 


1 + 2 + - - - + it 1 


— , asn— >-+oo. 

2 


Problem 3.2.21 Calculate the following limits: 

s2\ 


1. lim 

n—*+ oo 


22 

II 2 fi 2 II 2 


In- lY 


..,11 1 

2 . lim + + ••• + ■ 


n — * +oo V 1 -2 2-3 n(n + 1) 

, 1 1 

3. lim 1 1 h - 


1 


n— >+oo (1-2-3 2-3-4 n(n + l)(fi + 2) 


Problem 3.2.22 What reasonable meaning can be given to 

1 


1 + 


1 


1 + 


1 + 


Problem 3.2.23 Let K £ N\ {0}, and let be 

strictly positive real numbers. Prove that 

.1 Itt I K \-lln 


( K 


lim 

n —*+ oo 


L *k a k 
\k= 1 


- max at, 
1 <fc<!C 


a n 


lim 

It— *+oo 


y. ^-k a ic 
\k= 1 


min 

1 <k<K 


Problem 3.2.24 Prove that if < - — > is a monotonic sequence, 

l hn j tl i 

. a\ + «2 H Ha, i ] + °° 

then the ( > is also monotonic in the same 


sense. 


hi + &2 + ' + b n \ n= i 


Problem 3.2.25 Let a,b,c be real numbers such that l> - Aac < 0. 
Let [ X n j be sequences of real numbers such that 

aX 2 + bX n Y„ + cF,2 — ► 0, as n — +oo. 

Prove thatX n — ► 0 and Y n —>0asn—> +oo. 


Problem 3.2.26 (Gram’s Product) Prove that 

lim n = -. 

«-+°° jr = 2 fc 3 + 1 3 


Problem 3.2.27 Prove that the sequence {x,,}^^ with x n = 1 + + 

— jt-h 1 — t; satisfiesx n <2 forn> 1. Hence deduce that it con- 

3 2 ii 2 n 

verges. 


Problem 3.2.28 Prove the convergence of the sequence x„ = 


k= 1 


n+k 


, n > 1. 


Problem 3.2.29 Prove the convergence of the sequence, x\ = a,x 2 = 

JCj ’i o 

b, x n+ \ = — , n > 2 and ( a,b ) £ U , a b. Also, find its 

limit. 


Problem 3.2.30 Prove the convergence of the sequence, xj = a, 

x n+ i = — (x„ H ], n > 1 and ( a,b ) e IR 2 , a> 0,b> 0. Also, find its 

2 l x„ I 

limit. 


Problem 3.2.31 Prove the convergence of the sequence, xj = a, 

x n+ i = — (x n H ], m > 1 and (a, ft) e IR 2 , a < 0,b> 0. Also, find its 

2 v x n ) 

limit. 
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Problem 3.2.32 Let (a,ti) e R 2 , a > b > 0. Set a\ = — — — , b\ = 
\fab. Ifforn> 1, 

CIji "h bfi I 

a n+\ — 9 bn — v ftnbn> 

Prove that 


L {««}£? 1 is monotonically decreasing, 

2. {bnl^°°i is monotonically inreasing, 

3. both sequences converge, 

4. their li??iits are equal. 


3.3 Classical Limits of Sequences 


Why bother? In this section we will obtain various classical limits. In particular, we define the constant e and 
obtain a few interesting results about it. 


172 Theorem Let r e K be fixed. If |r| < 1 then r" — < • 0 as n — ► +oo. If |r| > 1 then r" — ► +oo as n — <• +oo. 


Proof: Taking x- 


- 1 in Bernoulli’s Inequality (Theorem 81 ), we find 


Therefore 


1 

as « — > +oo, since ► 0 as m — ► +oo. 

n 


> 1 + n 


If |" < 


- 1 > n 


|r| 


w(l- |r|) 


1 

r 

0, 


-1 . 


If\r\ > I, again by Bernoulli’s Inequality 

|r|" = (l + |r|-l)">l + n(|r|-l), 

and the dextral side can be made arbitrarily large LI 

173 Theorem Let |r| < 1. Then 


1 + r + r + ••• + r 


1 


1 - r 


, as u — ► +oo. 


Proof: IfS„ - l + r+r 2 -\ hr" then rS„ -r + r 2 + r 3 + + ••• + r n+l and 


Sn r Sji — 1 r 


n + 1 


■Sn — 


1 - r 


n + 1 


1 - r 


Then apply Theorem 1 72. □ 

iKSP 

An estimating trick that we will use often is the following. IfO < r < 1 then the truncated sum is smaller than the infinite 
sum and so, for all positive integers k: 

ol-2 1 

l + r + r+--- + r<l + r + rH — + ■■• = . 

1 - r 

174 Theorem Let a e IK, a > 0, be fixed. Then a lln — ► I as n — ► +oo. 

Proof: If a > 1 then a 1,n > 1 and by Bernoulli’s Inequality, 

a = (1 + (a lln - 1))" > I + n[a lln - 1) 0 < a lln - 1 < -^—5-, 

n 

whence a lln - 1 — > ► 0 as n — ► +oo. 
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IfO < a < 1 then b - — > 1 and so by what we just proved, 

a 


Ain 


7 1 In 


1 => a lln — 1, 


proving the theoremLl 


175 Theorem Let ae[R, a>l, fcEl\l\ {0}, be fixed. Then — — * +oo as n — ► +oo. 


Proof: Observe that a 1,k > 1 . Wfe have, using the Binomial Theorem, 




i=0 


V 1 / 


(a 1/fc -l)''. 


Since each term of the above expansion is > 0, we gather that 

(«'1 

as desired. □ 


"> nln ~ 1) (a 1,k -l) 2 => ^—L> { -?—V(a llk -l) 2 => 


• +oo ==> — - — ► +oo, 

n k 


In particular > +oo as n — +oo. 

n 


176 Theorem Let a e IR, , be fixed. Then ► 0 as n — > ■ +oo. 

nl 


Proof: PutN = II \a\ II + 1 and letn> N. Then 


nl 

asn — ► +oo. □ 

177 Theorem The sequence 


|a| |«| |a|W |a| |a| |«h (\a\ 


1 2 N \N+ 1 JV+2 n 


,iJV 


l«l 


1 ■ 1 • • ■ 1 ■ - — - — <• 0 , 
Nl 1 1 n 1 


&n — 1 1 + ^ j t H — 1»2,... 


is a bounded increasing sequence, and hence it converges to a limit, which we call e. Also, for all strictly positive integers n, 
l\ n 

1 + - < e. 

nl 


Proof: By Theorem 80 


b n+ 1 - a n+1 


b- a 


<{n+ 1 )b n => b n [{n+ 1 )a- nb] < a 


n+1 


Putting a = 1 H , b — 1 h — we obtain 

n+1 n 


i M 

(, 1 V 

i + - < 


V n) 

l n+1 ) 


n+l 


e n+lt 


whence the sequence e„,n- 1,2,... increases. Again, by putting a — 1 , b = 1 H we obtain 

2 n 

n B ii \ 2n 

1 + ^) <2 ^l 1 + ^J < 4 ^^< 4 ' 

Since e„ < e ^ „ < 4 for all n, the sequence is bounded above. In view of Theorem 1 65 the sequence converges to 
a limit. We call this limit e. It follows also from this proof and from Theorem 166 that for all strictly positive 

I n" 

integers n, 1 1 -\ — I < e. □ 
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1\» / i \ n+1 

Another way of obtaining 1 1 4 — I “'ll" 1 - I is as follows. Using the AM-GM Inequality with xi = 1,X2 


x n+ \ = 1 H — we have 

n 


1 + M 1 + 


Y \nl(n+ 1 ) 

1 + - < 

n n + 1 


n) I i\»/(n+l) n + 2 I 1 

1 +- < = 1 + 

n n + 1 l m+1 


from where the desired inequality is obtained. 


j\B+li +00 I j\«+l 

178 Theorem The sequence <{ 1 1 h — > is strictly decreasing and 1 h — — ► e. Also, for all strictly positive inte- 

n) ) n=] \ n) 


1 


gers n, [ 1 + — I > e. 


n + 1 


Proof: By Theorem 80 


b n+ 1 - a n+1 


b- a 


> (n+ 1 )a’‘ 


Putting a - 1 H , b- 1 H — we obtain 

n + 1 n 


n + 1 

1 + -I >11 + 


1 \ n+2 ln 3 + 4n 2 + 4n + l 


n+ 1 


n(n+ 2) 2 


The result will follow as long as 


n 3 + 4n 2 + 4n+ 1 
n(n+ 2) 2 


> 1. But 


n[n + 2) 2 = n[n 2 + 4n + 4) = n 3 + 4 n 2 + 4 n< n 3 + 4 n 2 + 4n+l 


n 3 + 4n 2 + 4n+ 1 
n(n+ 2) 2 


> 1. 


Thus the sequence is a sequence of strictly decreasing sequence of real numbers. Putting a = 1, b = 1 4 — m 

n 

b n+1 — a n+1 

■ > (n+ 1 )a n we get 


b- a 


n n+1 

i + - >i 
n) 


+ n(n+ 1) > 2, 


so the sequence is bounded below. In view of Theorem 165 the sequence converges to a limit L. To see that L - e 
observe that 


n + 1 


n 11 / i 


1+- = 1 + - 1h — \ —>■ e-l — e. 


n + 1 

It follows also from this proof and from Theorem 1 66 that for all strictly positive integers n, 1 1 h — I > e. □ 


The inequality 1 + 


n + 1 


n+2 


1 


n + 1 


< 1 H — can be obtained by the Harmonic Mean-Geometric Mean Inequality by 


putting x\ = 1 , X'i = .t ‘2 = ■ = x n+ 2 = 1 H — 

n 


n + 2 


— + — H 1 

*1 *2 - C /,12 


— < (XlX 2 -X n+ 2) 


l/(n+2) 


n + 2 


l + (n+ 1) ( — — 

1 n+ 1 ) 


< !+■ 


(n+l)/(n+2) 


179 Theorem 2< e< 3. 




1 + 7 =L 


fc=o 


l fc i 



Proof: 5y the Binomial Theorem 


Classical Limits of Sequences 


Now, for 2 <k<n, 


\ k ) 


1 1 n{ n-\)(n-2)-{n-k+\) 1 l \ / 2 W k- 1 ^ 1 1 


i k k\ 


lc\ 


ran n 


23 k 2 k ~ 1 ' 


Thus 


n" " 

1+ - =L 


fc=0 


>n 

\ k J 


1 11 1 11 1 

* — — < 1 + 1 H 1 h • • • H 7 < 1 + 1 H ! h • • • H 7 + • * * < 1 + 2 — 3, 

„fc 9 A on - 1 9 A 911-I 


by Theorem 1 73 (with r = —), and so the dextral inequality is proved. The sinistral inequality follows from Theo- 
rem 1 77. □ 

e = 2.718281828459045235360287471352... . 


/Ill 1 

180Theorem e- lim 1+ — h — + — !-•••+ — 
n— +oo 1 i! 2! 3! n\ 


Proof: Puty/c = 1 + — + — + — H f — . Clearly y^+i > yt so that { y/ c } is an increasing sequence. We will 

prove that it is bounded above with supremum e. By the Binomial Theorem 


i+- =L 

n 1 


ra 

1 

= i+ 

ra 

1 

ra 

1 

n 

1 

ra 


• r 


— + ••• + 


— — H + 


— >1 + 


J 

nJ 



ra 

k ) 

n k 

”, 

ra" 



■ + ••• + 


In' 

\ k l 


for 0 <k<n. Now let j be fixed, 0 < j < n. Taking limits asn — ► +oo, 


n 

J, 


1 1 ra(ra- l)(ra- 2 ) • •• ( ra - fc+ 1 ) 1 / 1 W 2\ / j - 1 


nJ j\ nJ 

Hence, taking limits asn—> +oo, 


lim 

11 — *■ + OO 


In' 




1 1 
ni jl ' 


( 11" , 

n 

i 

n 

1 + - >1 + 


—+•••+ 


l raj 

M 

ra 

\ k , 


1 111 1 

— — 6 > 1 H 1 1 h • • • H — Vby 

n k 1! 2! 3! 1c\ J 


or renaming , 


Moreover, since 


<n 

\ k l 


111 1 

e > 1 H 1 1 (-••■-] — v„ . 

1! 2! 3! nl 

11 ( 1)1 2) ( k-1) 1 1 

— 7 = — (1) - 1 1 1 Ml < < — ,we have 

n k k\ { n)\ n) 1 raj 2 3k k\ 


(3.1) 


1 

1+ - 
ra 


n 

i 

ra 

1 

n 


— + ■•• + 


— + * * * + 


M 

ra 

k ) 

n k 

”, 


= 1 + 


111 

< 1 + — + ■■• + — + ••■ + — 

1! fc! ra! 


- y n . 


(3.2) 


In conclusion, from 3. 1 and 3.2 we get 


l) n 

1 + - <y„<e, 

raj 


and by taking limits and using the Sandwich Theorem, we get that y n — ► e as ra — +oo. □ 


1 81 /ima Let ra, m be strictly positive integers and let 1 h 1 1 1 1 y n - Then y m+n - y n < . 

1! 2! 3! ra! ra-ra! 
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Proof: We have 


1 


1 


1 


ym+n y n — 


(ra+1)! (ra + 2)1 (ra + 3)! 


■ + ■••+■ 


1 


(M+l)! 

1 

(fl+1)! 

1 

(n+1)! 

1 


1 + 


1 + 


( n + m)l 

1 

n + 2 (n+" 2)2 (ra+ 2) m_1 


1 


1 


n + 2 (n + 2) 2 


1 


+ ■■• + •■ 


1 

n + 2 

n + 2 


(n+1)! n+1 

Here the second inequality follows by using the estimating trick deduced from Theorem 173. Observe that this 
bound is independent oftn. □ 

1111 1 

1 82 Let 1h 1 1 1 1 = y„ . Then 0 < e - y„ < . 

1! 2! 3! n\ y y nln 


Proof: From Lem ma 181, 


0 < ym+n yn < 


n + 2 


Taking the limit asm->+oo we deduce 


0 <e-y„< 


(n+1)! ra+1 


ra+ 2 


( ra + 1 )! ra +1 

(The first inequality is strict by Theorem 1 80.) We only need to shew that for integer n > 1 


ra +2 1 

< 


(ra+1)! ra+1 nln 

But working backwards (which we are allowed to do, as all quantities are strictly positive), 


n + 2 1 

< 


(ra+1)! ra+1 ra!ra 


ra!ra(ra + 2) < (ra + 1 ) ! ( ra + 1) 
ra(ra + 2) < (ra + 1) (ra + 1) 


ra 2 + 2ra < ra 2 + 2ra + 1 


0 < 1 , 


and the theorem is proved. □ 

183 Theorem e is irrational. 


Proof: Assume e is rational, with e-—, where p and q are positive integers and the fraction is in lowest terms. 

*7 

Since qe-p, an integer, qle must also be an integer. Also qly lt must be an integer, since 

I 111 1 ) 

qly a — ql 1 H 1 1 h • • • H . 

^ yq M 1! 2! 3! ql) 


But by Lemma 182, 


1 1 

0 <e-y q < => 0 <ql(e-y q ) < - < 1. 
1 qlq q 


That is, the integer ql(e - y (f ) is strictly between 0 and 1, a contradiction. □ 


© 


Classical Limits of Sequences 


184 Theorem The sequence I is decreasing for n > 3. Also, n 1,n — > ■ 1 as n — > ■ +oo. 

I J n=l 


Proof: Consider the ratio 


(n+ 1)" ( 11" 1 e 

7n+T~ - 1 1 + — I •-<-• 


n" 


n n n 


Thus for n > 3, 


(«+l) 


!/(«+!) ^ „1 In 


y-<l => 


Hence we have 


3 1/3 > 4 1/4 > 5 1/5 > • • • . 


Clearly, ifn > 1 then n Un > l 1/n = 1. Also, by the Binomial Theorem, again, ifn > 1, 


, 2 

l + \l- 

n 


= 1" + 


'n' 

V 1 ! 




v 




v 2 i 


2 


v n ) 


+ •••> i + 


\ 2 i 


nr\ 


V «/ 


n(n — 1) / 2 1 

= 1 + — = n. 

2 [nl 


We then conclude that 


1 < n lln < 1 + \l 

n 


and that n ,ln — ► 1 follows from the Sandwich Theorem. □ 


2 i/2 = 4 i/4 


Homework 


Problem 3.3.1 What’s wrong with the following? Since the product 
of the limits is the limit of the product, 

e= lim f 1 H — ] =( lim 1 h — ]•( lim 14 — ]■■■( lim 1 h — 

n— >+ool nl l n—*+oo nl In— >+oo nl In— >+oo n 


n times 


Problem 3.3.2 Demonstrate that for all strictly positive integers n: 


2 n+i 2 


~ ^2 + ^2+\J 2 H I- \[2, 


n radicands 


71 1 


sin 


2 n +l 2 


= ~ \/ 2 Y 2 + \/ 2 H I- V 2 . 


n radicands 

Hence deduce V iete’s Formula for tt. 


71 = lim 2 

TI—+OO 


n ]J 2 -^/ 2 + y / 2 +--- + ^. 


n radicands 


2 n 


Problem 3.3.3 Prove that the sequence 1 ^ — > converges to 

\k=n *• J n= \ 

log 2. 


Problem 3.3.4 Prove that the sequence 1 1 i 1 1 

( 2 3 4 2m- 1 

converges to lo g 2. 

Ml '1 = 1. 

Prqljjfjjj 3.3.5 Let n be a strictly positive integer and letx n denote 
the unique real solution of the equation x n +x+\. Provethatx n — ► 1 
as n — * +oo. 


Problem 3.3.6 Let 


a n : 


^ m + }J (n — 1) + \J [n — 2 ) — + \/~2 + vT, 

1 


forn>\. Prove that a n - \fn 


Problem 3.3.7 Prove that e is not a quadratic irrational. 


Problem 3.3.8 Find lim FI 1 H — . 

W-.-i-rv-i A 1 l *» / 


k= 1 


Problem 3.3.9 A quadratic integer is any number x that satisfies an 
equation 

2 2 
x + mx + m = 0, (m, m) e Z . 

Prove that the real quadratic integers are dense in the reals. 
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3.4 Averages of Sequences 


Why bother? In this section we will examine some classical results that allow us to compute more complicated 
limits. Had we the language of matrices, most results here could be deduced from a classical result of Toeplitz. 

Since we don’t, we will develop ad hoc methods which are interesting by themselves. 

We start with the following discrete analogues of L’Hopital’s Rule. 

185 Theorem Let , be two sequences of real numbers such that x n — *■ 0 , y„ — > 0. Suppose, moreover, that 

the x n are eventually strictly decreasing. Then 

. . x n ~ x n - 1 . . x n 

lim = lim — , 

+o ° y« - y«- i +o ° y n 

provided the sinistral limit exists (be it finite or +oo). 


Proof: Assume first that 
such that for n> N, 


X n — j Xn X n Xn — 1 

= * L, a finite real number. Then, given e > 0 we can find N > 0 

y«-i — yn y’n ~ y n \ 


L-e< 


x n 1 x n 

y«- 1 }'n 


<L+ E, 


y n < y n - 1- 


Thus (L- £)(y„_i - y„) < x n -\ - x„ < (L + £)(j/„_i - y„), and repeating this inequality forn+ l,n + 2,...,n+ m, 


(L-£)(y„-y„+i) 
(i-£)(y„ + i -y„ +2 ) 


< X n X n +l 

< x n + 1 — x n + 2 


< (L + £)(yn-y7i+i), 

< (i + £)(y„+i -y„ +2 ), 


(L £)(y ( n+«-l ym+n) < 


x m+n— 1 x m+n 


< 


(L + £)(y m + n - 1 ym+n)- 


Adding columnwise, 

(L — (yn — ym+n) < x n ~ x m+n < (L+ £) (y„ — ym+n)- 
Letting m — > • +oo, and since the y„ are strictly positive, 

(L-£)y„ < x „ < (i + £)y„ L-e<— < L+£ => — 

yn y n 


asn^> +oo. 


L 


If " 1 — diverges to+oo then for all M > 0 we can find N 1 > 0 such that for all n> N ' , 

yn-i-yn 


> M ==> x„_i - x„ > M(y„_i - y„). 

yn- 1 V/i 

Reasoning as above, for positive integers m > 0, 


Taking the limit as m —► +oo, 

□ 


JCn-^n+n > M(y n ym+n)’ 


x n > My„ 


— > M => ► +oo. 

yn yn 


186 Theorem (Stolz’s Theorem) Let {^n}^“> be two sequences of real numbers. Suppose that {&„}£?! is strictly 

increasing for sufficiently large n and that b„ — «■ +oo as w — ► +oo. Then 


lim 




"- +0 ° b n -b n -i 


lim 

n—*+oo 


a n 



provided the sinistral side exists (be it finite or infinite). 



Averages of Sequences 


Proof: 


Assume first that 


a n tin - 1 


b n ~b, ,_i 


L, finite. Then for every e > 0 there is N > 0 such that (V) n> N, 


L- £ < 


a n + i a n 
bn+i ~ b n 


< L + £ y 


bn+l > b n » 


This means that 


(L £){b n +\ h n ) < Cln+l to n < {L + £){b n + 1 b n ) 

By iterating the above relation for N+l,N + 2 ,...,m + N we obtain 

(L-£)(b N+ i-b N ) < a N+ i-a N < (L + £)(b N +i - b N ), 

(L- £)(b]\r + 2- bjy+i) < toN+2~ toN+i < (L + £) (b^+2 - bN+l)> 


(L £)[b m +N b m +N-l) < to m +N to m +N-i < (L + £)(b m +N b m +N- 1). 
Adding columnwise, 


(L - £) (b m +N - b]\r) < a m +N - un < (L + £ ) (b m +N - bjsr) 


tom+N ~ toN 


bm+N bjsi 


-L 


< £. 


Now, 


bm+N 


bm+N 


f 1 bN ) 

1 to m +N to]\j \ 

\ b m+N ) 

V b m+N - b N ) 


so by the Triangle Inequality 


tom+N T 


dN — Lbjy 

+ 

, bN 

tom+N toN T 

bm+N 


bm+N 

bm+N 

bm+N b N 


fljv — Lb]y hjy 

Since N is fixed, ► 0 and ► 0 as m ^ +oo Thus the dextral side is arbitrarily small, proving 


bm+N 

, to m 

that ► L asm — ► +oo. 

bm 


bm+N 


a n ton l 

Assume now that — — 7 * +00. For sufficiently large n thus a n - a n -\ > b n -b n - 1. Thus the a n are eventually 


bn b n -i 


K 


increasing and a„ — ► +00 asn — ► +00. Applying the results above to the — we obtain 

ton 


lim lim K b " ' =0 

n — +00 n—+oo a n - a„- 1 


and so lim — = +00 too. □ 

+00 h n 


187 Theorem (Cesaro) If a sequence of real numbers converges to a number, then its sequence of arithmetic means con- 

Xi+ X2~\ h X n 

verges to the same number, that is, if x n -* a then > a. 

n 

First Proof: Let a„-x 1+ X2-1 1- x„ and b„ = n in Stolz’s Theorem. □ 


Second Proof: It is instructive to give an ad hoc proof of this result. Given e > 0 there exists N > 0 such that if 
n > N then \x n - a\. Then 


| JCi + X 2 H h X n 1 

{x\ - a) + (X2 - a) -\ 1 (x n - a ) 

_ |(xi - a)\ + | (x 2 - a)\ + • ■ ■ + I (x„ - a) \ 

n 1 

n 

n 
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Now we run into a slight problem. We can control the differences \x^- - a\ after a certain point, but the early 
differences need to be taken care of. To this end we consider the differences x^- a with k < [[\/raJJ or k> |[nj] 
where n is so large that [[\/raj] > N. We have 


l(*i -a)| + |(x 2 -«)! + ••• + |(x„-a)| 


|(xi - a)| + |(x 2 - «)l + ■ •• + |(*|jy^jj - a) | 

I (*|jyHj] + i - «)| + \{X2 - «)l + • • • + I (X„ - a ) | 
n 

[[i/wj] max 1 < fc <^ v ^j| |xfc - a\ ^ ( w - [[y/wjj)£ 


These two last quantities tend to 0 as n — >• +oc, from where the result follows. □ 


188 Example Since n lln — 1, 


1 + 2 1/2 + 3 1/3 h 1 - n 1/n 


1. 


1 1 1 

j 1 H 1 h • • • H 

189 Example Since - — 0, — — — 0. 

n n 


(i + i]' + (, + i) 2 + (i + if + ... + (i + ir 

190 Example Since 1 1 + -) - e, — — — — ► e. 

n n 


1 91 Example The converse of Cesaro’s Theorem is false. For, the sequence a„ - (- 1) “ oscillates and does not converge. But 

1-1 + 1 - 1 + - + (- 1 )" 

its sequence of averages is b n — > 0 as n — * +oo since the numerator is either 0 or -1. 


192 Theorem If a sequence of positive real numbers converges to a number, then its sequence of geometric means con- 


verges to the same number, that is, if V n > 0, x„ > 0 and x n —* a then (jq X 2 ■ ■ ■ x n ) lln -* a. 


Proof: The proof mimics Cesaro’s Theorem 187. Since x n — » a, for all e > 0 there is N > 0 such that for all n> N, 

\x n - a\ < e => a - e < x n < a + e. 


Then 

min x/c 

l<fe<l[v/nJJ 


Hv/nJl/n 


/ \ l/n 

(^ILv^il+i • • • X «J mxiX2 — *||yiijj + i n < 


max Xfc 

i<fc<|]y»JJ 


UV«l]/« 


(*lLv«Jl+i‘" x ») 


1 In 


This gives, for [[\/ra|| > N, 


mm Xfc 

k l<fc<|jy«U , 


(Lv/nJl/n 


(fl - E) {n [1 ' / " l|)/ " < (XiX 2 - • • • Xn) l ' n < 


max x/c 

l<fc<|[^nj] 


UV»J]/» 


[a + e) 


(n-UynJIl/n 


min Xfc 

i<fe<liv^J] 


[Lx/nJ]/« 

and 


max Xfc 

l<fc<l[\/nj] 




converge to 1 as n — ► +00 by virtue of Theorem 174, 


Now, both 
and again by the same theorem, 

(, a - e) = (« - e) (« - e) ) lLVSJ|/» ^ a _ e> (a + E) («-[LAjJ)/« = (« + e) (« + e) )ILV»JJ ln -> a + e 


asn —> + 00 . This gives the result. □ 


Orders of Infinity 


' ft -\- 1 \ n 

1 93 Example Since e n = I — e, then by the Theorem 192 


(|) (j 


n+ 1 


1 In 


(»+!) ' 

n\ 


n \ II n 


This gives 


n n + 1 


(. n\) lln n+ 1 {nl) lln 


le-e. 


Homework 


Problem 3.4.1 If 1 , a n } is a sequence of strictly positive real num- 
bers such that — - > a > 0. Prove that 

a n-l 


lim — — = lim \/~af. 
n—*+ oo dfi—\ n—*+oo 


Problem 3.4.2 Let x n —> a and y n — > b. Prove that 

x\y n + x 2 y n -\ + - + x„y\ , 

» ab. 

n 


Problem 3.4.3 Prove that 


Problem 3.4.4 Prove that 


Problem 3.4.5 Prove that 


Problem 3.4.6 Prove that 


lim 

w— *-+oo 


/ 2m'' 

n ) 


1 In 


= 4. 


lim — («(« + 1) ••• {n + n)) l,n = 4e. 

n — *■ +oo n 


1 2 

lim — (1 - 3 ■ 5 ■ ■ ■ (2m- l)) 1/n = — . 

w— ►+ oo n e 


1 

lim 

n—*+ oo n 


(3«)! 

n! 


1/71 


2 

e 


3.5 Orders of Infinity 


Why bother? It is clear that the sequences |n}^, and { n 2 \ both tend to +oo as « — ► +oo. We would like now 

to refine this statement and compare one with the other. In other words, we will examine their speed towards 
+oo. 


194 Definition We write a n - 0(b n ) if 3C > 0, 3 N > 0 such that Vra > JV we have a„ \ < C\b n \. We then say that a n is Big Oh 


of b n , or that a„ is of order at most b n as n — > ■ +oo. Observe that this means that 


bn 


is bounded for sufficiently large n. 


The notation a n «b„, due to Vinogradov, is often used as a synonym of a„ — 0{b n ). 


A sequence is bounded if and only ifa n « 1. 

An easy criterion to identify Big Oh relations is the following. 


195 Theorem If lim — = ce M, then a n « b n . 

n— >+oo h„ 


Proof: By Theorem 164, a convergent sequence is bounded, hence the sequence \ - — > is bounded: so for 

b n ) n =+ 1 


sufficiently large n, 


a n 

bn 


< C for some constant C > 0. This proves the theorem. □ 

o ( ol 

The = in the relation a n = O (b n ) is not a true equal sign. For example n = O In since lim — = 0 and 

v ) n — *+00 fi d 

/i 3 

eorem 195. On the other hand, lim — = +oo so the 

n — *+00 

that n 3 i=- o\n 2 j . Thus the Big Oh relation is not symmetric: 


so n 2 << n 3 

by Theorem 195. On the other hand, lim — = +oo so that for sufficiently large n, and for all M > 0, > Mn 2 , meaning 

n — *+oo n ^ 

3 


d One should more properly write a n e 0{b n ), as 0{h n ) is the set of sequences growing to infinity no faster than b n , but one keeps the = sign for 
historical reasons. 
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196 Theorem (Lexicographic Order of Powers) Let (a,/5) e IK and consider the sequences {n“}^ and j ra^j- Then 

n a « a< p. 

n a 

Proof: If a <p then lim — - is either! (when a- p) orO (when a < P), hence n a << by Theorem 195. 

n —>+ oo nP 


Ifn a << rJ‘ then for sufficiently large n, n a < Cn & for some constant C > 0. If a > p then this would mean that 
for all large n we would haven a ~ & < C, which is absurd, since for a strictly positive exponent a- p, n a ~^ — « • +oo 
asn — ► +oo.Q 

197 Example As n — +oo, 
for example. 

198 Theorem If c e IK \ {0} then 0(ca n ) = 0(a„), that is, the set of sequences of order at most ca n is the same set at those 
of order at most a n . 

Proof: We prove that h„ - O ( ca n ) <=> b n = O (a n ) . Ifb n = O ( ca n ) the there are constants C > 0 and N > 0 such 
that\b n \ < C|ca„| whenever n> N. Therefore, \b n \ < C' \a n \ whenever n > N, where Cf = C|c|, meaning that 
b n = 0(a „ ) . Similarly, ifb n = O (a„) the there are constants Q > 0 and Ni > 0 such that \b„ \ < Ci \a n \ whenever 

ii n Ci 

n > N\ . Since c f 0 this is equivalent to\b n \ < — (c\a„\) - C (c | a„\) whenever n > N\, where C = — , meaning 

c c 

thatb,, - 0{ca n ). Therefore, ()(a n ) - 0(ca„). □ 

199 Example Asra^+oo, 

0[n 3 ) = = 0(4ra 3 ). 

200 Theorem (Sum Rule) Let a n = 0(x n ) and b n — 0(y„). Then a n +b n = 0(max(|x„|,|y 7I |)). 

Proof: There exist strictly positive constants C\,N\, C 2 , N 2 such that 

n>N\,=> \a n \<Ci\x n \ and n > N 2 , => \b„\ < C 2 \y„\ . 

LetN' = max(Afi , N 2 ) . Then for n> N, by the Triangle inequality 

I a n + h„ | < | a n | + | b n | < Ci | x n | + C 2 Vi, | ■ 

LetC' = max(Ci,C 2 ). Then 

|a„ + fo„|<C'(|x„|+|y„|)<2C' max( | x n \ , \ y n \ ) , 

whence the theorem follows. □ 

201 Corollary Let a n - koti' n + kin m_1 + k 2 n m ~ 2 h 1 - fc m _i n + k n be a polynomial of degree minn with real number 

coefficients. The a n = 0[n m ), that is, a„ is of order at most its leading term. 

Proof: By the Sum Rule Theorem 200 the leading term dominates. 21 

202 Theorem (Transitivity Rule) If a n = 0(b n ) and b n = 0(c„), then a n = 0(c„). 

Proof: There are strictly positive constants C\,C 2 ,Ni, N 2 such that 

n> N it => \a„\ < Ci |fo„| and n > N 2 , => \b„\ < C 2 |c„| . 

Ifn> max(iVi , N 2 ) , then \ a n \ < Ci | b n \ < Ci C 2 \ c n \ = C \ c n \ , with C — CiC 2 . This gives a n - 0(c n ). □ 


n 1110 « « I/3 << n « n 1019 « n 2 , 


Orders of Infinity 


203 Example By Corollary 201, 5m 4 -2m 2 + 100m-8 = 0(5m 4 ). By Theorem 198, 0(5m 4 ) = 0(m 4 ). Hence 

5m 4 - 2 n 2 + 100m- 8 = 0[n 4 ) . 

204 Theorem (Multiplication Rule) If a n = 0(x„ ) and b n - 0(j/„), then a„b n = 0[x n y n ). 

Proof: There are strictly positive constants Ci , C 2 , N\ , IV 2 such that 

n>Nu=>\a n \<Ci\x„\ and n > JV 2 , => \b„\ < C 2 \y n \ • 

Ifn> max(N\, N 2 }, then\a n b„\ < C 1 C 2 [ x n y n | = C|x„y„|, with C = C 1 C 2 . This gives a n b n — 0(x n y n ). □ 

205 Theorem (Lexicographic Order of Exponentials) Let ( a,b ) e M, a > 1, b > 1, and consider the sequences {a"} 4 ^ and 
{b" In^i- Then a 11 « b n a< b. 

a 

Proof: Put r - — , and use Theorems 1 72 and 195. □ 

b 

206 Example — << 1 << 2" << e 11 « 3". 

r 2" 

207 Lemma Let ael, a > 1, fc e N \ {0}. Then n k « a n . 

n k 

Proof: By Theorem 175, lim — = 0. Now apply Theorem 195. □ 
n — +00 a n 

208 Theorem (“Exponentials are faster than powers”) Let a e D5, a > 1, a e [R. Then n a « a n . 

Proof: Put k - max(l,[[aJJ + 1). Then by Theorem 196, n a << n k . By Lemma 207, n k << a n , and by the 
Transitivity of Big Oh (Theorem 202), n a « n k « a' 1 . □ 

209 Example 

m 100 << e n . 

210 Theorem (“Logarithms are slower than powers”) Let (a,/S) e IR 2 , a > 0. Then (logM)^ << m“. 

Proof: Iff} < 0, then (logM)^ << 1 and the assertion is evident, so assume f} > 0. Forx > 0, then log.r < x. Putting 
x — n al P , we get 

log »*'/><»*'/> : |„g„<M! ^ „ 0g „)C<^, 

a aP 

whence (logn)P << n a . □ 

By the Multiplication Rule (Theorem 204) and Theorems 196, 208, 210, in order to compare two expressions of the type 
fl"M b (log) C and w ,, M l, (log)“' we simply look at the lexicographic order of the exponents, keeping in mind that logarithms 
are slower than powers, which are slower than exponentials. 

211 Example In increasing order of growth we have 

— << — << — = << 1 << (loglogn) 10 << \/logM << << m << m log m < < e". 

e n 2" n z log m v log 11 

212 Example Decide which one grows faster as n — >■ + 00 : M log " or (logM)". 
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Solution: Since n log " = e (log, ' ) and (log u) n = e' ,loglog '', and since (logit) 2 << nloglogit, we conclude that 

« log " << (logit)". 

We now define two more fairly common symbols in asymptotic analysis. 

£1 yi 

213 Definition We write a n — o(b n ) if ► 0 as it — ► +oo, and say that a„ is small oh of b n , or that a n grouts slower than b n 

b„ 

as it —i ■ +oo. 

214 Definition A sequence is said to be infinitesimal if a n - 0(1), that is, if a n — ► 0 as it — < • +oo. 


■ J- ’ fi a (log it) ^ 

We know from above that for a > 1 lim — = 0, arid so n a = o[a n ). Also, forv > 0, lim — — = 0, 

J 1 n — * +oo a' 1 ^ 1 n- + on nY 

(logit)^ = o[nX). 


and so 


21 5 Definition We write a n ~ b n if ► 1 as it — > ■ +oo, and say that a n is asymptotic to b n . 

b n 


Asymptotic sequences are thus those that grow at the same rate as the index increases. 



f 2 • l ' oo r 2 ■% ) ' oo 

216 Example The sequences \ n — nsinn\ v \n + n - l\ n=l are asymptotic since 

sin fi 

1, 


n 2 - n sin n * 


n 


n z + ra - 1 


1 1 

1 + g 

n n z 


as n — ► +oo. 


217 Theorem Let {a n Y^\ and be two properly diverging sequences. Then a„ ~ b„ <=> a n = b n { 1 + o(l)). 

Proof: Since the limit is 1 > 0, either both diverge to +oo or both to -oo. Assume the former, and so, eventually, 
b n will be strictly positive. Now, 

lim — = 1 <=> Ve > 0,3iV> 0, 1 - £ < — < 1 + £ 

«-+°o b n b„ 

< - y bn — b n £ a ,j < bn + b n £ 

< y \ a n — bn\ r b tl £ 

s — S (in — bn — o{bfi) ■ 


Cauchy Sequences 


The relationship between the three symbols is displayed in figure 3.2. 

Homework 


Problem 3.5.1 Prove thate " << nl. 


Problem 3.5.2 Prove that 0(0(a„)) = 0(a n ). 


Problem 3.5.3 Let k e 0? be a constant. Prove that k+ 0(a n ) = 
0(fc + a n ) = 0(fl, i). 


Problem 3.5.4 Let k e U, k > 0, be a constant. Prove that (a n + 
hi, ) « a n + b n . 

Problem 3.5.5 For a sequence of real numbers {a„ j it is known 


thata n = 0^n 2 j and a n = o^n 2 j. Which of the two statements con- 
veys more information? 

Problem 3.5.6 True or false: a n = 0{n) => a n = o( n) . 

Problem 3.5.7 True or false: a n = o(n) => a n = O(n). 

Problem 3.5.8 True or false: a n = o[n 2 j => a n = O(n). 


Problem 3.5.9 True or false: a n = o(ri) => a„ = o|/i 2 j. 


3.6 Cauchy Sequences 

21 8 Definition A sequence of real numbers {«n}^°i is called a Cauchy Sequence if 

\/£>0, 3iV > 0, such that Mn,m>N \a n -a m \<e. 


219 Theorem Cauchy sequences are bounded. 

Proof: Ler{fl„}^“ be Cauchy. TakeN> 0 such that for all n> N, \ a n — «jvl < 1 • Then a„ is bounded by 

max(|«i|,|fl 2 l,...,|ajvl) + !• 

□ 

220 Lemma If a Cauchy sequence of real numbers has a convergent subsequence, then the parent sequence converges, and 
it does so to the same limit as the subsequence. 

Proof: Let{a n }^ x bea Cauchy sequence of real numbers, and suppose that its subsequence j a, lk \ ^ converges 
to the real number a. Given e > 0, take N > 0 sufficiently large such that 

N, I a n -a m \<e, and \a nic -a\<e. 

By the Triangle Inequality, 

I tin — tl\ — | fln — Unj. | + | — < £ + £ — 2,£ t 

whence a n —> - a. Cl 

221 Theorem (General Principle of Convergence) A sequence of real numbers converges if and only if it is Cauchy. 

Proof: 

(=>) Ifa n — *• a, given e > 0, choose N > 0 such that\a n - a\< £ for all n> N. 

Then ifm, n> N, 

I tin dm I ^ | dn — d | + | dm — d\ <£ + £ — 2£. 

Since 2 e > 0 can be made arbitrarily small, a n is Cauchy. 
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(<=) Suppose a n is Cauchy. By virtue of Theorem 219 it is bounded, say that for all n > 0, a n e | a ; P J . Put 

SC = {s : a n > s for infinitely many n\. 

As a e A? , - 'AC f 0. SC is bounded above by p. By the Completeness Axiom, SC has a supremum, a - sup SC . 
Given e > 0, a- e < a and so there is s e .S' such that a-e < s. By definition of SC, there are infinitely many 
n with a n > s> a-e. a+e > a, so that a + e <t SC and so there are only finitely many n for which a n > a + e. 
Thus there are infinitely many n with a n e (a - e,a + e). 

Choose N > 0 such that \ a n - a m \ < e for all m, n > N. We can find m > N with a m £ (a - e,a + e) ie 
| a m - a\ < e. Then ifn > N, 

I tin ~~ d\ — I Hn ~ H/nl A | dm ~~ tl\ < £ + £ — 2f 
2 £ can be made arbitrarily small this shews a n a. 

□ 

Homework 


3.7 Topology of sequences. Limit Superior and Limit Inferior 

222 Theorem A set X ^ R is dense in K is and only if for every xel there is a sequence of elements of X \ \x\ that 

converges to x. 


Proof: 

==> For each positive integer n, since X is dense in R, there exists x„ e X \ {^} such that\x n - x| < — . But then 
x n ^> x asn—> +oo. 

<= Let x e R and let {x,,}^? 0 ] of elements ofX \ {x\ that converges to x. Then Me > 0, 3 N e N such that V n > N, 
\x n ~ x| < e. But then we have found elements ofX \ {x} which are arbitrarily close to x, meaning thatX is 
dense in R. 


□ 

223 Theorem Let X ^ R. A point x e R is an accumulation point of X if and only if there exists a sequence of elements of 
X \ {x} converging to x. 

Proof: 

==> Ifx is an accumulation point of X, every closed interval /„ := [x- 1 ln;x+ 1/m], n £ N, satisfies I n n [X \ {x}) f 

0, thusMn £ N, 3x„ £ I„n(X\ {x}). Since |x„ - x\ < — , we conclude that limx„ = x. 

n 

<= Suppose now that {x„}j°° is an infinite sequence of points ofX \ {x} converging to x. If x € Acc(X), then 
x £ Acc(xi,X2,...)- Thus there is a neighbourhood ofx, jV x such that -Af n {xi,X2,...}- Thus there is ae> 0 
such that ] x - e; x + £ [ jV x . For this e and for none ofthex,, it is true then that\x n - x[ < e, contradicting 
the fact that lim x„ = x. 

n —*+ oo 

□ 

224 Definition Given a sequence {a n } j°°, the new sequence 

bk — ll\f d n — inf {dkt dk+h dk+2,} i lc>l, 

n>k 

satisfies bk < fo/t+i , that is, it is increasing, and hence it converges to its supremum. We then put 

lim inf = sup inf d k. 

n—+oo k>n 


Topology of sequences. Limit Superior and Limit Inferior 


Similarly, the new sequence 


0]c — SUp ttfi — sup tlj.. (lk+ 2,h 1| 

n ■ k 


satisfies c/ c > C ; c+ 1 , that is, it is decreasing, and hence it converges to its infimum. We then put 

lim sup = inf sup 


«>i 


k>n 


We now prove the following theorem for future reference. 

225 Theorem For any sequence of strictly positive real numbers 

lim inf ” +1 < lim inf < lim sup v^< lim sup ” +1 . 

w— ►+ oo d n ii — *■ +oo n—> >+oo n—+oo a 


Proof: We will prove the last inequality. The first is quite similar, and the two middle ones are obvious. 

Put r - lim sup ” +1 . If r — +oo then there is nothing to prove. For r < +oo choose r' > r. There is N e N such 

n • +oq a n 

that 

Mn>N, 

a n 

Hence, 

«jv+i ^ f «iv> «iv +2 ^ r'ajy+i, ciN + 3<r'aN + 2,... a N+ t<r’a N+t -i, 
and so, upon multiplication and cancelling, 


fljv+t - 


and putting n - N+t, 


a n < fljv(r') N (r’) n 


\fon - r V a N (r') 


„M-JV 


lim sup \fafi < r' , 

fl—+ OO 

since am(r'y N is a fixed real number (does not depend on n), and so, y rt,v(r') _,v — ► 1 by Theorem 1 74. 


The following theorem is an easy exercise left to the reader. 

226 Theorem Let {fl/dj 00 be a sequence of real numbers. Then 

1. if limsup a n - +oo, then {a n } j°° has a subsequence converging to +oo. 

n—>+oo 

2. if limsup a n = -oo, then lim a n - -oo. 

n—>+o o n—*+oo 

3. if limsup a n = ae U, then 

n—*+o o 

V e > 0, 3 «o such that a n < a + e whenever n > «o 
and also, there are infinitely many a n such that a- e < a n . 

4. if liminfa,, = -oo, then {a,,}! 00 has a subsequence converging to -oo. 

n—*+oo 

5. if liminfa,, = +oo, then lim a n - +oo. 

n—*+ oo n —*+ oo 

6. if liminfa,, = a e US, then 

n—*+o o 

V e > 0, 3 no such that a - e < a n whenever n > no 
and there are infinitely many a n such that a n < a + e. 

7. lim inf a n < limsup a n is always verified, and furthermore, liminfa,, = limsup a n if and only if lim a„ exists, in 

+oo n— +oo n—+oo +oo n— ■ +°o 

which case lim inf a n = lim a n = limsup a n . 


Homework 


Chapter 3 


Problem 3.7.1 Identify the set of accumulation points of the set 

{yfa - Vb: ( a,b ) e N 2 }. 


Problem 3.7.2 Consider the following enumeration of the proper 
fractions 

010120123 

ri’2’2’2’3’3’3’3"” 


Clearly, the fraction — in this enumeration occupies the a + 


b(b+ 1) 


th place. For each integer k > 1, cover the k-th fraction 


(l 1. Cl 

— by an interval ofle?igth 2 centred at Shew that the point 

b b 

V2 

— does not belong to any interval in the cover. 
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Series 


4. 1 Convergence and Divergence of Series 


227 Definition Let {«„}£? , be a sequence of real numbers. A series is the sum of a sequence. We write 

n 

Sfi = Cl\ + + * ' ' + Aft = ^ 

fc=l 


Here s„ is the ra-th partial sum. Observe in particular that 


a n — S n S,, ] . 


228 Definition If the sequence {Snl^ 0 , has a finite limit S, we say that the series converges to S and write 

+oo 

Y av - lim s n = S. 

~ — ' n - 1 'x 

fc=l 

Otherwise we say that the series diverges. 


+oo 

Observe that y a n converges to S if Me > 0, 31V such that V n > N, 

n I 


Now, since 




y a k 

ik<n 

-s 






i 

^ a k 

- S- 

^ a k 

- 

y, a k 

Jc<n j 


Jc<n j 


U>i 


y. a k> 

k>n 


we see that a series converges if and only if its “tail” can be made arbitrarily small. Hence, the reader should notice that 
adding or deleting a finite amount of terms to a series does not affect its convergence or divergence. Furthermore, since 
the sequence of partial sums of a convergent series must be a Cauchy sequence we deduce that a series is convergent if and 
only if Ve > 0, 31V > 0 such that Vm> N,n> N, m < n, 


l s n *ml — 


y a k 


k=m 


< £. 


(4.1) 


oo 

229 Theorem (n- th Term Test for Divergence) If ^ a n converges, then +oo. 

n= 1 


n 

Proof: Puts n - ^ a^. Then 
k= 1 

lim s a — S • ’ a a — s ,, .v , , i * S S — 0. 

II— *+oo 

□ 


70 
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In general, the problem of determining whether a series converges or diverges requires some work and it will be dealt 
with in the subsequent sections. We continue here with some other examples. 

+°° / 2,\ n ( 2 \ n 

230 Example The series E 1 h — diverges, since its n - th term 1 H — — ► e 2 . 


+°° i i 

231 Example We will prove that the harmonic series V — diverges, even though > 0 as n — ► +oo. Thus the condition in 

«=i n n 

Theorem 229 though necessary for convergence is not sufficient. The divergence of the harmonic series was first demon- 
strated by Nicole d’Oresme (ca. 1323-1382), but his proof was mislaid for several centuries. The result was proved again 
by Pietro Mengoli in 1647, by Johann Bernoulli in 1687, and by Jakob Bernoulli shortly thereafter. Write the partial sums in 
dyadic blocks, 

2 m i m 2 m . 

E-= E E - 

n= 1 n m= ln=2 m *+l n 


As II n > 1 IN when n< N, we deduce that 


2 m 2 m 

E — > E 2~ m — (2 m - 2 m_1 )2 _m 

n=2 m l +l H n=2 ml +l 


1 

2 


Hence, 


2 M 


E 

n= 1 


1 

n 


> 


M 

~2 


so the series diverges in the limit M — ► + 00 . 


The following theorem says that linear combinations of convergent series converge. 


232 Theorem Let E a n = A and E b n = B be convergent series and let y e K be a real number. Then the series E («,» + yh n ) 


n= 1 

converges to A + yB. 


n = 1 


n= 1 


Proof: For alle> 0 there exist N, N' such that for alln> max(/V, N ') , 


E a k~ A 

k<n 


E b k~B 

k<n 


2(1x1 + 1) 


Hence, by the triangle inequality and by the obvious inequality 


Irl 

lrl + 1 


< 1, we have 


E a k+r b k 

\k<n 


~{A + yB ) 


E a k~A 

k<n 


+ lrl 


E b k~B 

k<n 


£ £ £ £ 

< — + Irl <— + — = £. 

2 1 2(|y| + l) 2 2 


233 Definition A geometric series with common ratio r and first term a is one of the form 

+OO 

a+ ar + ar 2 + ar 3 H — = E «r". 

12=0 


By Theorem 173, if | r | < 1 then the series converges and we have 

+OO 

a + ar + ar 2 + ar 3 h — = E ar " 
22=0 


a 

1 - r ’ 



Convergence and Divergence of Series 


234 Example A fly starts at the origin and goes 1 unit up, 1/2 unit right, 1/4 unit down, 1/8 unit left, 1/16 unit up, etc., ad 
infinitum. In what coordinates does it end up? 


Solution: Its x coordinate is 

111 \ _ 2 

2 8 32 _ 1-^- ~~ 5‘ 

Its y coordinate is 

11 i 4 

_ 4 + 16 “ l-^L ~ 5‘ 

Therefore, the fly ends up in 


Here we have used the fact the sum of an infinite geometric progression with common ratio r, with |r| < 1 and 
first term a is 

a+ ar + ar 2 + ar 3 H — = . 

1 -r 


235 Definition A telescoping sum is 
write a n = h n+ \ - b n and then 


N 

a sum where adjacent terms cancel out. That is, Y a n is a telescoping sum if we can 

n = 0 


N 

Y a n = «o + «i + • • • + a N = (&i - bo) + (fo 2 - bi) + • • • + ( b N+1 - b N ) - b N+i - b 0 . 

n = 0 


236 Example We have 


Thus 


N 

Y 

i N i 

- y 

fl _ 1 ]_| 

1 

n=\ 

»(»+!) n=l 

n+ 1 j 1 

,T~ 


+oo 

x 

Af 


y — 

= lim 

£ ■ 


1) AT— +oo 

n = 1 


2 2 3 


1 1 


= 1- 


■= lim 1 


N N+l N + 1 


= 1. 


237 Example We have 


N X 

y 

n[n + l)(« + 2) 


1 


1 II 1 


1 UJL-JL, + - + 


1 N 
- y 

2“ 1 U(n+l) [n+l)(n+2)j 2U1-2 2-3j (2-3 3-4 

1/1 1 


N(N+1) (1V + l)(]V+2) 


2 \2 (JV + 1)(AT+ 2) 


Thus 


E 


N 


lim V 


1 


lim 


1/1 


- , 1 n(n+l)(B + 2 ) jv-+oo“ 1 w(w+ 1 )(w+ 2 ) tv-+ oo 2 U (IV + 1)(IV+ 2 ) I 4 


Homework 


Problem 4.1.1 


Find the sum 


OO 



2 " 
n+l ' 


+oo 

Y arctan 
n — 0 


1 

n 2 + n+l 


+oo j 

Problem 4.1.2 Find the sum of the series V — . 

,^ 2 4n 2 -l 


Problem 4.1.4 Find the exact numerical value of the infinite sum 
y? V(,n-l)l 


«=1 (i + n / T )-(1 + %/«)’ 


Problem 4.1.3 Find the exact numerical value of the sum 
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Problem 4.1.5 Shew that 


1 n 4 + n 


and thus prove that y 


j fc 4 + k 2 + 1 2 n 2 + n + 1 ’ 

k 


fc=i fc 4 + fc 2 + 1 


converges. 


Problem 4.1.6 Let h(n) denote the number of ones in the binary 
expansion of the positive integer n, for example b( 3) = fo(l I 2 ) = 2. 
, b(n) 

Prove that > = loe4. 

»(»+!) 


Problem 4.1.7 Find 

111111 1 1 

lH 1 1 1 1 1 1 1 

2 3 6 8 9 12 16 18 

which is the sum of the reciprocals of all positive integers of the form 
2 n 3 m for integers n > 0, m > 0. 


Problem 4.1.8 The Fibonacci Numbers /„ are defined recursively 
as follows: 

fo = 1, /l = 1. fn+2 = fn + fn+1, n > 0. 

+00 f g 

Prove that V — - = — . 

^ 3" 5 


n=l 


Problem 4.1.9 Let y a n be a convergent series and let y h„ be a 


n> 0 


n> 0 


divergent series. Prove that y ( a n + b n ) diverges. 

n> 0 


Problem 4.1.10 Prove that if y a n is a series of positive terms and 


n> 1 


that its partial sums are bounded, then y a n converges. Shew that 


n> 1 


this is not necessarily true if y a„ is nof a series of positive terms. 
n> 1 


4.2 Convergence and Divergence of Series of Positive Terms 

We have several tools to establish convergence and divergence of series of positive terms. We will start with some simple 
comparison tests. 


238 Theorem (Direct Comparison Test) Let {a n }^ 0 ’ {frn}^= o> be sequences of positive realnumbers. Suppose that 

eventually a n < b n , that is, that 31V > 0 such that Vn> N there holds a„ < b n . If y b n converges, then y a„ converges. 


If eventually a n > c n , and ^ c n diverges, then ^ a„ also must diverge. 
«>o n > 0 


n> 0 


n> 0 


Proof: The theorem is clear from the inequalities 


y n h,, , 'y a n ’ c n 

n>N n>N n>N n>N 


If y b n converges, then its tail can be made as small as we please, and so the tail of y a„ can be made as small 
n> 0 n> 0 

as we please. Similarly if y c n diverges, because it is a series of positive terms, its tail grows without bound and 

ti> 0 

so the tail of y a„ grows without bound. □ 

n> 0 


Call a divergent series of positive terms a “giant" and a converging series of positive terms a “midget.” The comparison 
tests say that if a series is bigger than a giant it must be a giant, and if a series is smaller than a midget, it must be a midget. 


1 


239 Example From example 236, y — — converges. Since for n > 1, 


7i n{n+ 1) 


n[n+ !)<(«+ 1) 2 


1 1 

< 


(ra+1) 2 n(n+ 1)’ 


we deduce that the series 


y — . — = y — 

^l(«+ l) 2 ^2« 2 


converges. Since adding a finite amount of terms to a series does not affect convergence, we deduce that 1 + y — - = y — - 


converges. 


«> 2 « n“ » 


+OO J J J +OO J 

240 Example y — converges. For n> 2 we have — < — and the series converges by direct comparison with y — . 

n=l n “ n '‘ n n=l n 


Convergence and Divergence of Series of Positive Terms 


241 Example From example 230, V — diverges. Since for n > 1, logit < n, we deduce that Y 

£l n ^2 lo g» 

here we start the sum at n — 2 since the logarithm vanishes at n- 1. 


diverges. Notice that 


242 Example Prove that 


diverges. 



p prime 


Solution: We will prove this by contradiction. Let p\ = 2, p 2 — 3, P 3 = 5, . . . be the sequence of primes in 

ascending order and assume that the series converges. Then there exists an integer K such that 

Y — <-• 

m>K+ 1 Pm 2 


Let P - P 1 P 2 ■ Pk and consider the numbers 1 + nP for n = 1,2,3 None of these numbers has a prime divisor 

in the set {p\, P 2 >---> Pk\ and hence all the prime divisors of the 1 + nP belong to the set {pK+i,PK+ 2 ff- This 
means that for each t > 1, 


t 


E 

n= 1 


1 

1 + nP 


^ E 

s>l 


E - 

,m>JT+l Pm , 


V 1 - 

2—! OS 

S>1 ^ 


that is, 


is > E T 

n= 1 1 


1 


, a series of positive terms, has bounded partial sums and so it converges. But since 1 + nP ~ nP 


™=t 1 + nP 

; n — ► +oo and — Y — diverges, we obtain a contradiction. 


n> 1 1 


Since the convergent behaviour of a series depends of its tail, the following asymptotic comparison tests should be clear, 
and its proof follows the same line of reasoning as Theorem 238. 


243 Theorem (Asymptotic Comparison Test) Let {flni^^o, { b n }^o, l c nl^= o’ t> e sequences of real numbers which are even- 
tually positive. Suppose that a n «b n , and that c n « a n . Then both Y a n and Y b n converge together, and both Y a„ 

«>0 n > 0 «> 0 

and Y c n diverge together. Moreover, if \b n }^f is eventually a strictly positive sequence and a„ ~ b n , then Y a n and 

n>0 n > 0 

Y bn converge or diverge together. 

«> o 


In order to effectively use the comparison tests we must have a ready catalogue of series whose convergence or diver- 
gence we know. In the subsequent lines we will develop such a catalogue. We start with the following consequence of the 
comparison tests. 

244 Theorem (Cauchy Condensation Test) Let {a n be a sequence of positive real numbers which is monotonically de- 

oo oo 

creasing. Then Y a n converges if and only if the sum Y 2"fl2" converges. 

Ji=0 11=0 


Proof: Since the sequence i a n } + ff^ is monotonically decreasing and positive, 


2 * 1+1 j 2*1+1 j 2 *i+l j 

E fl 2 n+i -i - E - E 

k=2" k= 2" k= 2" 

The second inequality yields 


2 n+1 — 1 

2"fl 2 '‘+i-i ^ E ak<2 n a2 n . 

k= 2 n 


2 W+1 -1 N 2 M+1 -1 N 2 n+1 - 1 N 

Y a n=Y E a k <Y 2 '’ a 2" => lim Y fl «- lim Y 2 " a 2”- 

n= 0 n= 0 k= 2 " n= 0 iV— +oo N— +°o„ =0 


+oo +oo 

Thus if Y 2“<i2" converges so does Y a n 
11=0 11=0 
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The first inequality yields 

2 n+l_i 

2 ,i fl 2 'i+ i -i — y. a k 

k= 2" 


2 n+i_i 


(2 i)^ 2 h+i_j ^ 2 ^ 2 m+i_j 

fc= 2" 


JV 


JV 2 -1 


IV 


E ( 2 ” + 1 — l)fl 2 H+i_j < 2 E E a k ~ E fl 2 n+1 -l — 2 E 

n = 0 «=0 t=2" n=0 n = 0 


JV 

E fl2 n+1 -l- 

n=0 


□ 

As an application of Cauchy’s Test, we obtain the following important result. 


+00 J 

245 Theorem (p-series Test) If p > 1 then f(p) = E — converges, but diverges when p < 1. 

«=i 


Proof: Ifp < 0, divergence follows from Theorem 229. Ifp > 0, then using the fact that x ^ x p is monotonically 
increasing, we may use Theorem 244. Since 



is a geometric series with ratio 2 1-p , it converges by Theorem 1 73 when 

2 1 ~ p < 1 ==> (I - p)log 2 2 < log 2 1 ==> 1 - p < 0 ==> p > 1, 
and diverges for p > 1. The case p - 1 has been shewn to diverge in example 230. □ 


+00 J 

246 Example Since \l~2> 1, the series E — 7 = converges. 

n = 1 


247 Example Since 

ra v/2 + (log log «) 20(17 
m 3 + ra(logra ) 5 + 1 

r H v ^+ (loglog/l ) 2007 

and 3 - v 2 > 1, the series ) — - - converges. 

“1 n 3 + w(logn ) 5 + 1 



1 

n 3-C2 


248 Corollary (De Morgan’s Logarithmic Scale) If p > 1 then all of 


E 


ri E 


„ i n p i®e n(Iogii)'' „> e „ 
converge, but diverge when p < 1 . 


n (log n) (loglog n) P n frf e e «(logra)(loglogra)(logloglogra)P 


Proof: The theorem is proved inductively by successive applications of Cauchy’s Condensation Test. We will 

+OO J +OO J 

prove how the case for Y follows from the case Y — and leave the rest to the reader. We see that 

w (log n)P hi nP 

2 k 1 1 

Y - = - Y — 

tl 2 fc (log2 k )P flog2)P k p ’ 

and so this case follows from Theorem 245. □ 

+ 2 ? (log ft ) 100 

249 Example Determine whether > — — converges. 

^4 ft d/Z loglogfl 
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inn 1/4 (logii) luu (logn) (log ii) 

Solution: Since (log n) 100 << n , eventually — — << 1. We have — << 


too 


and since Y_, 


+ 4 « 5/4 loglog ii 


.i 1/4 

(log n ) 100 

< +oo, we nave > — — 

4 tC ^ loglog 11 


« 3/2 loglog/i ii 1/4 n 5/4 loglog n 

< +oo, that is, the series converges. 


The reader should be aware that the value of the exponent in Theorems 245 and 248 is fixed. The following examples should 
dissuade him that “having an exponent higher than 1 ” implies convergence. 


OO J 

250 Example Test V — - — — for convergence by comparing it to a suitable p-series. Use the direct comparison test. 

n=l 


Solution: By induction n < 2" ==> n lln < 2 and so n 1+lln < 2n => — < So the series diverges by 

2 n M i+/in 

OO J 

direct comparison to ^ — . 

n=\ 


OO J 

251 Example Test ^ i+i/iogn ^ or conver 8 ence by comparing it to a suitable p-series. Use the direct comparison test 


Solution: We have n = e log " ==> » lo s» = e and so /i l _l/log " = en, n > 1.. So the series diverges by direct 

OO J 

comparison to V — . 

£2 en 


252 Example Test V , ... — ; 

n^2 ll l + 1/loglog " 


for convergence by comparing it to a suitable p-series. Use the direct comparison test. 


Solution: By considering the monotonicity off(x) - e x (see Theorem 385) or otherwise, we can prove that 


e x > — forx> 0. Now, 


This gives 


Now, 


„l/loglog n = e log„ l ' lo « l "R" = > ( |o g») 2 


2 (log log n ) 2 


2 (log log 11 ) z 1 


raflog «) 2 


Y? 2 (log log n ) 2 
„= 2 ra(log n) 2 

can he shewn to converge by comparing to a series in the De Morgan logarithmic scale. 


+00 j 

253 Example Prove that the series V — — — 7 — diverges. 

** 1 . 0 + sin 71 


n=l ‘ 


r4 5 1 71 \/3 

Solution: For fceZ, the interval Ik — |(2fc+ — )ti ;(2fc+ — )ttJ has length — > l and x e Ik => sinx < — — . 

571 

The gap between Ik and /*.+! is < — < 6. Hence, among any seven consecutive integers, at least one must fall 

V3 

into 1^ and for this value of n we must have 1.8 + sin n < 1 < 1. This means that 


+OO j +OO 71= 7 771+ 7 j +OO j 

^ M 1.8+ sin n ^ ^ *jl.8+shi7i — ^ 7 m + 7* 

71=1™ 771=0 71=7771+1 ™ 771=0 


since the rightmost series diverges , ffoe original series diverges by the direct comparison test. 
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The following result puts the harmonic series at the “frontier” of convergence and divergence for series with monotonically 
decreasing positive terms. 

254 Theorem (Pringsheim’s Theorem) Let V a„ be a converging series of positive terms of monotonically decreasing 

n> 1 

terms. Then a n — o 

Problem 4.2.1 Since the series converges, its sequence of partial sums is a Cauchy sequence and by 4.1, given e > 0, 3 m > 0, 
such thatVn > m, 

n 

E a k<£- 

k=m+ 1 

Because the series decreases monotonically, eachofa m+ i,a m+ 2 ,...,a n is at least a n and thus 

n 

{n- m)a n < E a k < e - 

k-m+l 

£ 

Again, since the series converges, a n — >• 0 as n — ► +oo we may choose n large enough so that a n < — . In this case 

m 

2e 

(n - m)a n < e => na n < e + ma n < 2e => a n < — , 

n 

which proves the theorem. 



The disadvantage of the comparison tests is that in order test for convergence, we must appeal to the behaviour of an 
auxiliary series. The next few tests provide a way of testing the series against its own terms. 

+oo 

255 Theorem (Root Test) Let E a n be a series of positive terms. Put r = limsup(a„) 1/ ". Then the series converges if r < 1 

n = 1 

and diverges if r > 1. The test is inconclusive if r = 1. 


Proof: Ifr < 1 choose r' with r < r' < 1. Then there exists N e N such that 

\/n>N, \fafi < r' => a„ < [r') n . 

+oo +oo 

But then E a n converges by direct comparison to the converging geometric series E ( r ')" ■ 

n = 0 n=0 

Ifr > 1 then there is a sequence of positive integers such that 

n \faff k ^ r. 

This means that a n will be > 1 for infinitely many values ofn, and so, the condition a„ — * 0 necessary for conver- 
gence, does not hold. 

+oo J +oo J 

By considering E — » which diverges, and E which converges, one sees that r = 1 may appear in series of 


n=l ‘ 


n= 1 


different conditions. □ 


fl«+ 1 

256 Theorem (Ratio Test) Let > a„ be a series of strictly positive terms. Put r = limsup . Then the series converges 

n = l a n 

if r < 1 and diverges if r > 1 . The test is inconclusive if r = 1. 


Proof: Ifr < 1, then there exists N e N such that 


fliv+i^rajv, fljv+2 ^ r«iv+i» «jv +3 ^ f«iv+2»”- «jv+t ^ 


a N+t < a N r 


t 


Multiplying all these inequalities together, 
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Putting N + t- n we deduce that 


— N n 

a n < a^r r . 


Since a^r N is a constant , we may use direct comparison between ^ a n and the converging geometric 


series 


n= 1 


+oo +oo 

rt,v r iV Y r n , concluding that Y a n converges. 

n = 1 n=l 

Ifr > 1 then a n+ \ > a n > «v for all n > N. This means that the condition a n — * 0, necessary for convergence, does 
not hold. 

+oo J +oo J 

By considering Y — , which diverges, and Y which converges, one sees that r = 1 may appear in series of 


n = 1 1 


n = 1 


different conditions. □ 

The root test is more general than the ratio test, as can be seen from Theorem 225. 


257 Example Since 


+2? n\ 

the series 2^ — converges. 

n = i n ” 

258 Example Since 


. . t 2 ? («!)" 

the series 2^ — converges. 

n= l n" 


(«+!)! 

(n+l )» +1 

nl 

n" 


1 



1 

- < 1 

e 


(ra!)" \ 1/n 
n” 2 I 


n\ 


n 


n 


0 


Homework 


+oo 

Problem 4.2.2 True or False: If the infinite series ^ a n of strictly 

n = 1 


+oo 

positive terms, converges, then Y a n must necessarily converge. 

n= 1 


Problem 4.2.6 Use the comparison tests to shew that ifa n > 0 and 
oo oo 

V a n converges, then V — converges. 

n=l ,tl 11 


+oo 

Problem 4.2.3 True or False: If the infinite series Y a n of strictly 

n I 


+oo 

positive terms converges, then ^ sin(a n ) must necessarily 

n= 1 


verge. 


con- 


Problem 4.2.4 


+oo 

True or False: If the infinite series ^ a n of strictly 

n= 1 


+oo 


positive terms converges, then 
verge. 


Y tan (fl„) must necessarily con- 

n= 1 


Problem 4.2.7 Give an example of a series converging to 1 with n - 
th term a n > 0 satisfying a n « — . (That is, the n-th term goes to 
zero faster than the reciprocal of a square.) 


Problem 4.2.8 Give an example of a converging series of strictly 
+oo +oo 

positive terms Y a n such that Y also converges. 

n = 1 n = 1 


Problem 4.2.9 Give an example of a converging series of strictly 
+oo +oo 

positive terms ^ a n such that ^ {a n ) l,n diverges. 
n=l n= 1 


+oo 

Problem 4.2.5 True or False: If the infinite series Y a n converges, 

n= 1 


+oo 

then Y cos («„) must necessarily converge. 
n = 1 


Problem 4.2.10 Give an example of a converging series of strictly 

positive terms a n such that lim (a n ) 1/n does not exist. 
n—*+oo 

OO 

Problem 4.2.11 Test Y ~ 2 n us ^ n S both direct comparison and 

n= 1 n 
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the root test. 


Problem 4.2.14 Let p n be the n-th prime. Thus p\ = 2, p2 = 3, 
P3 = 5, etc. Puta\ = pi and fl„ + i = P 1 P 2 ' " Pn + 1 forn> 1. Find 


Problem 4.2.12 Let 7/ be the set of positive integers none of whose 
digits in its decimal representation is a 0: 


+OO I 

E — ■ 

n = 1 


5? = 11,2,3,4,5, 6,7, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18,19, 21, ••• }. 


Prove that the series E — converges. 




Problem 4.2.13 I.et d ( n) be the number of strictly positive divisors 
of the integer n. Prove that d(n)< 2 \fn. Use this to prove that 


^ din) 

2—i 

7 ,> 1 11 


converges. 


Problem 4.2.15 Determine whether E a n converges, when a n is 

n> 2 


given as below. 


1. |1 + - 
n 


2. cosh n - sinh n. 

3. log- 


in 3 + 1) 2 


’ (n 2 + 1) 3 


4. \/n+ 1 - \fn. 


5. arccos 


n 3 + 1 
n 3 + 2 


a 

1 + a 


2 n ' 


7. 

8 . 

9. 

10 . 

11 . 


2-4-6- - (2 n) 
n n 

l! + 2! + ■•■ + «! 
(n + 2)! 

1! — 2 ! + ■•• + »! 
(n + 1)! 

(log»)” 

n Xo g" 

1 

(logn) lo S«' 


4.3 Summation by Parts 

In this section we consider series whose terms have arbitrary signs. We first need the following result. 


259 Theorem (Summation by Parts) Leti4„ = E a^, A-i - 0. Then for p < q, 

0 <fc<n 

E a k^k~ E Ak(bk — bk+l) + Aqbq — Ap~\ bp. 
p<k<q p<k<q-l 


Proof: Changing a subindex, 


E ** k b 1, 

p<k<q 


E “ A k-\)bk 

p<k<q 

E A kbk~ E -A*- 1 bk 

p k if p k if 

E A kbk~ E A kb]c+1 + Aqbq — Ap-ibp. 

p<k<q - 1 p<k<q-l 


giving the result. □ 

An alternative and more symmetric formulation will be given once we introduce Riemann-Stieltjes integration. 
We now obtain a convergence test. 


260 Theorem (Dirichlet’s Test) The series E a icbk converges if 

fc> 0 

n 

1. the partial sums A n - E are bounded 
k=0 

2- b„ > b n+ i 

3. b n — *• 0 as n — ► +00 


Proof: 


Alternating Series 


4.4 Alternating Series 

+oo 

A series of the form Y (-1 )" a n where the all the a„ > 0 is called an alternating series. 

n = 1 

+oo 

261 Theorem (Leibniz’s Alternating Series Test) The alternating series !(-«■ a n converges if all the following condi- 

ii i 

tions are met 

• the a n eventually decrease, that is, a n+ \ < a„ for all n > N. 

• a n — ► 0 

+00 J 

262 Example The series Y (-1)" +1 — converges by Leibniz’s Test. In fact, one can prove that it equals log2. 


4.5 Absolute Convergence 

+oo +oo 

If Y \a n \ converges then Y a n converges. The converse is not true. 

n-l n = 1 


263 Example Since 
it converges. 


i sin n | 

1 sin n | 

1 n 2 1 

— 2 } ' ‘ 2 

n 2 ^ n 2 1 


converges by the comparison test. Thus 


+oo 


E 

n=l 


converges absolutely and so 


264 Example Determine whether the following two infinite series converge: (I) 


OO 


E 


(-l)"sin(3«) 


OO 

(Hi E 


n-l 


(-1 y l n 
n 2 + 2 


Solution: We have 

| (— 1 )" 

so (I) converges absolutely. As for number (II), f(x) ■■ 
so it converges by Leibniz’s Test. 


sin3«i 1 

< ■ 


2 } 


x 2 + 2 


is decreasing (take the first derivative) 


n 

n 2 + 2 


0, 
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Real Functions of One Real Variable 


5 . 1 Limits of Functions 

265 Definition-Proposition (Cauchy-Heine, Sinistral Limit) Let / : j — [Randlet jcq e j a;h[. The following are equiv- 

alent. 

1. Me > 0, 35 > 0 such that 

JCo - 8 < X < *0 ==> | fix) - L\< E. 

2. For each sequence {^nl^i of points in the interval j a ; b j with x n < jco, x n — ► xq ==> fix,,) — ► L. 

If either condition is fulfilled we say that / has a sinistral limit f(XQ-) as x increases towards xo and we write 

f{xo~) = lim f{x) = lim fix). 

X->Xq- x/Xq 


Proof: 

1 => 2 Suppose thatM e > 0, 3<5 > 0 such that 

JCo - 8 < X < Xo ==> | fix) - L\ < E . 

Let x„ < xo, x„ —i • xo. Then 

|x„ - x 0 | < 8 x 0 - 8 < x„ < x 0 + 8 

for sufficiently large n. But we are assutning that x„ < xo, so in fact we have xq - 8 < x n < xq. By our 
assumption then |/(x„) — L\<e, and so 1 => 2. 

2 ==> 1 Suppose that for each sequence {x„}^“ of points in the interval J a ;b\ with x n < xo, x„ — *• xo /(x„) —* 

L. If it were not true that fix) — >■ L as x — ► xo, then there exists some eq > 0 such that for all 8 > 0 we can 
find x such that 

0 < |x- xol < 8 => |/(x) - L\ > Eq. 

In particular, for each strictly positive integer n we can find x„ satisfying 

0 < |x„ - x 0 | < — |/(x„) -i| > £ 0 , 

n 

a contradiction to the fact that fix,,) — ► L. 

□ 

In an analogous manner, we have the following. 

266 Definition-Proposition (Cauchy-Heine, Dextral Limit) Let/: ] a — IR and let jcq e ] a ;fo[. The following are equiv- 
alent. 


81 
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1. For each sequence {x b }£?j of points in the interval | a ; b | with x„ > xo, x n — *• xq => fix,,) — ► L. 

2. Ve > 0, 35 > 0 such that 

Xo < X < Xo + S ==> |/(x) - L\< E. 

If either condition is fulfilled we say that / has a dextral limit f{x o+) as x decreases towards xo and we write 

/(xo+) = lim /(x) = lim f(x). 

X— X() + x\Xo 

Upon combining Propositions 265 and 266 we obtain the following. 

267 Definition-Proposition (Cauchy-Heine) Let /: ] a —• IK and let xo £ ] a ;fo[. The following are equivalent. 

1 . f (xo - ) — f (x 0 + ) 

2. For each sequence {Xnl+^j of points in the interval J a ‘,b\ different from xo, x„ — ► xo ==> fix,,) — > L. 

3. Ve > 0, 35 > 0 such that 

0 < [x - xqI < 5 ==> |/(x) - L\ <e. 

If either condition is fulfilled we say that / has a ( two-sided) limit L asx decreases towards xo and we write 

L = lim fix). 

We now prove analogues of the theorems that the proved for limits of sequences. 

268 Theorem (Uniqueness of Limits) Let 05, a e 05, and f:X — 05. If lim /(x) = L and lim fix) = L' then L = L' . 

X— fl X— fl 

Proof: If L 1! then take 2e - \ L - 1! | in the definition of limit. There is S > 0 such that 

0 < |x- a\ < 8 ==> |/(^) - L\ < - — - — i-, |/(x) - L | < - — - — 

By the Triangle Inequality 

. [i-L'l [L-L'l . 

\l-l'\ < |l-/(x)| + |/(x)-l'| < 1 1 + 1 - 1 = 

but \L-L'\ < \L-L'\ is a contradiction. □ 

269 Theorem (Local Boundedness) Let X Q R, a e R, and / :X — 05. If lim/(x) = L exists and is finite, then / is bounded 
in a neighbourhood of a. 

Proof: Take e = 1 in the definition of limit. Then there is aS> 0 such that 

0 < |x- a\ < 8 ==> |/(x) - L\ < 1 |/(x)| < 1 + \L\, 

and so f is bounded on this neighbourhood. □ 

270 Theorem (Order Properties of Limits) Let X Q 05, a e 05, and/:X — 05. Let lim fix) = L exist and be finite. Then 

X— 

1. If s< L then there exists a neighbourhood jY a of a contained in X such that Vx e jV a , s < fix). 

2. If L < t then there exists a neighbourhood jf a of a contained in X such that Vx e ,.4„, fix) < t. 

3. If s < L < t then there exists a neighbourhood ,.Y a of a contained in X such that Vx e jfi a , s < fix) < t. 

4. If there exists a neighbourhood jV a f X such that Vx e ...¥ a , s < fix), then s< L. 
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5. If there exists a neighbourhood jV a ^ X such that Vx e jV a , fix) < t, then L < t. 

6. If there exists a neighbourhood jV a ^ X such that Vx £ jV a , s < fix) < f, then s< L< t. 


Proof: We have 


1. Take e = L - s > 0 in the definition of limit. There is 8 > 0 such that 


0 < |x- a\ < 8 => |/(x) - L\< L - s => s- L + L< fix) <2 L- s => s < /(x), 


a.v claimed. 

2. Take e- t- L>0 in the definition of limit. There is8> 0 such that 

0 < |x- a\ < 8 => |/(x) -L\< t-L => L-t+L< fix) < t-L + L => /(x) < t, 

as claimed. 

3. This follows by (1 ) and (2). 

4. If on the said neighbourhood .Afi we had, on the contrary, L> s then (1) asserts that there is a neighbourhood 

ofJV'a £ such that fix) > s, a contradiction to the assumption thatVx £ jY a , s < fix). 

5. If on the said neighbourhood jY a we had, on the contrary, L< t then (2) asserts that there is a neighbourhood 
ofjVl Q jV a such that fix) < t, a contradiction to the assumption thatMx e jfi a , t > fix). 

6. This follows by (4) and (5). 


Analogous to the Sandwich Theorem for sequences we have 

271 Theorem (Sandwich Theorem) Assume that a,b,c are functions defined on a neighbourhood -A Xn of a point xo except 
possibly at xq itself. Assume moreover that in ./V Xu they satisfy the inequalities a{x) < b(x) < c(x). Then 


Proof: For all £ > 0 there is8> 0 such that 

0 < |x- xol < 8 => |n(x) - L\ < e and |c(x) - L\ < e => L — e < a{x) < L+ e and L- e < c{x) < L + e. 
If we now consider x £ ,A / Xa n {x : 0 < | x - xq | < 5} then 


□ 


lim a[x) - L- lim c(x) 


==> lim b(x) — L. 


X— >Xq 


X— >Xq 


X— x 0 


L - e < a(x) < b(x) < c(x) <L + e => L- e< b(x) < L + e => \ b(x) - L\< e, 


whence lim b(x) = L. □ 

X^XQ 


272 Theorem Let X £ 1R, a e U, and f>g : X — * ► U. Let (L,L f , A) e U 3 . Then 

1. limf(x) = L => lim |/(jc)| = |L|. 

x— a x— a 1 1 

2 . lim/(x) = 0 lim|/(x)|=0. 

x— a x— a 1 1 

3. lim/(x) = L, lim g(x) - l! => lim(/(x) + Ag(x)) = L + AL f . 

x — * a x — * a x—>a 

4. lim fix) = L, lim g(x) = L ' => lim(/(x)g(x)) = LL' . 

x— a x — * a x— a 

5. If lim/(x) = 0 and if g is bounded on a neighbourhood jV a of a, then lim/(x)g(x) = 0. 
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Proof: 

1. This follows from the inequality \ |/(x) | - \L \ | < |/(x) - L\ . 

2. This follows from the inequalities - |/C*0| </M < |/(x)| andmin(-f(x),f(x)) < |/(x)| < ma x(-/(x),/(x)) 
and the Sandwich Theorem. 

3. For alio 0 there are <5 ] > 0 and 82 > 0 such that 

0 < I*- a\ < 8 1 => | /(x) - L\<e, and 0 < | jc — a\ < 82 ==> |g(x) - L'\ < £■ 

TakeS = min[8i, 82). Then 

0 < | jc — a\ < 8 |/(x) + Ag(x) - (L + AL') \ < |/(x) - L\ + | A| |g(x) - L'\ < (1 + |A|)e. 

Since the dextral side can be made arbitrarily small, the assertion follows. 

4. For all £ > 0 there are <5 1 > 0 and 8 2 > 0 such that 

0 < | jc — a\ < ==> | f[x) - L\ < e, and 0 < | jc — a\ < 82 => |g(x) - L'\ < e. 

Also, by Theorem 269, g is locally bounded and so there exists B> 0, and 83 > 0 such that 

0<|x-fl|<fl 3 => |g(x)| < B. 


TalceS ~min{8i, 82, 83). Then 

| flx)g(x) -LL'\ = | (/ (x) - L)g(x) + L(g(x) - L')\ < |/ (x) - L\ |g(x)| + \L\ |g(x) -L'\<[B + \L'\)e. 

As the dextral side can be made arbitrarily small, the result follows. 

5. For all e > 0 there are8\ > 0 , B> 0 , and 8 2 > 0 such that 

0 < |x- a\ < 81 => |/(x)| < £, and 0 < |x- a\ < 82 => |g(x)| < B. 

TakeS -min{8i, 82). Then 


|/(x)g(x)| < \B\ \f (x) | < Be. 

As the dextral side can be made arbitrarily small, the result follows. 

L' 


6. First\g(x)\^\L'\ as x — ► a by part (1). Hence, for e = 


> 0 there is a sufficiently small S’ > 0 such that 


||g(x)|-|L'|| < => |L'|-^< |g(x)|< |i'| + ^r => ^ 

that is, | g(x) | is bounded away from 0 x sufficiently close to a. Now, for all e > 0 there are 8\ > 0 and 82 > 0 
such that 

0 < |x- a\ < 8\ => |/(x) - L\<e, and 0 < |x- a\ < 82 => | g(jc) - L'\< e. 

For 8 = min(5i,52»5'), 

1 1> I 3 1 jj I 

0 < |x- a\ < 8 => L- £ < /(x) < L + e, < |g(x)| < — - — , and L 1 - e < g(x) < L' + e. 


Hence 


ffix) L 


L'f{x)-Lg{x) 


L'(/(x)-L)-L(g(x)-L') 

, \L'\ |/(x) - L\ + \L\ |g(x) 2(|L'| + \L\)e 

gW L' 


g(x)L' 


g(x)L' 

|g(x)| \L'\ ' \L’\\L’\ 


which gives the result. 


□ 


In the manner of proof of Proposition 265, we may prove the following two propositions. 
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273 Definition-Proposition (Cauchy-Heine, Limit at +oo) Let/: J a ;+oo| — IR The following are equivalent. 

1. For each sequence {jt n }£?i of points in the interval ] a ;+oo[, 

x„ — ■ +00 => f{x n ) — ■ L. 

2. Ve > 0, EM, M> max(0, a), such that 

x > M ==> |/(;c) - L| < e. 

If either condition is fulfilled we say that / has a limit Lasx tends towards +00 and we write 

L- lim fix). 

x— »+oo 

274 Definition-Proposition (Cauchy-Heine, Limit at - 00 ) Let/: ] -00 ;a[ — ► IR The following are equivalent. 

1. For each sequence {jc«}£?i of points in the interval ] - 00 ; a [ , 

x n — ■ -00 => f{x n ) — ■ L. 

2. Ve > 0, EM, M< min(0, a), such that 

x< M => |/(jc) - L| < £. 

If either condition is fulfilled we say that / has a limit Lasx tends towards -00 and we write 

L- lim fix). 

x—*—oo 

275 Definition We write lim fix) - +00 or lim fix) = +00 if VM > 0, 35 > 0 such that 

x—>a+ x\a 

x e ] a ; a + 5 [ ==> fix) > M. 

Similarly, we write lim fix) — +00 or lim fix) = +00 if VM > 0, 35 > 0 such that 

x^a- x/a 

x e ] a — 5 ; a [ ==> fix) > M. 

Finally, we write lim fix) = +00 if VM > 0, 35 > 0 such that 

X— 

xe]a-5;fl+5[ ==> fix) > M. 

276 Definition We write lim fix) - -00 or lim fix) - -00 if VM< 0, 35 > 0 such that 

x— a+ x\a 

x e ] a ; a + 5 [ => fix) < M. 

Similarly, we write lim fix) — -00 or lim fix) = -00 if VM < 0, 35 > 0 such that 
x— a- x/a 

x e ] a — 5 ; a [ ==> fix) < M. 

Finally, we write lim fix) = -00 if VM < 0, 35 > 0 such that 

x — * a 

xeJa-5;a + 5[ => fix) < M. 

277 Theorem Let X, Y be subsets of K, ae X and beY,f:X^U, g:Y^U such that /(X) Q Y, and let LeR. Then 

lim/(;t) = a and lim g(x) - L => lim ( g o f) (x) = L. 

x * a x—* b x ~* a 

Proof: 

□ 



Homework 


Continuity 


Problem 5.1.1 Prove that lim sin — does not exist. 

x — 0 x 

Problem 5.1.2 Let m,n be strictly positive integers. Prove that 

x n - 1 n 

bm — = — . 

x — 1 x - 1 m 

Problem 5.1.3 Let X Q R, a e 0?, and f,g:X^ K. If fix } — ► +oo 
and there exists a neighbourhood ^/V a Q X of a where fix) < g(x), 
prove that gix) — > +oo. 

Problem 5.1.4 Let X Q IR, a e R, and f,g : X —> • IR. Suppose that 


lim f[x) = +oo. Demonstrate that 
x^a 

1. If lim g(x) ~ +oo, then lim (f(x) + gix)) = +oo. 

2. If lim g(x) = LeU, then lim (f(x) + g(x)) = +oo. 

3. If lim gix) = +oo, then lim (f(x)g(x)) = +oo. 

4. If liing(x) = L> 0, then lim ifix)gix)) = +oo. 

Problem 5.1.5 (Cauchy Criterion for Functional Limits) Let X Q 

ffi.uel, and f :X —> R. Prove thatf has a limit at a (finite or infi- 
nite) if and only if for alle> 0 there isaS>0 such that \ x' - x" | <5 
implies \fix') - fix")\ <e. 


5.2 Continuity 

278 Definition A function / : ] a ;fo[ — ► IR is said to be continuous at the point jcq € j a ;f/[, if we can exchange limiting 
operations, as in 

lim fix ) = / ( lim x] (= f(x 0 )). 

x—>xo yx —> -xo j 

In other words, a function is continuous at the point xo if 

V£>0,35>0, suchthat | jc — jcq I < 8 => \f(x) -/(jco)| < £. 


279 Definition A function / : | a ; foj — ► IR is said to be right continuous at a, if 

f(a) = f(a+). 


It is said to be left continuous at b, if 


/(*) = /(&-). 


In view of the above definitions and Proposition 267, we have the following 

280 Theorem The following are equivalent. 

1 . The function / : ] a ; b [ — > ■ IR is continuous at the point xq e J a ; b [ . 

2. f(xo-) = f{xo) =f(xo+). 

3. If and for all n, x n e J a ;&[, then x n — <• .ro => f(x n ) — <• f(xo). 

281 Example What are the points of discontinuity of the function 


[o ;+oo[ 

/: 

x 


U 

if xe On fo ;+oo[,x = — , in lowest terms ? 

p+ q 1 1 q 

0 if x e [o ;+oo| \ Q 


Solution: Let a e Q. Since 1 0 ;+oo| \ Q is dense in 1 0 ;+oo| , there exists a sequence of points in 

1 0 ;+oo| \ Q such that a n — ► a as n — ► +oo. Observe that f(a n ) = 0 but f (a) f 0. Hence a„ — * a does not imply 
f(a n ) -* f(a) andf is not continuous at a. On the other hand, letn e [o ;+oo| \Q. Thenf(b) - 0. Let {b n }^f l be 
a sequence in f 0 ; +oo f n Q converging to b, b„ = — in lowest terms. By Dirichlet’s Approximation Theorem we 

11 q n 
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must have p n +oo and q n — » +oo. Hence ► 0. So / is continuous atb. In conclusion, f is continuous 

Pn + h ti 

at eveiy irrational in [o ; +oo [ and discontinuous at every rational in [o ; +oo [ . 

282 Definition-Proposition (Oscillation of a function at a point) Let / be bounded. The function w : Dom(/) — [0;+oo[, 
called the oscillation off atx and given by 

u>{f,x) = lim sup{|/(fl) - f{b) \ i\a — x\<8,\b— x\ <8} 

5 — 0 + 

is well-defined. Moreover, / is continuous at x if and only if w[f,x) - 0. 

Proof: Observe that in fact 

u)[f,x) — lim sup{|/(a) — fib ) | : \ a— jc[ < 8, \b — x| < 5} = inf sup{|/(a) - f(b) \ : \ a — x| < 8, \b — x| < 5} < | f[a) - f(b) \ < 2 1/| < +o 
5 — 0 + 5>0 

This says that a> (/, x) is well-defined. 

□ 

283 Definition We say that a function / is continuous on the closed interval [a;Z>] if it is continuous everywhere on ] a ;&[, 
continuous on the right at a and continuous on the left at b. If X ^ IK, then / : X — *■ IK is said to be continuous on X (or 
continuous) if it is continuous at every element of X. 

284 Theorem Let X Q IK. A function / : X — > ■ IK is continuous if and only if the the inverse image of an open set is open in X. 

Proof: 

==> Let A Q U be an open set. 
open in IK, there exists an 
8 > 0 such that 

|x- a\ < 8 ==> |/M - /(a) | < r, that is, xej a + 8;a-8 

that is, xe^a + 8 ;ci-8 

that is, ] a + 8 ;a- £ / _1 - r ;/(fl) + r [j 

Since / _1 |]/(fl) - r ;f[a) + r [©"Vl, we have shewn that 1 a + 5 ; « - 5 [ Qf 1 ( A ), which means that 
for any a, a neighbourhood of a lies entirely in f 1 (A) , that is, f 1 (A) is open. 

<= Given e > 0, we must find a 8 > 0 such that for all a e X, 

|jc- a\ < 8 => | f(x) - f(a) \ < e. 

Now 

\f(x)-f(a)\<£ => f(x)ejf(a)-E-,f(a) + £ [ =^> x e / _1 (]/(a) - e ;/(«) + e[j . 

Now, ]/(a) - e ;/(rt) + £ j ^ K is open in IK, and so, by assumption, so is / -1 |]/(a) - £ ; /(a) + f | j . This 
means that ift e / _1 |]/(a) - £ ;f(a) + fjj then there is ar>0 such that 

] f-r ;f+ r[ ^/ _1 (]/(a) -£;/(«) + £[]. 

But clearly a£/ -1 |]/( «)-£;/( a) + £[ j , and hence there is a8> 0 such that 

+ |J/(a) -£ ;/(a) -t-fjj . 

© 


[ => fix) e j fia) - r ;/(a) + r [, 

[ => *e/ -1 (]/(a)-r ;/(a) + r[], 


We must shew that f 1 (A) is open in X. Let ae f 1 (A) . Since f (a) e A and A is 
r > 0 such that\ fia)- r •, fia) + r\ f A. Since f is continuous at a, thereexistsa 


Continuity 


Thus 

or equivalently, 
that is, 

as we needed to shew. 


.r e ] a- 5 ; a + => xef 1 1] f(a) - e ;fia) + , 

|jc- a\ < 8 => f[x ) e j f{a) - e ;fia) + 

|jc- a\ < 8 => \f(x) - f{a) \ < e, 


□ 

285 Theorem Let X Q R. A function / : X — > ■ R is continuous if and only if the the inverse image of a closed set is closed in 

X. 

Proof: Let F QR. be a closed set. Then U\F is open. By Theorem 284 f~ 1 (HR \ F ) is open in X, and soX\f~ 1 {U\F ) 
is closed in X. ButX \ / _1 (R \ i 7 ) = / _1 [F), proving the theorem. □ 

286 Theorem If two continuous functions agree on a dense set of the reals, then they are identical. That is, if X Q IK is dense 
in R and if / : R — > ■ R and g : R — > • R satisfy fix) = g(x) for all x e X, then fix) = g(x) for all xeI. 


Proof: Let a e R \ X. Since X is dense in R, there is a sequence X such that x n — ► a as n —> +oo. Notice 

thatsincex„ e X, we have fix n ) - gix„). By continuity 

fia) = f[ lim xc„) = lim fix n )= lim gix n ) = g lim x n = gia), 

\n — *+cxd ) n ->+ oo n — ' +cxd Vw^+oo ) 

proving the theorem. □ 

287 Theorem (Cauchy’s Functional Equation) Let / be a continuous function defined over the real numbers that satisfies 
the Cauchy functional equation: 

Vix,y) e R 2 , fix+y) = /(x)+/(y). 

Then / is linear, that is, there is a constant c such that fix) = cx. 


Proof: Our method of proof is as follows. We first prove the assertion for positive integers n using induction. We 
then extend our result to negative integers. Thence we extend the result to reciprocals of integers and after that to 
rational numbers. Finally we extend the result to all real numbers by means of Theorem 286. 


We prove by induction that for integer n > 0, f(nx) = nfix). Using the functional equation, 
fi 0 • x) = fi 0 ■ x + 0 - x) - fiO- x) + fiO- x) ==> fiOx)- 0 fix), 
and the assertion follows forn- 0. Assume n > 1 is an integer and that flirt - l)x) - in - 1) fix). Then 
finx) — fiin- l)x + x) = fiin- I)*) + fix) - in - 1 ) fix) + fix) - nfix), 
proving the assertion for all strictly positive integers. 


Let m < 0 be an integer. Then -m > 0 is a strictly positive integer, for which the result proved in the above 
paragraph holds, and thus and by the above paragraph, /(-mi) = - infix). Now, 

0 = /(0) ==> 0 - flmx+ l-mx)) - flmx) + fl-mx) => /(mi) = -/(-mi) = -i-tnfix)) — infix), 

and the assertion follows for negative integers. We have thus proved the theorem for all integers. 
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a ( u\ ( u\ 

Assume now thatx- with ael_ and be Z \ {0}. Then f (a) = f{a- 1) = af{ 1) and f la) = f b— = bf — by 
b V b> yb> 

the result we proved for integers and hence 

i a\ / a\ i a\ 

We have established that for all rational numbers x e Q, f(x) = x/( 1). 


We have not used the fact that the function is continuous so far. Since the rationals are dense in the reals the 
extension of the result now follows from Theorem 286. □ 

Homework 


Problem 5.2.1 Find all functions f : 
such thatMx e R, fix) = /(3x). 


Problem 5.2.2 Find all functions f : 


such thatMx e R , /(x) = f 


continuous at x = 0 


continuous at x - 0 


1 + X' 


2 ' 


Problem 5.2.3 Determine the set of points of discontinuity of the 
function / : R — > R, / : x |[xj] + \Jx- |[x]j . 

Problem 5.2.4 What are the points of discontinuity of the function 


/: 


x if x e ( 


0 if jc e R \ 0 


Problem 5.2.5 What are the points of discontinuity of the function 


/: 


0 if x e ( 


x if x e R \ i 


Problem 5.2.6 What are the points of discontinuity of the function 
R — R 

/ : 0 if x e Q ? 

x — > < 

[ 1 if x e R \ Q 

Problem 5.2.7 What are the points of discontinuity of the function 


/: 


cosx ifxeQ 
sinx ifxeR\d 


Problem 5.2.8 Find all functions f : I 
such thatM x e R, fix) = - fix 2 ). 


S, continuous at x = 1 


Problem 5.2.9 Let aeM.be fixed. Find all functions / : R — * R, con- 
tinuous everywhere such thatM (x, y) e R 2 , fix — y) = fix) - fly) + 
axy. 


Problem 5.2.10 Let f : |o ;+oo 

\j x+ \ j~x + \/x + -T. Isf right-continuous atO? 


0 ;+oo , x 


5.3 Algebraic Operations with Continuous Functions 

288 Theorem (Algebra of Continuous Functions) Let/,g : ] a — U8 be continuous a the point xo e j a ;fo[. Then 

1. /+ g is continuous at xo. 

2. fg is continuous at xq. 

/ 

3. if g(xo) f 0, — is continuous at xq. 


Proof: This follows directly from Theorem 272. □ 

289 Theorem Let X, Y be subsets of R, a e X and be Y, f :X g:F^IR such that f[X) QY. If f is continuous at a 
and g is continuous at f{a), then go f is continuous at a. 


Monotonicity and Inverse Image 


Proof: This follows at once from Theorem 277. □ 

290 Theorem Let / : / — ► IK be a monotone function, where I ^ R is a non-empty interval. Then the set of points of discon- 
tinuity of / is either finite or countable. 

With Theorems 288 and 289 we can now demonstrate the 


5.4 Monotonicity and Inverse Image 

291 Definition Let X and Y be subsets of R. Let / :X — ► Y, and assume that X has at least two elements. Then / is said to 
be 

o fib) — f la) 

• increasing if M(a,b) e X , a < h => fla) < f[h). Equivalently, if the ratio > 0. 

b - a 

2 fib) — fla) 

• strictly increasing)! \/{a,b) e X , a< b => /(a) < /(h). Equivalently, if the ratio - > 0. 

b— a 

2 fib) -fla) 

• decreasing if V {a, b) e X , a < b => fla) > f(b). Equivalently, if the ratio < 0. 

b— a 

2 fib) -fla ) 

• strictly decreasing)! Mia, b) e X, a < b => f(a)>f(b). Equivalently, if the ratio < 0. 

b— a 

f is said to be monotonic if it is either increasing or decreasing, and strictly monotonic if it is either strictly increasing or 
strictly decreasing. 


dr 


Observe that if f is increasing, then-f is decreasing, and conversely. Similarly for strictly monotonic functions. 


292 Theorem Let X Q R and let f:X—> R be strictly monotone. Then / is injective. 


Proof: Recall that f is injective ifx f y ==> f(x) f f{y). Iff is strictly increasing then x < y ==> f(x) < f[y ) 
and iff is strictly decreasing then x < y => f(x) > fly). In either case, the condition for injectivity is fulfilled. 

□ 

293 Theorem Let I ^ R be an interval and let / : / — *■ /(/) be strictly monotone. Then / -1 is strictly monotone in the same 
sense as /. 

Proof: Assume first that f is strictly increasing and put x - f' (a), y - f 1 lb) and that a< b. Ifx > y, then, 
since f is strictly increasing, fix) > fly). But then, /(/ -1 la)) > flf' lb)) => a>b, a contradiction. 


A similar argument finishes the theorem for f strictly decreasing. 

□ 

The following theorem is remarkable, since it does not allude to any possible continuity of the function in question. 
294 Theorem Let I ^ IR be an interval and let / : I — *■ /(/) be strictly monotone. Then f~ l is continuous. 

Proof: Let be /(/), b - fla), ande > 0. We must shew that there is 5 > 0 such that 

\y-b\<8 => \f~ 1 ly)-b\<e. 


If a is not an endpoint of I, there is an a > 0 such that ^7. Puts! = min(£, a). Since both f and 

/ -1 are both strictly monotone 

|/ -1 (y) -b\<e' => b-e' < / -1 (y) < b + e' flb-e') < flf~ l ly)) < flb + e') => fib- s') < y < flb + e'). 
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Since f is strictly increasing and ac < a, f(a-e') < fia) — b. Thus there must be anij > 0 such that f la- e') = 
b ij < h. Similarly, there is an rj such that b < b + r]' = fia + e). Putting tj" = min(j 7 , if) , we have that for all 

ytfU), 

| y-b\<Tj" ==> b-r\" <y <b + ij" 
b-ij<y<b + rj' 

=> a- e' < f~ 1 (y) < a + e' 

=> I r\y)-r l m\<e', 

finishing the proof for when a is not an endpoint. If a were an endpoint, the above proof carries by suppressing 
one ofr) orrj' . □ 

295 Theorem A continuous function / : [a ;fo] — « • ;&] j is invertible if and only if it is strictly monotone. 

Proof: 

==> Assume f is continuous and invertible. Since f is injective, fia) f fib). Assume that f [a) < f(b), if 
/(«) > fib) the argument is similar. We would like to shew that if a' < b' => f(a) < fib'). Consider the 
continuous function g : [o ;lj — > ► R, 

git) — fill - t)a+ ta')-fii 1 - t)b+ tb'). 

We have 

g(0) = fia) — fib) <0 and g(l) = /(a')- fib'). 

Ifgl 1) = 0, then we must have a' = b' , contradicting a! < b' . Ifgl 1) > 0, then by the Intermediate Value 
Theorem there must be an s ejo ;l[ such that gis) = 0. This entails 

(1 - s)a+ sa' = (1 - s)b+ sb' ==> 0 > (1 - s)ia- b) - sib' - a') > 0, 

absurd. This entails that gil) < 0 => fia') < fib'), as wanted. 

<= Trivially, f is surjective. Iff is strictly monotone, then f is injective by Theorem 292, and thus f is invertible, 
by Theorem 27. 


□ 

5.5 Convex Functions 

296 Definition Let Ax BQ IR 2 . A function f:A^B is convex in A if Mia,b, A) e A 2 x [0; 1], 

fi\a + (1 - A )b)< fia) A + (1 - A) fib). 

It is strictly convex if the inequality above is strict. Similarly, a function g : A — ► B is concave in A if Mia, b, A) e A 2 x [0; 1], 

glAa + (1 - A)b) > gia) A + (1 - A) gib). 

It is strictly concave if the inequality above is strict. 

5.5. 1 Graphs of Functions 

297 Definition Given a function /, its graph is the set on the plane 

1/ = {(*, y) £ IR 2 : y = fix)}. 


Classical Functions 


298 Example Figures ?? through ?? shew the graphs of a few standard functions, with which we presume the reader to be 
familiar. 


5.6 Classical Functions 

5.6.1 Affine Functions 

299 Definition An affine function is one with assignment rule of the form x^ ax+ b, where a, b are real constants. 

300 Theorem The graph of an affine function is a line on the plane. Conversely, any non-vertical straight line on the plane 
is the graph on an affine function. 


5.6.2 Quadratic Functions 

5.6.3 Polynomial Functions 

5.6.4 Exponential Functions 


301 Definition-Proposition Let x e IR be fixed. The sequence 
converges and we define the natural exponential function by 



x-ph +°° 

— 1 is bounded and strictly increasing. Thus it 

n> I n>- x 


exp : IR — >- IR, 


exp(x) 


( x\ n 

lim 1 + - . 

n — *+oo V n ) 


X X 

Proof: Observe that 1 h — >0 for n > -x. Using the AM-GM Inequality with x\ = 1, jcfe = • • • = x n+ \ = 1 + — 
n n 


X \nl{n+ 1) 


( xy 

K) 

whence the sequence is increasing. 


1 + n 


l 1+ n ) X ( X\ n ( X >«+l 

^ — ^ = 1 + => 1 + - < 1 + 

+ 1 n+ 1 l n> y n+ll 


l x\ n I i \ n 

Ford < x < 1 then H — J <ll-t — I < e, by Theorem 177. 


Ifx > 1 then by the already proved monotonicity, 


X\n 


K) 


< 1 + 


l*ll + i 


< i + 


M + i 
ra([[xJJ + 1) 


"(IIaII+i) 


< e 


W+1 


x / x\ n „ 

Ifx< 0 then In — <1 and soil -\ — < 1 . □ 
n 1 nl 

By Theorem 177, exp(l) = e. We will later prove, in ????, that for all x e IR, exp(x) = e x . 


5.6.5 Logarithmic Functions 

5.6.6 Trigonometric Functions 

l 71 \ 

302 Theorem Let x e J 0 ; — Then sinx < x < tanx. 


Proof: 
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Homework 


Problem 5.6.1 


How many solutions does the equation 
x 

sinx = 


100 


have? 


Problem 5.6.2 Prove that 

2 r 71 1 

—x < sin(x) < x,V x e 0 ; — I. 

71 L 2 J 

Problem 5.6.3 How many solutions does the equation 

sinx = logx 


have? 

Problem 5.6.4 How many solutions does the equation 

x 

sin(sin(sm(sm(sm(x))))) = — 

have? 

Problem 5.6.5 (Chebyshev Polynomials) 

Problem 5.6.6 (Cardano’s Formula) 


5.6.7 Inverse Trigonometric Functions 

5.7 Continuity of Some Standard Functions. 

5.7. 1 Continuity Polynomial Functions 

303 Lemma Let K e K be a constant. The constant function / : K — ► K, fix ) = K is everywhere continuous. 


Proof: Given a e K and e > 0, take 5 - e. Then clearly 

| jc — a\ < 8 ==> |/(x) -fia)\ < e, 

since f{x) = f(a) - K and the quantity after the implication is0< e and we obtain a tautology. □ 
304 Lemma The identity function / : IR — ► IR, fix) - x is everywhere continuous. 


Proof: Given a e K and e > 0, take 5 - e. Then clearly 

| jc — a\ < 8 => |/(x) -fia) \ < e, 

since the quantity after the implication is |x - a\ < 8 and we obtain a tautology. □ 

305 iMA Given a strictly positive integer n, the power function / : IR — *■ IR, fix) — x n is everywhere continuous. 


Proof: By Lemma 304, the function x >-»■ x is continuous. Applying this Lemma and the product rule from 

Theorem 288 n times, we obtain the result. □ 

306 Theorem (Continuity of Polynomial Functions) Let nbea fixed positive integer. Let e U, 0 < k < n be constants. 
Then the polynomial function / : R — > • M, fix) - ao + a\x + a^x 2 H v a n x n is everywhere continuous. 


Proof: This follows from Lemma 305 and the sum rule from Theorem 288 applied n+ 1 times. □ 


5.7.2 Continuity of the Exponential and Logarithmic Functions 

307 emma Let a > 1. The exponential function IK — ► IR, x >->■ a x is continuous at x = 0. 


Proof: For integral n > 0 we know that lim a 11 " = 1 by virtue of Theorem 1 74. We wish to shew that a x 1 as 

71— >■+ OO 


x — *■ 0. Observe first that lim a Un - lim 

II — ' +00 71 — *+00 d 

that 


1 


1/77 


= 1 also. Thus given e> 0, and since a > 1, there is N > 0 such 


1 - £ < a~ llN < a 1,N < 1 + £. 



Continuity of Some Standard Functions. 


Ifx el ; — f then, 

J J N Nl 


a~ llN <a x < a 1,N . 


By the above, this implies that 

\-e<a x <\ + £ => \a x - l| < £ => \a x - a°\ < e, 

finishing the proof. □ 

308 Theorem (Continuity of the Exponential Function) Let a > 0, a f 1. The exponential function /: IR — jo ;+oo[, a x 
is everywhere continuous. 


Proof: Assume first that a > 1 . Let us shew that it is continuous at an arbitraiy ueU. Ifx — ► u then x - u — ► 0. 
Thus 

lim a x — a 11 lim a xu — a 11 lim a xu — a 11 lim a 1 = a 11 ■ 1 = 

x—* u x — ► u X — u — • 0 l—d 

by Lemma 307, and so the continuity is established for a > 1. 


IfO < a < 1 then — > 1 and by what we have proved, x >-► — is continuous. Then 

a ' a x 

lim a x = lim — — = — — = a u , 

X— u x - u 1 1 

a x a u 

proving continuity in the case 0 < a < l.Q 

309 emma Let a > 0, a f 1. Then 0 ;+oo — ► IR, log n x is everywhere continuous. 


Proof: Its inverse function IR — >• J 0 ;+oo| , x >->• a x , is everywhere continuous and strictly monotone. The result 
then follows from Theorem 294. □ 


5.7.3 Continuity of the Power Functions 

310 Theorem Let p e IR. Then ] 0 ;+oo[ — ► J 0 ;+oo[, x « x 1 ’ is everywhere continuous. 
Proof: This follows by the continuity of compositions: x 1 ’ = e pl ° sx . □ 


Homework 


Problem 5.7.1 Prove the continuity of the function IR — ► | - 1 ;1 

x — sinjc. 


Problem 5.7.4 Prove the continuity of the function | - 1 ; 1 
0 ;7i , x>-» arccosx. 


Problem 5.7.2 Prove the continuity of the function - 1 ; 1 

71 71 1 

— : — , x —> arcsinx. 

2 2 J 


Problem 5.7.5 Prove the continuity of the function IR \ (2Z + 1) — — ► 
IR, tanx. 


Problem 5.7.3 Prove the continuity of the function IR — ► 


1 ; 1 1 Problem 5.7.6 Prove the continuity of the function IR — ► 


71 71 r 

2 ’ 2L 


x—> cosx. 


x—> arctanx. 
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5.8 Inequalities Obtained by Continuity Arguments 


The technique used Theorem 287 , of proving results in a dense set of the real numbers and extending the result by continuity 
can be exploited in a variety of situations. We now use it to give a generalisation of Bernoulli’s Inequality. 

311 Theorem (Generalisation of Bernoulli’s Inequality) Let (a,x) e IR 1 2 with x>-l.IfO<a<l then 

(1 + x)“ < 1 + ax. 


If a e J -oo ;0| u J 1 ;+oo| then 

Equality holds in either case if and only if x - 0. 


(1 + x)“ > 1 + ax. 


Proof: Let a e Q, 0 < a < 1 . Then a - — for integers m, n with I < m < n. Since x + 1 > 0, we may use the 

AM-GM Inequality to obtain 

a+x)“ = a+x) mln 


< 


[a+x) m -i n - m ) lln 

m( 1 + x) + (n- m ) • 1 
n 

n + mx 

n 

m 

1 H x 

n 

1 + ax. 


Equality holds when are the factors are the same, that is, when 1 + x — 1 => x — 0. 


Assume now that a e IR \ Q with 0 < a < 1. We can find a sequence of rational numbers 1= <Q> such that 

a n — ► a as n — ► +oo. Then 

(1 + x) an < 1 + a n x, 

whence by the continuity of the power functions (Theorem 310), 

(l + x) a = lim (l + x)“"< lim (1 + a n x) — 1 + ax, 

n —*+ oo n—*+oo 

giving the result for all real numbers a with 0 < a < 1, except that we need to prove that equality holds only for 
x - 0. Take a rational number r with 0 < a < r < 1 , and recall that we are assuming that a is irrational. Then 

(i + x)“ = (i + x) alr Y < (l + • 

i a \ r 

Since the exponent on the right is rational, by what we have proved above 1 H — x < 1 + x with equality if and 
only ifx - 0. Hence the full result has been proved for the case a e IR with 0 < a < 1. 


Let a > 1. If 1 + ax < 0, then obviously ( 1 + x) “ > 0 > 1 + ax, and there is nothing to prove. Hence we will assume 
that ax > -1 .By the first part of the theorem, since 0 < — < 1, 


(1 + ax) lla < 


1 

1 H ax - 1 + x 

a 


1 + ax < (1 + x)“, 


with equality only ifx = 0. The theorem has been proved for a > 1. 


Inequalities Obtained by Continuity Arguments 


Finally, let a < 0. Again, if l + ax < 0, then obviously (1 + x)“ > 0 > 1 + ax, and there is nothing to prove. Assume 
thus ax > — 1. Choose a strictly positive integer n satisfying 0 < - a < n. Now, 

a 2 , / a \ ( a \ 1 a 

1 > 1 7 x 2 =1 X 1 + —X => — > 1 + —X, 

n £ V ra M n > j _ “ n 

n 

and so by the first pat of the theorem 


(l + x)-“ /n <l--x 


(l + x) a/n > 


1 


a 

1 x 

n 


(l + x) a/ "> 1 + -X 

n 

/v ( oc \ n 

(l + x)“>[l + — xj , 


( Of \ n OC 

1h — x > 1 + n — x = 1 + ax and so (1 + x)“ > 1 + ax also when a < 0. This 
n > n 

finishes the proof of the theorem. □ 

312 Theorem (Monotonicity of Power Means) Let a\,a 2 ,...,a n be strictly positive real numbers and let (a, /l) e IR 2 be such 
that a ■ p f 0 and a< p. Then 


+ ' ' ' + a n 


1/a 


6 6 
+ #2 “I" ’ ’ ’ "I" 




i ip 


with equality if and only is a\ — a2 = ■ ■ ■ — a n . 


Proof: Assume first thatO < a < p. Putc a - 


cp_ 

c a 


Ol) P 
C, 


a? + a!f + --- + <' 1/a 

n 

p\ v p 


and d k = [ — ] . Observe that 
C n 


+l d + + 




and that 


di + d 2 + - + d„] lla _ 1 fa“ + a“ + ••• + «“ ' 1/a 
Ca 


— 1 d\ + dz + • • • + dfi — n» 


Put dk = 1 + Xfr. Then x\ + xz H v x n = 0. By Theorem 311, 


d pla = {l + x k ) p,a >l + -x k . 

iv rv 


a 


Letting k run from 1 through n and adding, 

,/3/a ,/3/a , ,/3/a , P , , , , . 

a, + dT H h d„ > n h — (xi + xz H 1- x n ) = n. 

a 

Hence 


d pla + d pla + --+d? l la 


> i 


C A 

Ca 


>i, 


proving the theorem when 0 < a < p. 


(5.1) 


B M, + An 

If a < p < 0, then 0 < — < 1. The inequality in (5.1) is reversed, giving 

p< 0, 


,/3/a ,/3/a ,/3/a 

d r + rfT + ••■ + d„ 


a 


< 1, and since 


C ± 

c a 


'd p,a +dj! ,a +-+d p,a ^ lf> 


> i vp =i, 
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proving the theorem when a < p<0. 

Finally, we tackle the case a < 0 < j6. By the AM-GM Inequality, putting G- («i fl 2 ' (in) 11 " 

, , ci? + a? + ■ ■ • + 

G a = (<«“ • • •<) =£ — — " • 

Raising the quantities at the extreme of the inequalities to the power -Ha and remembering that -\la > 0, we 
gather that 




In a similar manner, 


and 


< G. 


n 


G < 


t P P P\ llp 

a[ + «2 + ’ ’ ’ + «« ' 


since /3 > 0. This finishes the proof □ 


313 Lemma Let a, a,x be real numbers with a > 1, a > 0, and x > 0. Then 

• a\ a ha- 1) 


x — ax > (1 - 


(1 -«>(-) 


Proof: By Theorem 311, since a > 1, 

(1 + z)“ > 1 + az, z>-l, 
with equality only is z- 0. Putting z = 1 + y, 

y a > l + a(y-l) y“-ay>l-a, y>0, 

with equality only ify — 1 . Let c > 0 be a constant. Multiplying the above inequality by c a we obtain 

(cy)“-ac“ -1 (cy)>(l-a)c“, for y>0. 


Putting x - cy and a = ac a 1 , we get 


x — ax > (1 - 




a -,a/(a-l) 


with equality if and only ifx — c — j 


a\aKa- 1 ) 

a ) 


11 , 

314 Theorem (Young’s Inequality) Let p > 1 and put — + — = 1. Then for (x,y) e ([0;+oo[) we have 

P PI 

X P y q 

xy < — + — . 

P PI 


Proof: Put a - p, a - py in Lemma 313, obtaining 

[ nv\P l( P~ l) 

X p - lpy)x > (1 -p) j = (1 - p)yP { P~ l) . 

1 p- 1 p p 

Now, — => q = and p - 1 = — . Hence 

q p p- 1 q 

X P-{py)x>a-p)yP n P~ 1) => (1 - p)y p/(p_1) > ~ — y q , 

q 

and rearranging gives the result sought. □ 


Inequalities Obtained by Continuity Arguments 


We now derive a generalisation of the Cauchy-Bunyakovsky-Schwarz Inequality. 


315 Theorem (Holder Inequality) Let Xj,y k , 1 < j,lc< n, be real numbers. Let p > 1 and put — + — = 1. Then 

p n 


E x kyk 

k= 1 


n \ V P I n 

E i**i p E I y<c\ q 

,k= 1 \k= 1 


l/<? 


Proof: If either E l^fcl p = 0 or E | yk | ^ = 0 there z'.s' nothing to prove, so assume otherwise. From Young’s 

k= 1 fc=l 

Inequality we have 

l*fcl lyfcl |jgfcl p f lyfel* 7 

dLii^i p ) 1/p " tfc=i | ** |p )p esuwv 

Adding, we deduce 


E 


1^1 


lyfcl 


1 i* i^ g. 13 * 1 * 


fc =i(I»_ 1 |x fc |P) 1/p (I»_ 1 | yfc |‘») 1/ ' ? ~ (Z2 =1 l^l p )Pfc=i dLil^n^^r 

zLtW p (iLtlytH? 

(Z2 = il^fcl p )p + dLilyfcHtf 

1 1 

p hi 


This gives 


= 1. 


n n \ ll P I n 

Y,\x k y k \< E i*fci p E lyfcT 

fc=l \.fc=l yfc— 1 , 


!/(/ 


The result follows by observing that 


E x fcyfc 

fc=i 


n « \ l 'P ( n 

^El^yfcl^ E l^l p E l^r 

Ic~ 1 \A:=1 \fc=l / 


!/<? 


□ 


Finally, we derive a generalisation of Minkowski’s Inequality. 

316 Theorem (Generalised Minkowski Inequality) Let p e]l;+oo[. Let Xj,y k , 1 < j,k < n, be real numbers. Then the fol- 
lowing inequality holds 


n 

1 

1/p 

( n 

1 

1/p 

( n 


E |*fc+yfc| p 

< 

E \ x k\ P 

+ 

E W p 

,k=l 



,fc=l 



,fc=t 



Proof: From the triangle inequality for real numbers 

I x k + yjtl p = \x k + y k \\x k + y k | p_1 < (|x fc | + |y fe |) |x fc + y fc l p_1 . 

Adding 

E i*fc+yfci p ^ E i^fcii^fc + yfci p_1 + E ly/di-^fc + yjti p_1 - 

fc=i fc=t fc=t 



(5.2) 
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By the Holder Inequality 


Y,\x k \\x k + y k \P 1 < 

fc= 1 


\ l 'P t n 


E l x fcl p El x fc + y/d p 9 

Vfc=i \fc=i 

« ) 1/ P/' n \ 1/( ? 

E l*fcl p El x fc + y/tl p 

Vfc=i \fc=i 


llq 


In the same manner we deduce 


\ l 'P ( n 


E iyfcii*fc+yti p ’s E W p Ek+^r 

t=i \fc=i \.fc=i 


llq 


Hence (5.2) gives 


k= 1 


\fc-i 


Up 


El^ + y fc l p == E l x tl p El^nf + E |y*l* El x fc + yt| p 


L fc=i 


i/<7 


Vfc=i 


llq 


n 

up 

i « 

t/p, 

n 

E \ x k\ P 

+ 

E 


E l*fc+yjt| p 

U-i 


U-i 

i 

\fc=t 


\k= 1 
l/<? 


1/fl 


(5.3) 


(5.4) 


from where we deduce the result. □ 

Homework 


Problem 5.8.1 Prove that if a > 0 and n > 0 an integer then 

n 1+a -(n- 1) 1+ “ „ (ii+l) 1+a -u 1+a 

<n < . 

1 + a 1 + a 

5.9 Intermediate Value Property 

317 Theorem (Intermediate Value Theorem) Let I 0$ and let ( a,b ) e I 2 . Let / : I — <• M be a continuous function such that 
f{a)<f{b). Then / attains every intermediate value between f(a) and f{h), that is, 

Vte [/(a) ;/(fo)],3ce I, such that 

Proof: Suppose on the contrary that there is ate [/(«);/(«] such that for all ce I, f{c ) f t. Hence f (a) <t< 
fib) . Assume, without loss of generality, that a< b. Consider the sets 

U = j - oo;a[u|;ce [a ;fo] : fix) < f J- = ] - oo ;a[ u / _1 1] -oo;f[n]a;&[j, 

and 

V — ] b ;+oo[ u |jc e \a ;fo] : fix) > f j = J b;+oo [u/- 1 (]t;+oo[n]a;fo[). 

Then U, V are open sets ofU by virtue of Theorem 284. But then U—UuV and Ur\V-0,Uf0,Vf0, 
contradicting the fact that K is connected. Thus there must exist a c such thatfic) — t. □ 


Deduce that 


lim 

71— >+00 


1 “ + 2 “ + • 


A+a 


1 + a 


31 8 Corollary A continuous function defined on an interval maps that interval into an interval. 


Proof: This follows at once from the Intermediate Value Theorem and the definition of an interval. □ 

319 Theorem (Bolzano’s Theorem) If / : [it ;p] — DS is continuous and fiu)f(v) < 0, then there is a w e ] it ; v [ such that 
f(u>) = 0. 


Intermediate Value Property 


Proof: This follows at once from the Intermediate Value Theorem by putting a = min (/(it), /(i/)) < 0 and 

b — max(/(w),/(ifi) > 0 . □ 

320 Corollary Every polynomial p(x) e K(jc] with real coefficients and odd degree has at least one real root. 

Proof: Let p(x) - ao + a\x+ a^x 2 4 f a n x" , with a„ f 0 and n odd. Since p has odd degree, lim p(x) = 

(-oo) signum (a„) and lim p(x) = (+oo) signum («„), which are of opposite sign. The polynomial must then 
attain positive and negative values and between values of opposite sign, it will have a real root. □ 

321 Corollary If / is continuous at the point a and fla) / 0, then there is a neighbourhood of a where fix) has the same 
sign as f(a). 


|/(«)| 


Proof: Take e - — ^ > 0 in the definition of continuity. There is aS> 0 such that 

|/(«)| 


2 

| jc — a\ < 5 => |/(x) - f la ) | < 
from where the result follows. □ 


fla) — 1 < fix) < fla) + —— — , 


322 Theorem A continuous function defined on a compact set maps that compact set into a compact set. 

Proof: Let f:X — ► IK be continuous and X g K compact. I.et { y n } gflX) bean infinite sequence of f (X) . 
There are x n e X such that x„ — fly,,)- Since {x n }^f ^ g X is an infinite sequence ofX and X is compact, it has a 
convergent subsequence in X, say, with x„ k xe X, by virtue of Theorem 143. Since f is continuous 

x,i k — x => flx„ k ) — fix). 

Clearly fix) e flX). Thus the arbitrary sequence \y n \^ x 1= flX) has the convergent subsequence {yn*}^ in 
flX), and one more appeal to Theorem 143 proves compactness. □ 

323 Theorem (Weierstrass Theorem) A continuous function / : — <■ IK attains a maximum and a minimum on 

Proof: By Theorem 322, /( [ a ; foj ) is compact, and so, by the Heine-Borel Theorem, it is closed and bounded. 

Thus there exists lm, M) e R 2 such that m - inf fix) and M - sup fix). We must prove that these are 

jce [ « ;*1 

attained in | a ;f?|, i.e., that there exist p e | a ; fi | and p! e [a ;fo| such that f Ip) = m and flp!) - M. By 
the Approximation Property of the Infimum and the Supremum, we may find sequences {m„lj” g [« ;fo] , and 
^ \a ;fo] such that m < m„ and m n — ► m, and also, M n < M, and M n — *• M as n — >■ 4-oo. By the In- 
termediate Value Theorem, there exist p n e \a ;fo] and p n e \a ;fo] such that m n — flp„) and M n = flp' n ). By 
the compactness of [a ; foj the sequences {pn}^i = | a ; b\ and {p',,}^ g [a;fo] have convergent subsequences 

[«;*] and | p'„ k | g [ a ; foj such thatp„ k — <• p e [ a ; fo] and p' llk — ► p! e [ a ; ft] . By continuity and 

the uniqueness of limits, 


Pn k - P => m„ k = flp„ k ) - m = flp), and p\ lk - p' => M„ k - flp'„ k ) - M = flp'), 
and so f attains both extrema in \a ; b\ .□ 


324 Theorem (Fixed Point Theorem) Let / : — * ya ;foj be continuous. Then / has a fixed point, that is, there is 

ce \a ;b\ such that /(c) = c. 
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Proof: If either f [a) — a or f{b) = b we are done. Assume then that f {a) > a and fib) < b. Putgix) — fix)-x. 
Theng is continuous, gia) > 0 and gib) < 0. By Bolzano’s Theorem, there must be a c e J a such thatgic) — 0, 
that is, fic) - c - 0, finishing the proof. □ 

Homework 


Problem 5.9.1 Let pix),qix) be polynomials with real coefficients 
such that 

o 

pi x +x + 1) = pix)qix). 

Prove that p must have even degree. 


Problem 5.9.2 A function f defined overall real numbers is contin- 
uous and for all real x satisfies 

[m)[if°f)ix)) = i. 

Given thatfilOOO) = 999, find f)500). 


Problem 5.9.7 Let I be a closed and bounded interval on the line 
and let f be continuous on I. Suppose that for each x e I, there ex- 
ists ay el such that 

|/(y)|<i|/(x)|. 

Prove the existence of a tel such that fit) = 0. 


Problem 5.9.8 Find all continuous functions that satisfy the func- 
tional equation 


fix)+fiy) = f 


x + y ) 

l-xy) 


Problem 5.9.3 Let f : R — 0? be a continuous function such that 

lim fix) = 0 = lim f lx) . If f is strictly negative somewhere on 
x—< ►— oo x — * +oo 

0? then f attains a finite absolute minimum on R. Iff is strictly pos- 
itive somewhere on R then f attains a finite absolu te maximum on 
U. 


for all-1 < x,y < 1. 

Problem 5.9.9 (Putnam 1947) A real valued continuous function 
satisfies for all realx,y the functional equation 

fl\Jx 2 + y 2 ) = fix) fly). 


Problem 5.9.4 Let / : |o ;l| — » |0 ;lj be continuous. Prove that 
there isnoce [ 0 ; 1 ] such that f~ 1 ({c}) has exactly two elements. 

Problem 5.9.5 Let f,g be continuous functions from [o ;l] to 
[o ;l] such that 

Vx e [o ; 1 j f(g(x)) = gif lx)). 

Prove that f and g have a common fixed point in 0 ; 1 . 


Prove that fix) = ifix)) x . 

Problem 5.9.10 Suppose that f : 1 0 ; lj — > [o ;l] is continuous. 
Prove that there is a number c in [o ; l] such that fic) = 1 - c. 

Problem 5.9.11 (Universal Chord Theorem) Suppose that f is a 
continuous function of [o ;l] and that /( 0) = /( 1). Let n be a 

strictly positive integer. Prove that there is some number x e jo ; l] 
such that fix) = fix + 1 In). 


Problem 5.9.6 A continuous function / : R — ► R satisfies 
Vxe R fix + fix)) =/(x). 

Prove that f is constant. 


Problem 5.9.12 Under the same conditions of problems 5.9.11 
prove that there are no universal chords of length a,0 < a < l,a f- 

1 In. 


5.10 Variation of a Function and Uniform Continuity 

325 Definition A partition S? of the interval | rt ; b | is any finite set of points xo,xi,...,x n such that 

a - xq < xi < ■ ■ ■ < x n - b. 

A partition of [a ;bj is said to be finer than the partition & if Q . 

326 Definition The mesh or norm of & is 

M = max \x k -x k -i\. 

ii ii t <fc<« 


Iff? Q 3A' then clearly 1 1 ^ 2,, j j < 1 1 | , since the finer partition has probably more points which will make the corre- 

sponding subintervals smaller. 



Variation of a Function and Uniform Continuity 


327 Definition Let / be a bounded function on an interval and let / C | a ; /» | be a subinterval. The oscillation off 

on I is defined and denoted by 

u)(f, I) - sup/(x) - inf/(x). 

j tel 


328Theorem Let/: | a ; 5 1 — ► K be a continuous function. Given e> 0 there exists a partition of y a ; by into a finite number 
of subintervals of equal length such that the oscillation of / on each of these subintervals is at most e. 


Proof: Let P e mean the following: there is an e > 0 such that for all partitions of y a ; by into a finite number 
of intervals of equal length, the oscillation off is > e. By bisecting [a ; foj , at least one of the halves must have 
property P E , say [aj j . If j a ; 5 j we to have property P £ , then by bisecting | a\ ;bi\, at least one of the halves 

must have property P E , say j «2 562 ] • Continuing in this way we have constructed a sequence of imbricated 
intervals 

[a;fo] 2 [«i;*i] i [ « 2 ; ^ 2 ] 2---2 [««;&«] i--- 
r ] b— a 

where the length of\ a n ;b n is b„ - a n = > 0 as n —► + 00 . By the Cantor Intersection Theorem, there is a 

L J 2, n 

point c e n «»;*» . Moreover, we have a>(f, a„ ; b n ) > e. Since ce \ a ; b \ , f is continuous at c. Hence there 

n= 1 L J L J L J 

is a5> 0 such that 

xe ]c-5;c + d[ => |/(x)-/(c)| < | 

. Taking (x', x") e j c - 5 ; c + S [ we have 

|/(x')-/(x")| < |/(x')-/(c)| + |/(c)-/(x")| <£, 


whence 


o)(f, n c-5;c+5 )<e, 


Now, if there was an e > 0 such that for all partitions of | a ; foj into a finite number of intervals of equal length, 

the oscillation off is > e, then by taking n large enough above we could find one of the | a„ ; b„ j completely 
inside one of the subintervals of the partition. By the above, the oscillation there would be< e, a contradiction. □ 


329 Theorem Let / : ya ;fo| R be a continuous function. Given e > 0 there exists a 8 > 0 such that on any subinterval 
I Q \a ; b\ having length < 5 the oscillation of / on / is < e. 


b— a 

Proof: Let 8 . By Theorem 328 we may choose n so large that the oscillation off on each of 


a",(i + 8\, fl + 5 jfl + 28 L ... , \a+(n-l)8 ;b\, 


(5.5) 


is < —. Let 1 2 I a ; b be any subinterval of length < 8 and letx' e I be the point where f achieves its largest value 


and x " e I be the point where f achieves its smallest value. Then x' and x" either belong to the same interval in 

£ 

5.5 — in which case\f(x') - f(x")\ < or since I has length smaller than 8 , to two consecutive subintervals 


In this case 


a + (j - 1)5 ;a + js],[ £i + j8 5 <1 + ( j + 1)5]. 


/(x')-/(x") = (fix') - f(a + jS)) + (/(« + 7 5) - fix")) < | + | = £. 



The theorem now follows.d 
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330 Definition A function / is said to be uniformly continuous on if Me > 0 there exists 8 > 0 depending only on e 

such that for any {u, v) e [ a ; &J , 

\u-v\<8 => \f[u)-f{v)\<E. 

331 Theorem If/:[a;fo| — ► R is continuous, then / is uniformly continuous. 

Proof: This follows from Theorem 329. □ 

332 Theorem (Heine’s Theorem) If / : X — ► IR is continuous andX is compact, then / is uniformly continuous. 

Proof: This follows from Theorem 331. □ 

333 Theorem Let / be an increasing function on an open interval ] a Then, for any x satisfying a< x< b, 

sup /(f) = fix-) < fix) < inf /(f) = fix+). 

Moreover, if a < x < y < b, then fix+) < fiy~). 

Proof: The set {fit) : a < u < x) is bounded above by fix) and hence it has a supremum sup fit) -A and 

fej a 

clearly A < fix) as f is increasing. Let us shew that A - fix-). By the Approximation Property of the Supremum, 
there is 8 > 0 such that a< x- 8 < x and A - £ < fix - 8) < A. But as f is increasing, 

x- 8 < t < x => fix -8) < fit) < A ==> |/(x) - A| , 

whence fix-) — A. 

A similar reasoning gives inf fit) - f{x+). 

tel* 

Now, if a < x < y < b, then by what has already been proved we obtain 

fix+) = inf fit) = inf fit), 

x<t<b x<t<y 

again, remembering that f is increasing. Similarly, 

fiy-) = sup fit) = inf /(f), 

a<t<y x<t<y 

from where fix+) < fiy—). □ 

334Theorem Let / be an increasing function defined on the interval [a;fo] and let 

fl=JCo<Xi < X 2 < ■ ■ ■ < x n - b 

be n + 1 points partitioning the interval. Then 


n - 1 

E (/( x fc+) - /(*Jfc-)) £ fib) - /(«)• 

t=l 



Variation of a Function and Uniform Continuity 


Proof: Let yj c e J x k ; x k+ i 1 . For 1 < k < n - 1 , by Theorem ??, 

f(x k +)<f(y k ) and f(y k -i) < f(x k ~) => f{x k +) -f(x k ~) < f(y k ) -/(y fc _i). 

Adding, 

Y [f( x k+)-f(x k -))< Y lf(yk)-f(yk-i)) =/(y«-i)-/(yo). 

fc=i *:=i 

The proof is completed upon noticing that f(y n -i) - fiyo ) £ f[b) - f{a) . □ 


335 Theorem Let / : | a ;fo| — <• K be a monotone function, Then the set of points of discontinuity of / is either finite or 
countable. 


Proof: Assume f is increasing, for iff were decreasing, we may apply the same argument to -f. Let m > 0 he 
an integer, and let 

SA m = |xe ]«;&[ :f(x+)-f(x~) > -^-l. 

Ifx i < X 2 < ■ ■ ■ < x n are in -9' m then by Theorem 334, 


— </(&)-/(«), 


which implies that SA m is a finite set. The set of discontinuities of f in a ;b\ is [J -9' m , the countable union of 

L J m= 1 

finite sets, and hence it is countable. □ 


336 Definition Let / be a function defined on the interval | a ; foj and let 

fl=JCo<Xi < X 2 < ■ ■ ■ < x n - b 

be n + 1 points partitioning the interval. If there exists V > 0 such that 

Y \ f(Xk)-ftXk-i)\<V 

k= 1 


for all partitions of \a ; b , the we say that / is of bounded variation on\a;b\. 


337 Theorem If / is monotonic on \a ;b , then / is bounded variation on \a ;b . 


Proof: Let 

be any partition of \a ; b . Then 


fl=JCo<Xi <X 2 < ■ ■ ■ < x n - b 


Y \f( x k)-f(x k -i)\ =max(/(b)-/(fl) > /(ffl)-/(fe)), 


n= 1 


the first choice occurring when f is increasing and the second when f is decreasing. Then V = \f[b) - f(a)\ 
satisfies the definition of bounded variation for an arbitrary partition. □ 

338 Theorem If / is of bounded variation on \a ;b\ then / is bounded on \a ;fo . 


Proof: Let x e J a ; b | and consider the partition a< x < b of ^a;b J . Since f is of bounded variation there is a 
V > 0 such that 

\f(a)-nx)\ + \f{x)-f(b)\<V. 

But then 

|/(*)| £ |/(x)-/(«)| + < V+ |/(«)|. 

and so f is bounded by the constant quantity V + | . □ 



Chapter 5 


Homework 

Problem 5.10.1 Shew that J 0 ;+oo [ — > J 0 ;+oo j, x« x 2 , isnotuni- | formly continuous. 

5.11 Classical Limits 

339 -EMMA If 0 < x < 1 then 

exp(x) - 1 

1 < — < l + x(e-2). 


If - i < x < 0 then 

2 


exp(x) - 1 x 

l + x< F < 1+ -. 

x 4 


Proof: 

Since 


( x \ n 

[1+-J < exp(x) forn> -x by Proposition 301, we have 1 + x < exp(x) for all x > -1. Now, for n > 2 and 


0 < x < 1, 


t x\» 

n 

X 

n 

x 2 

n 

( 1+ J = 1+ 


— + 
n 

2 j 

— + 

n £ 



I (1 


21 \ n 
1 1 


■ + ■■• + 


1 1 1 


In' 


\ n ) 


n 3 ! n 


1 


x 
rP 

n [ n 


n\ \ n 


n \ n 


n — \ 


„n-2 


< 1+X+X I 1 h 

V 2! 3! n\ 

< l + x+x 2 (e-2), 

upon using Theorem 180. This proves the first set of inequalities. 

x 2 / x\ 2 1 

Forx > -2, l + x+ — ~[l + 2 J — exp(x) by Proposition 301. Now we assume that- — < x < 0. Av before, 

I x \ n 

( 1+ J 


= 1+x+x 


2! In 


1\ 1(1 

1 -- + 


n 3! \ n 


n \ n 


1 x + •••+■ 


1 (1 


n\ \ n 


1 - - 
nl \ n 


1- 


n-1 


„n- 2 


Since x k < 0 for odd k and x k < — for even k we may delete the odd terms from the dextral side and so 


1 + 


x\ n 


1 ( 1 


1 


n) ~ 1 + Ar + ^l-l-jl 1 --] + °+... + — l-jl 1 --jM--J---l 1 -^ r ^U 2fc +- 


2! in 

nil 1 

< 1+AJ + X 1 » + * * * 

{ 2 2 2 

< 1 + x + x 2 . 


On taking limits exp(x) < 1 + x+x 2 for — < x < 0. Thus we have 


— < x < 0 ==> 1 + x H < exp(x) < 1 + x + x 

2 4 F 

since division by negative x reverses the sense of the inequalities. □ 


, exp(x) - 1 

340 Theorem hm = 1. 

x — *0 X 


exp(x) - 1 x 

l + x< F < 1+ 

x 4 




X 


Classical Limits 


exp(x) - 1 exp(x) - 1 

Proof: We prove that lim = 1 and that lim = 1. Let us start with the first assertion. For 

x^o+ x x— 0 - x 

0 < x < 1 we have, by the Sandwich Theorem, and Lemma 339, 

exp (a:) - 1 exp(x) - 1 

1< F < 1 + x(e - 2) => lim 1 = 1, 

X x— 0+ X 

proving the first assertion. 

For — < x < 0 we have, by the Sandwich Theorem and Lemma 339, 


xf x exp(x) - 1 

1 + X H < exp(x) < 1 + X + X => 1 H — < 

4 4 x 


< 1 + x => lim 


exp(x) - 1 


x— 0- X 


= 1 , 


proving the second assertion. □ 
341 Lemma For0<x<l, 


x(e-2) < log(l + x) < 
1 + x x 


and for — < x < 0, 

2 


log(l + x) X 

l<— ^-< 1 - 


1 + X 


Proof: Since x >-► log(l + x) is strictly increasing, we have by Lemma 339 for 0 < x < 1, 

1 + x < exp(x) < 1 + x+ x 2 (e- 2) ==> log(l + x) < x < log(l + x + x 2 (e-2)). 
Notice that we have established that log{l + x) < x for 0 < x < 1. Now 


? , x 2 {e-2)\ I x 2 (e- 2) 

log(l + x + x 2 (e- 2)) = log(l + x) 1 h = log(l + x) + 1 + 


1 + X 


1 + X 


Since for x> 0, x ^ 
0 < y < 1 with y = 


1 + x 


is strictly increasing, 


x 2 (e-2) e-2 

— j < < IforO < x < 1. Thus we may nselog(l + y) < y, 


x (e-2) 
1 + x 


obtaining 


x 2 (e-2)\ x 2 (e-2) 

log 1 H < . 

1+X j 1+X 


Hence 


In conclusion, 


2 x 2 (e-2) 

x < log(l + x+ x (e- 2)) < log(l + x) H . 

1 + x 


x 2 (e-2) x(e-2) log(l + x) 

0 < X < 1 => log(l + x) < X < log(l + x) H 7 => 1 7 < < 1. 


1 + x 


1 + x 


Similarly, for — < x< 0, by Lemma 339, 


1 + x + — < exp(x) < 1 + x + x log ll + x+ — ]<x< log(l + x + x ). 


Since x ^ log(l + x) is increasing, plainly 


log(l + x) < log|l + X+ — j < X. 
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1 xf 1 

Now observe that — < x < 0 => 0 < < - < 1 and so 

2 1 + x 2 


log(l + X + xf) = log(l + x) + log 1 + 


1 + X 


< log(l + x) + 


1 + X 


X < log(l + x) + 


1 + X 


In conclusion, 


1 

- — < X < 0 => log(l + X) < X < log(l + x) + 


log(l + X) X 

1 < — -< 1 - 


1 + X 


since division by negative x reverses the sense of the inequalities. □ 


, log(l + x) - X 

342 Theorem hm = 0. 

x— o x 


Proof: By Lemma 341, for 0 < x < 1, 

x(e-2) log(l + x) log(l + x) 

1 < < 1 => lim = 1, 

1 + x x x—*o+ x 

by the Sandwich Theorem. Again, by Lemma 341 and the Sandwich Theorem, 


1 log(l + x) X 

< X < 0 => 1 < — ^<1 : 

2 x 1 + x x— o- 


log(l + x) 

lim = 1. 


Combining both results, the theorem follows LI 



Figure 5.1: Theorem 344. 


343 Theorem If a e R, then lim 

x — >0 


(l + x) fl -l 


a. 


Proof: This is evident for a = 0. Assume now af 0. Since x *-» exp(x) is continuous and since alog(l + x) — > ■ 0 as 
x — *■ 0, by Theorems 340 and 342, 


(l + x) fl -l 

lim 

x— 0 X 


exp(fllog(l + x)) - 1 log(l + x) 

= a lim lim 

x— 0 fllog(l + x) x— 0 X 


= a ■ 1 • 1 = a. 


□ 


sin ft 

344 Theorem lim = 1. 

e—o 0 



Classical Limits 


Proof: 

1 . 


We first prove that lim 


sin ft 
0 


— 1. Since 0 


sin ft 
0 


is an even function it will also follow that lim 


sinft 

0 


Assume 0 < 0 < — and consider A OAB right-angled at A, with OA = 1 and ZB OA - 0. C is the point where line 
OB meets the unit circle with centre at O and D is its perpendicular projection. The area of AO AC is smaller 
than the area of the circular sector O AC , which is smaller than the area of AO AB . Hence 


— sin0 < — < - tan0 
2 2 2 


1 sin0 
COS0 0 


lim 

0 — 0 + 


sin0 

0 


= 1 


by the Sandwich Theorem, proving the theorem.d 





Chapter 6 

Differentiable Functions 


6. 1 Derivative at a Point 

345 Definition Let I be an interval, ae /, and / : / — <■ R. We say that / is differentiable at a if the limit 

/(■*)-/(«) .. f(a+h)-f{a ) 

Iim = Iim 

« x-a ft— o h 

, d/ 

exists and is finite. In such a case we denote this limit by / (a), Df{a), or — — ( a ) and we call this quantity the derivative of 

ax 

f at a. 

346 Definition Let I be an interval, ae i, and / : I —• RL If 

/(*)-/(«) .. f{a+h) - f [a) 

lim = Iim 

x—a+ x-a ft— o+ h 

exists and is finite we say that / is differentiable at a on the right and write f'_ ( a ) for this limit. If 

f{x)-f{a) f(a+h)-f(a) 

lim = lun 

x—a- x-a ft— o- h 

exists and is finite we say that / is differentiable at a on the left and write f'_ (a) for this limit. 


347 Theorem Let / be an interval, ae I, and / : / — ► R. Then / is differentiable at a if and only if both /+ (a) and /_ (a) exist 
and are equal. In this case /+ ( a ) = f (a) = /_ {a). 


Proof: Obvious. □ 

348 Theorem Let I be an interval, ae I, and / : / — > • IK. If / is differentiable at a then it is continuous at a. 


Proof: We have 


lim/(fl+ h) - f(a) = lim 

h — * 0 h — * 0 


f(a+ h) - f(a) 


h = \ lim 

h—> 0 


f[a+ h ) - f(a) 
h 


lim h \ — f' [a) ■ 0 = 0. 
ft— o 


Thus lim f(_a+h)-f[a)- 0 => lim f(a+h) = f(a) and so f is continuous. □ 
ft— o ft— o 


349 Theorem Let [R be an interval. If /: / — US is identically constant, then /'(/) = 0. 


o f(x)—f(c) K~K 

Proof: Assume that f(l) - K, a constant. Let cel. Then f' (c) = lim = lim = 0. Ifc is an 

x—c x-c x—c x-c 

endpoint of I, then the argument is modified to be either the left or right derivative. □ 


Homework 


109 


Differentiation Rules 


Problem 6.1.1 Letf:M—>M, 

1 x + 1 if x £ Q 
2- x if x e R \ (Q> 

Prove that f is nowhere differentiable. 


Problem 6.1.2 Let f : 0? — * R, x —>■ | x\ . Prove that f is not differen- 
tiable at x = 0 and that for x f 0, f'(x) = signum(x). 


Problem 6.1.3 Let f : (R — > • R, x x|x|. Determine whether f (0) 
exists. 


6.2 Differentiation Rules 


350 Theorem Let / be an interval, a e I, A e IR a constant, and /, then,g : / — ► R. If / and g are differentiable at a then 

1 . (Linearity Rule) / + Ag is differentiable at a and (/ + Ag) ' (a) = /' (a) + A g' ( a ) 

2. (Product Rule) fg is differentiable at a and (f g)’ (a) = f' (a) g(a) + f(a)g\a) 


3. if g(a) f 0, — is differentiable at a and — (a) - - 


8 


g'(«) 


(g(fl)r 


f : 


4. (Quotient Rule) if g(a ) f 0, — is differentiable at a and [ — ] ( a ) 


f\ , , f{a)g{a)-f[a)g'{a ) 

i) ln,= <i<^ 


Proof: 


1. This follows by the linearity of limits. 

2. We have 


(/g)'(«) 


as desired. 
3. We have 


as desired. 

4. Using (2) and (3), 


lim h) ~ 

h 

g(a+h) (f(a +h)~ f(a)) + f(a) (g(a +h)~ g(a)) 

lim 

h 

,. , , ,,,. (/(«+/!)-/(«)) ,,. (f (g(a+ Ji)-g(a)) 

hm g(a+ h ) lim 1 - lim f(a) urn 

ft— o h^o h /i— o ft— o h 


g(a)f'(a) + f{a)g'(a), 



1 1 

gla+h) g(fl) 

lim 

h^O h 

g(fl)- g(a + h) 

g[a+ h)g(a) 

lim 

/l— o h 


h-> o h 


h-* o g(a + h)g(a) 


g'(«) 

g(a) 2 ’ 


1 


g(fl)g(ti) 


(a) - /'(«) |^| (a) + /(a) («) 

/'(«) _ /(fl)g'(fl) 
g(a) g(a) 2 
/'(fl)g(a)- /(a)g'(a) 



(g(a)) 2 
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as desired. 


□ 

351 Theorem (Chain Rule) Let I,J be intervals of R, with a e I. Let / : / — R and g : / — R be such that /(/) Q J. If / is 
differentiable at a and g is differentiable at fia), then go/ is differentiable at a and (go/)' = g' (f (a)) f' {a) . 


Proof: Putb = f (a), and 


giy)- gib) 


(p{y) = < 


ify^b 


y-b 

g'ib) ify-b 


Since g is differentiable at b, ip is continuous at y-b. Now, for xf a, 

g(fW)-gifia)) fix) -fia) 

= <p(f(x )) . 

x- a x- a 

(If fix) f fia) this follows directly from the definition oftp . If fix) - fia), both sides of the equality areO.) 
By the continuity off at a and ofcp at b, 

lim tpifix)) = ipifia)) = g'ifia)), 


whence 


, 4^1 f , i- g(fM)- gifia)) 

ig°f)(a) = lim 

x^a x- a 


lim tpifix)) 


fix)- fia) 


x- a 


= g'ifia))fia), 


as desired. 

□ 


352 Theorem (Inverse Function Rule) Let I be an interval of R, with ae I. Let /:/-<■ R be strictly monotonic and contin- 
uous over I. If / is differentiable at a and f' ia) f 0, then the inverse /“ 1 : /(/) — »■ R is differentiable at fia) and 


if-'Yifia)) 


1 

fia)' 


Proof: Putb = fia). Observe that lim / 1 iy) - a, and by the composition rule for limits, 

y-b 

lim r ' W ~ /1|l,l =llm 

y-b y-a y^bfif x iy))-a fia) 

proving the theorem. □ 

Once it is known that if -1 )' exists, we may proceed as follows. Since / -1 ifix)) = x, differentiating on both sides, using 
the Chain Rule on the sinistral side, 

if~ 1 Yifix))f'ix) = l, 

from where the result follows. 

353 Definition Let / be an interval of R. Let / : / — ► R be differentiable at every point of I. The function f : I — ■ R, x fix) 
is called the derivative function or derivative of the function /. 


354 Theorem Let n > 0 be an integer. Let / : R — > • R, x <—■ x" . Then / is everywhere differentiable and /' : R — ► R is given by 



Differentiation Rules 


Proof: Assume first n is strictly positive. By Theorem 55, 


lim 

x^a x-a 


( x-a)(x" 1 + ax n 2 + a 2 x n 3 + — ha" 2 x+a n *) 

lim 

x^a x-a 


= lim (x + ax + a x H \- a x + a ) 

x—>a 

_ 1 


Observe that this is true for all ae[ 


Ifn = 0 then f is constant, say f(x) = K for all x and so 


lj m /W-/(«)= Um j^ = 0 

x^a X-a x^a x-a 


355 Theorem Let n > 0 be an integer and / : Jo ;+oo| — « • Jo ;+oo|, x . Then /' exists everywhere in Jo ;+oo| and 

/' : 0 ; +oo — ► 0 ; +oo is given by f (a:) = - 


rtl+1 * 


Proof: We use the result above, part (3) of Theorem 350, and the Chain Rule, to get 

d 1 rax"" 1 n 


dx x n (x") 


n \ 2 yW+1 9 


and the theorem follows.d 


356 .EMMA Let q e Z, q > 0 be an integer, and / : ] 0 ;+oo| — *• ] 0 ;+oo|, x« x 1/<? . Then f exists everywhere in ] 0 ;+oo[ and 

1 r I r x 17 *- 1 

/' : 0 ;+oo — ► 0 ;+oo is given by f'(x) . 

J L J L q 


Proof: We have (/(x))' ? = x. Using the Chain Rule qf'{x)[f(x))‘ l 1 = 1. Since /(x) f 0, 


fix) = 


1 = — x 1/<?_1 . 


q(f{x)) t l 1 q{x ll l)‘l- 1 q 


357 Theorem Let r e Q and let / : J 0 ;+oo| — ► J 0 ;+oo|, x ^ x r . Then f exists everywhere in J 0 ;+oo| and f : J 0 ;+oo 
0 ; +oo is given by f' (x) = r x r ~ 1 . 


Proof: Let r = — , where a,b are integers, with b > 0. We use the Chain Rule, Lemma 356, and Theorem 355. 

b 

Then 

— x alb = — (x 17 V = a ( x llb ) a ~ l ■ - x llb ~ 1 = - x a,b ~ 1 = rx r ~\ 

dx dx b b 

proving the theorem. 

□ 


358 Theorem (Derivative of the Exponential Function) Let exp : [ 

exp' : IR — ► IS is given by x >->■ e x . 


, x i -> e x . Then exp is everywhere differentiable and 


(U2) 
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Proof: Using Theorem 340, we have, with h- x- a, 


e — e 

lim 

« x-a 


= e a lim 


= e a lim 


x^a x-a 
e h - 1 


ft— o h 


= e ■ 1 


□ 

359 Theorem (Derivative of the Logarithmic Function) Let/: ]o ;+oo| — j -oo ;+oo[, x« logx. Then /' exists everywhere 
in j 0 ; +oo | and /' : ] 0 ; +oo — ► IR \ {0} is given by f' (x) — — . 

x 

Proof: Let a > 0. Then, with h- 1, and using Theorem 342, 


lim 

X— ‘fl 


log* - log a 
x- a 


x 

log 

lim — 

a x-a 


1 

— • lim 

a x^a 


log(l+*-l) 

v a • 


x 

--1 
a 

1 log(l + h) 

— • lim 

a ft— o h 

1 

- 1 
a 

1 

a 


□ 

360 Theorem (Power Rule) Let t e R and let / : ] 0 ;+oo[ — j 0 ;+oo|, x — x l . Then /' exists everywhere in ] 0 ;+oo[ and 
f' : ] 0 ;+oo| —i • ] 0 ;+oo| is given by f'(x) - fx t_1 . 


Proof: Using the Chain Rule, 


— x f = — (exp (flog a:)) = — • (exp(flogx)) = — ■ x 1 = tx l 
dx dx x x 


□ 

361 Theorem (Derivative of sin) . Let sin : [R — <• IR, x >-► sinx. Then sin is everywhere differentiable and sin' : IR — ► IR is given 
by x^ cosx. 




Differentiation Rules 


Proof: We make a change of variables, and use Theorem 344, 


sin x - sin a 
lim 

x—a x- a 


sin(x - a + a)- sin a 
lim 

x—a x- a 

sin(x - a) cos a + cos(x - a ) sin a - sin a 
lim 

x *■ & x-a 


(cos a) lim 

x— a 


(cos a ) lim 

h-Q 


sin(x - a ) cos(x - a) - 1 

1 - (sin a) lim 

x-a x—a x-a 

sin h cos h - 1 

1 - (sin a ) lim 

h h— o h 


(cos a) ■ 1 + (sin a) lim 


cos 2 h - 1 


h — o h{cosh+ 1) 

- sin 2 h 

(cos a) ■ 1 + (sin a) lim 

h—o h{cosh+ 1) 

sin h - sin h 

(cos a) + (sin a) lim — lim 

Ji-*n h Zj—n rns w 4- 1 


= COS (l t 


and the theorem follows. □ 


362 Theorem (Derivatives of the Goniometric Functions) 


1. 

— sinx = 

dx 

d 

COSX 

xeK 

2. 

— cosx = 

dx 

d 

sinx 

o 

xeK 

71 

3. 

— tanx 

CIA 

d 

sec x 

x e R \ (2Z + 1) — 

2 

71 

4. 

— secx = 

dx 

d 

secxtanx 

xeR\ (2Z + 1) — 

2 

5. 

— cscx = 

d x 

- cscx cotx 

XEi\Z 71 

6. 

d 

— cotx 
cl A 

- esc 2 X 

XE R\ 1.71 


Proof: (1) is Theorem 361. To prove (2), observe that 


d • 1 

'71 \ 

(71 1 

cosx = — sin 

X 

= -cos X 

dx ' 

> 2 J 

1 2 j 


To prove (3), we use the Quotient Rule, 


d d sinx (cos x) (cosx) - (-sinx) (sinx) 1 2 

— tan x - — = = — - sec x. 


dx dx cosx 

To prove (4), we use once again the Quotient Rule, 


dx dx cosx 

To prove (5), observe that 


d d 1 (0) (cosx) -(- sin x)(l) sinx 

- secx = — = = — = secxtanx. 


d 1 

( 71 \ 

(71 

( l 71 1 

— sec 

X 

= - sec — 

-x tan x 

dx ' 

1 2 J 

<■ 2 

J 1 2 1 


To prove (6), observe that 

d d 

□ 


dx dx 


(71 i 

2( n \ 

X 

= - sec x 

V 2 J 

l 2 J 
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363 Definition (Higher Order Derivatives) Let I be an interval of IR and let / : / — R. For a e I we define the successive 
derivatives of / at a, inductively. Put f[a) = / <0) (a). If n > 1, 

provided / is differentiable at / tn_1) [a). 

We usually write f" instead of f^ 2 \ 


364 Theorem (Leibniz’s Rule) Let n be a positive integer. 


ifg) W = 


n 


E 


<n 

\ k , 


f 


(fc) 


gin-k) 


Proof: This is a generalisation of the Product Rule. The proof is by induction on n. For n- 0 and n - 1 the 


assertion is obvious. Assume that ( fg ) 


in) _ 


E 

fc =0 


In' 

K k ) 


ff.k) g [n-k) observe that 


(/g) 


(B+ 1) _ 


= ((/g) W )' 


E 

n 

E 

n 

E 

fc =0 


'n' 

V fc / 

n > 

\ k , 


( k ) ( n-k ) 




^)k+l) g in-k) + y(fc)g.(n-fc+l)j 


y(fc+l)g.(«-fc) + ^ 


/ ( V” +1) +E 

k=0 


n+1 

E 

fc=0 


n+l 

fc 


V /c I 


fc= o 


V fc / 


^■(fc)g(n-fc+l) 


71 

k + 1 


(fc)„(ll+l-fc) j. f(ll+l) (0) 




+r 


j?ik) g in+l-k) , 


proving the statement. 

□ 


Homework 


Problem 6.2.1 Prove that 
2 


X 2 - -l X — l X + 1 


and use this result to find the 100 th derivative of fix) ■■ 


x2-r 


Problem 6.2.2 Find the 100-th derivative ofx — x 2 sin x. 

Problem 6.2.3 Demonstrate that the polynomial p (x) e R[x| has a 
zero at x = a of multiplicity k if and only if 

pia) = p' id) -■■■— p( fc-1 *(a) = 0. 


Problem 6.2.4 Demonstrate that if for all x e R there holds the 
identity 

n n 

Y a k ix-a) k = Y b k ix-b) k , 

k = 0 fc=0 

“ n\ 

then a k = Y ■ bj ia - by 

j=k \J ) 

Problem 6.2.5 Let p be a polynomial of degree r and consider the 
polynomial F with 

Mr 


Fix) = pix) + p'ix) + p" ix) H h p' r ' (x). 


Prove that 


d(F(x)exp(-x)) 


dx 


- - exp (-x)p(x). 


O) 


Rolle’s Theorem and the Mean Value Theorem 


6.3 Rolle’s Theorem and the Mean Value Theorem 

365 Theorem (Rolle’s Theorem) Let la,b) e K 2 such that a < b, f : \a ;fej — ► K be such that / is continuous on [ a ; foj and 
differentiable in \a ;b , and f(a) = fib). Then there exists ce \a;b\ such that f' (c) — 0. 


Proof: Since f is continuous on \a ; b , by Weierstrass’ Theorem 323, 


m - inf f{x), 

M = sup 

xe^a ;hj 

xe ;hj 


exist. Ifm — M, then f is constant and so by Theorem 349, f is identically 0 and there is nothing to prove. Assume 
that in < M. Since f [a) - fib), one may not simultaneously have M — fla) and m - f la). Assume thus without 
loss of generality that M f. fla). Then there exists ce \a;b\ such thatflc) - M. Now 


c- x-c 


lim /W-/M . 0i 

c+ x-C 


whence it follows that f lc) = 0, proving the theorem. □ 


366 Theorem (Mean Value Theorem) Let la,b) e IR 2 such that a < b, f : ya ;by — IK be such that / is continuous on ya ;b 

and differentiable on 1 a ; b f . Then there exists c e ] a ; b f such that f’lc) - ^ ^ ^ . 

J L 11 b- a 


Proof: Put 



g(x)=flx)~ 


f lb) -fla) 
b- a 


Then g is continuous on y a ; by and differentiable on J a ; b y , and gla) — gib) . Since g satisfies the hypotheses of 
Rolle’s Theorem, there is c e \a;b\ such that 


i i fib) -fla) . 

g lc) = 0 => / (c)- ! =0 f lc) — 

b- a 


fib) -fla) 
b- a ’ 


proving the theoremLl 


367 Theorem If / : I — ► IK is continuous on the interval I, differentiable on I, and if Vx e I, f’ lx) = 0 then / is constant on 

I. 


Proof: Let la, b) e I 2 , a< b. By the Mean Value Theorem, there isc e J a ;b\ such that 

flb)-fla) = f'lc)lb-a) = Olb-a) => fib) - fla), 

thus any two outputs have exactly the same value and f is constant. □ 


368 Theorem If / : / — ► D? is continuous on the interval I, and differentiable on 7. Then / is increasing on 7 if and only if 
Vx e 7, /' (x) > 0 and / is decreasing on 7 if and only if Vx e 7, /' (x) < 0. 


Proof: 

=> Suppose f is increasing. Letx o e 7. Ifh^O is so small that xq + he I, then 

flx 0 + h)-flx 0 ) flx 0 + h)-flx 0 ) 

> 0 =^>- lim > 0 =- 

h h— o h 


fix o)>0. 



Iff is decreasing we apply what has just been proved to -f. 
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<= Suppose that for all x e I, f' (x) > 0. Let (a,b) e I 2 , a < b. By the Mean Value Theorem, there is c e J a ; b | 
such that 

/(fo)-/(a) = (b- a)f\c) > 0, 

and so f is increasing. If for allxe I, f (a:) < 0 we apply what we just proved to-f. 

□ 

369 Theorem If / : / — > ■ B5 is continuous on the interval I, and differentiable on I. Then / is strictly increasing on I if and 
only if Vx e /, /'(x) > 0 and the set {xe 1° : f'(x) - 0} = 0. Also, f is strictly decreasing on I if and only if Vx e I, f' (x) < 0 
and {xe 1° : f (x) = 0} = 0. 

Proof: 

==> Suppose f is strictly increasing. From Theorem 368 we know tliatV x e I, f' (x) > 0. Assume that {x e 1° : f'(x) — 0} f 
0. Then there isce {xe 1° : /'(x) = 0} ande> 0 such that j c-e ;c+f[ ^ I andMx e j c-e ;c+e [,/'(*) = 0. 

By Theorem 367, f must be constant on ] c - e ; c + e [ and so it is not strictly increasing, a contradiction. If 
f is strictly decreasing, we apply what has been proved to -f. 

<= Conversely, suppose that Vx e I, f (x) > 0. and the set {xe 1° : f'(x) — 0} = 0. From Theorem 368, f is 
increasing on I. Suppose that there exist (a, b) e I 2 , a < b such that f (a) = f(b). Since f is increasing, we 
haveVx e | a ;/;| , fix) — f(a). But then j a ^ {x e 1° : f’{x) - 0}, a contradiction, since this last set was 
assumed empty. Iff' (x) < 0 we apply what has been proved to -f. 

□ 

Homework 


Problem 6.3.1 Shew, by means ofRolle’s Theorem, that 5x 4 - 4x + 
1 = 0 has a solution in [0; 1] . 


Problem 6.3.6 Let n>lbe an integer and letf : [0; 1] — ► IR he differ- 
entiable and such that /( 0) = 0 and /( 1) = 1. Prove that there exist 
distinct points 0 < ao < «2 < " • < a n ~ i < 1 such that 


Problem 6.3.2 Let uo,a\ ...,a n be real numbers satisfying 


U\ 

a 0 h 

2 


+ 


#2 

1 H 

3 n+ 1 


= 0. 


n-l j 

£ 0 


Shew that the polynomial 

ao + fljxt h a n x n 

has a root in ] 0 ; 1 [ . 

Problem 6.3.3 Let a, b, c be three functions such that a' = h, b' = c, 
and c = a. Prove that the function a 3 + b 3 + c 3 - 3 abc is constant. 

Problem 6.3.4 Suppose that f : [o ; l] — * R is differentiable, f( 0) = 
0 and f{x) > 0 for x e J 0 ; 1 [ . Is there a number d e ] 0 ; 1 j such that 

2 /'(c) /'(1-c) 

/(c) /(1-c) ' 

Problem 6.3.5 Let n > 1 be an integer and let / : [0; 1] — ► R be differ- 
entiable and such that /(0) = 0 and /( 1) = 1. Prove that there exist 
distinct points 0 < ao < fl 2 < ••• < fl„_ i < 1 such that 
n-l 

E /'(«*) = n - 

k = 0 


Problem 6.3.7 (Putnam 1946) Let p(x) is a quadratic polynomial 
with real coefficients satisfying max |/(x)| < 1. Prove that 

*e[-l ;l] 

max |/'(x)|<4. 

*e|- 1 ;lj 


Problem 6.3.8 (Generalised Mean Value Theorem) Let f>g be 

continuous of [a ;fr] and differentiable on ] a ;b[. Then there is 

c e J a ; b [ such that 

(f(b)-fla))g'(c) = (g(h)-g(fl))/'(c). 


Problem 6.3.9 (First L’Hopital Rule) Let I be an open interval (fi- 
nite or infinite) having c has an endpoint (which may be finite or 
infinite). Assume f, g are differentiable on I, g and g' never vanish 


on I and that lim /(x) = 0 ; 


ffx ) 

lim g(x). Prove that // lim , 7 = L 


(where L is finite or infinite), then lim ^ ^ 


g'(x) 



Extrema 


Problem 6.3.10 (Second L’Hopital Rule) Let I be an open interval 
(finite or infinite) having c has an endpoint (which may be finite 
or infinite). Assume f,g are differentiable on I, g and g' never 
vanish on I and that lim |/(x)| = lim |g(x)| = +oo. Prove that if 


.. f'M 

lim — 

x ^ c g'(x) 


- L (where L is finite or infinite), then lim 

x~c g(x) 


= L 


Problem 6.3.1 1 Iff exists on an interval containing c, then 


f'(c) = lim 
h— * 0 


f(c+h)-f(c-h) 
2 h 


Problem 6.3.12 Iff" exists on an interval containing c, then 


f"(c) = lim 

Ji— 0 


/(c + h) + f(c - h) - 2c 


6.4 Extrema 

370 Definition Let X Q R, / :X^ IR. 

1. We say that / has a local maximum at a if there exists a neighbourhood of a, -.Afi such that Vx £ Afi, f(x) < /(a). 

2. We say that / has a local minimum at a if there exists a neighbourhood of a, AC a such that Vx e AC a , f(x) > f(a). 

3. We say that f has a strict local maximum at a if there exists a neighbourhood of a, ' (t such that V x c . \ a , f ( .v) < /(«)■ 

4. We say that / has a strict local minimum at a if there exists a neighbourhood of a, ...Y a such that Vx e AA a , /(x) > f(a). 

5. We say that / has a local extremum at a if / has either a local maximum or a local minimum at a. 

6. We say that / has a strict local extremum at a if / has either a strict local maximum or a strict local minimum at a. 
The plural of extremum is extrema. 

371 Theorem If f : I — > ■ R is continuous on the interval 7, differentiable on 7, and if f has a local extremum at a £ I, then 
/'(«) = 0. 


Proof: Suppose f admits a local maximum at a. Let h f 0 be so small that a+ he I. Now 

f[a+ h ) - f{a) 


, f(a+h)-f(a) 

h> 0 => — J < 0, h <0 

h h 

Upon taking limits as h — ► 0, f’ (a) < 0 and f' (a) > 0, whence f' (a) = 0.0 


> 0 . 


372 Definition Let / : I — ► IR. The points x £ I where /' (x) = 0 are called critical points or stationary points off. 


373 Theorem Let / : R be a twice differentiable function having a critical point at c £ I a ;b[. If/”(c) < 0 then / 

has a relative maximum at x-c, and if f”(c) > 0 then / has a relative minimum at x- c. 


Proof: Assume that f '(c) - 0 and f "(c) < 0. Since 


ii, „ LEI 

x^c X-C 


J J =/"(c)< 0 , 


there exists 8 > 0 such that f (x) > 0 when c - 8 < x < c and f (x) > 0 when c < x < x + 8. Consequently, f is 
strictly increasing on j c - 8 ; c [ and strictly decreasing on j c ; c + 8 [ . Hence 

|x-c|<5 => /(x)</(c), 


and so x - c is a local maximum. Iff" > 0 then we apply what has been proved to -f. □ 


374 Theorem (Darboux’s Theorem) Let / be differentiable on ya and suppose that /'(a) <C< f{b). Then there exists 
c £ ] a ; b | such that f\c)-C. 


(na) 
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Proof: Put g(x) - f(x) - Cx. Then g is differentiable on | a ; | . Now g'{a) = f la) - C < 0 so g is strictly 
increasing atx- a. Similarly , g' (h) — f (b) - C < 0 so g is strictly decreasing atx-b. Since g is continuous, g 
must have a local maximum at some point ce J a ;fo[, where g (c) - f’ (c) - C - 0, proving the theorem. □ 

Homework 


Problem 6.4.1 Let f be a polynomial with real coefficients of degree 
n such thatVx e R /( x) > 0. Prove that 

Vx e R fix) + f' (x) + /" (x) + • • • + / (n) (x) > 0. 


Problem 6.4.2 Put f (0) = 1, fix) = x x for x > 0. Find the mini- 
mum value off. 


6.5 Convex Functions 

375 Definition Let I ^ R be an interval. A function is said to be convex if 

M(a,b) £ I 2 , VA e [o ; l] ,f{Aa+ (1 - A )b) < A fla) + (1 - A) fib). 

We say that / is concave if -/ is convex. 

is convex if given any two points on its graph, the straight line joining these two points lies above the graph off. See 
figure 6.1. 




Figure 6.1: A convex curve 


Figure 6.2: A concave curve. 


376 Definition Let (xi,X 2 x n ) e U n and let A^ e 0 ; 1 be such that y A^ = 1. The sum 

J k=l 

n 

T ^ k -^k 
fc= 1 

is called a convex combination of the x^. 


377Theorem If(xi,X 2 ,...,x„)ea;fo , then any convex combination of the x^ also belongs to \a;b 


Proof: Assume A^e 0 ; 1 be such that y A^ — 1 . Since the A/ c > 0 we have 
J fc=t 

a< Xfc < b => Afcfl < AfcXfc < Afcfo. 

n 

Adding, and bearing in mind that y Ajt = 1, 

k= 1 


' n ' 

y &k 


\k=l 


a< 


n 


y Afcx t < 

/t=i 


y A-k 


\k= 1 


n 

a<y AfcXfc < b, 

k= 1 



proving the theorem. □ 
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378 Theorem (Jensen’s Inequality) Let I Q R be an interval and let / : / —• R be a convex function. Let n > 1 be an integer, 
f 1 

Xk e I, and Afc e 0 ; 1 be such that £ Afc = 1. Then 
J fc= i 


/ 


£ AfcX fc < £ A fc/(x fc ). 
Vfc=i fc=i 


Proof: The proof is by induction on n. For n = 2 we must shew that given (xi,X 2 ) £ |«;fo| , 

/ (Ai-ri + A 2 x 2 ) < Ai/Ui) + A 2 /(x 2 ). 

As Ai + A 2 - 1, we may put A = A 2 = 1 - Ai and so the above inequality becomes 

f[Axi + (1- A)x 2 ) < A/(xi) + (1- A)/(x 2 ), 
retrieving the definition of convexity. 


In - 1 


Assume now that f 

n 


n— 1 


w-1 


£ - £ Fkf ( Xk ), when £ pk = 1, pk e 0 ; 1 . We must prove that f £ AfcXfc 

Vfc=i k= 1 fc=i \fc=i 

n 

£ A, c /(Xfc), when £ Afc = 1, Afc e 0 ; 1 . 
fc=i fc=i 


w— 1 


Afc 


If A, t = 1 the assertion is trivial, since then Ai = ■ ■ ■ = A„_i = 0. So assume that A „ f 1. Observe that £ = 

k=i 1 ~ A n 

(Zfc =1 A fc )-A„ 1 - A„ "- 1 A fc , J , , , , 

- = = 1 so that 2^ Xk is a convex combination of the Xk and hence also belongs to 

1 - A „ fc""i 1 - A„ 


1 - A,, 


a;b\, by Theorem 377. Since f is convex, 


f 


£ AfcXfc 
\fc-i 


n - 1 


/ 


/ 


£ Afc.rfc + A n x n 
\k= 1 

«-l 

(1 — A„) £ - - Xfc + A n x n 

k= 1 1 _ A « 


n-l 


< (1-A„)/ 


£ JT 

\.fc=i 1 


Afc 


-Xk 


+ A nf [X n ) 


By the inductive hypothesis, with pi, '■ 


Finally, we gather, 


Afc 

1 — A„ 


= 1, 


I n-l 


f 


„ Afc 't, 1 Afc „ 

£ - — s £ - — —/(Xfc). 
Vfe=i 1_A « fc=i 1_A « 


/ 


£ AfcXfc 

Vfc=i 


n-l 


< (1 - A,,)/ 


V- Afc 

£ 

fc=i 1 A » 


\k= 

"- 1 Afc 


+ A n/ (X„) 


< (1- A„) £ — 

fc=l 1 

71-1 

= £ Afc/ (Xfc) + A„/(x„) 

fc=i 
n 

= £ Afc/ (Xfc), 

fc=i 


-f(x k ) + A n f(x n ) 




proving the theorem. □ 
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379 Theorem Let I Q IR be an interval and let / : I — IR. For ae/we put 

I\{a} — IR 


T a : 


fix)- f la) 


x- a 


Then / is convex if and only if M a e I, T a is increasing over / \ {a}. 

Proof: Let a<b< c as in figure 6.3. Consider the points A(a, f (a)) , B(h, f (h)) , and C(c,/(c)). The slopes 

fib) -f la) /(c) -/(ft) /(c) -fid) 

niAB = : . niBC = ; » m ca = . 

b- a c-b c- a 

satisfy 

niAB £ m AC , m A c £ tn B c, m AB < m B c, 

and the theorem follows. An analytic proof may be obtained by observing that from Theorem 377, any Aa + (1 - A)c 
lies in the interval [ a ; c] for Ae [ 0 ; 1 j . Conversely, given be [ a ; cl , we may solve for A the equation 

b = A a+ (1 - A)c => A = - — — e f 0 ; 1 1 . 

c- a L J 

Hence 

c-b b-a f{b)-f[a ) f[c)-f{b ) 

f(Aa+ (1 - A)c) < A/(a) + (1 - A)/(c) <=> /(ft) < f[a) + /(c) J - < ^ . 

c-a c-a ft-<i c-b 


This gives 


from where the theorem follows. 


fib) - f(a) < /(c) -fla) < /(c) - /(ft) 


b-a 


c-a 


c-b 


(6.1) 

(6.2) 



Figure 6.3: Theorem 379. 


380 Theorem Let IQ IR be an interval and let/ : / - 
point of 7 and for ( a , ft, c) e 1 3 with a<b< c, 

fib) -fla) 
b-a 


l be a convex function. Then / is left and right differentiable on every 


</_(fo)</ + (ft)< 


/(c) -fib) 
c-b 


I \ {ft} 

Proof: Since f is convex, Vft e I, I), : 

x 

Vwe [a ;ftL Vi> e [ft ;c[ 


IR 

fix)- fib) 
x-b 


is increasing, by virtue of Theorem 379. Thus 



Tbla) < Tblu) < Tbl v) < Tblc). 
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This means that T b is increasing on y b ; c y and bounded below by I), ( u) . It follows by Theorem 333 that T b (b+) 
exists, and so f is right-differentiable at b. Moreover, 

T b {a) < T b (u) < f' + ib) < T b ic). 

Similarly, I), is increasing and bounded above by f' + (b) . Appealing again to Theorem 333, f is left-differentiable 
at b and 

T b (a) < f'_ (b) < f' + (b) < T b (c). 

□ 

381 Corollary If / is convex on an interval I, then / is continuous on I. 

Proof: Given be I, we know thatf is both left and right differentiable at b (though we may have f!_ib) < /+ (b) ). 
Regardless, this makes f left and right continuous at b: hence both fib-) = fib) and fib+) = fib). But then 
fib-) - f{b+) and so f is continuous at b. □ 

382 Theorem Let / ^ [R be an interval and let / : I — ► [R be differentiable on /. Then / is convex if and only if /' is increasing 
on /. 


Proof: 

==> Assume f is convex. Let a< x< c. By (6.2), 

fix)-f(a) < f(c)-f{a) < f(c)-fjx) 



x— a c— a 

Talcing limits as x — ► a+, 

§ 

i 

"o' 

VI 

2 


c- a 

Taking limits as x — ► c—, 



Thus f' + (a) < f'_ (c). Since f is differentiable, f'_ (a) = f'(a) and f'_ (c) = f'(c), and so f' (a) < f'(c) proving 
that f is increasing. 

<= Assume f is increasing and that a < x < b. By the Mean Value Theorem, there exists a e ] a ;x[ and 
a' e such that 

fix)-f(a) f(b)-f(x) . 

x- a b- x 

Since f' (a) < f[a') we must have 

fix)- f(a) ^ fjb) - fix) 
x- a b-x ’ 

andso f isconvexin view of (6.1). 


□ 

383 Corollary Let / Q IK be an interval and let / : / — M be twice differentiable on I. Then / is convex if and only if f" > 0. 

Proof: This follows from Theorems 368 and 382. □ 

384 Definition An inflexion point is a point on the graph of a function where the graph changes from convex to concave or 
viceversa. 



Homework 
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Problem 6.5.1 (Putnam 1991) A there any polynomials p)x) with 
real coefficients of degree n > 2 all whose n roots are distinct real 
numbers and all whose n- 1 zeroes ofp'ix) are the midpoints be- 
tween consecutive roots ofpix) ? 


Problem 6.5.2 Prove that the inflexion points of x 
aligned. 


x 

are 

tan x 


[0; +oo [ — ► R 

Problem 6.5.3 By considering f: 

x —> x fc -fc(x-l) 

for 0 < fc < 1 and using first and second derivative arguments, ob- 
tain a new proof of Young’s Inequality 314. 


6.6 Inequalities Obtained Through Differentiation 

x 2 

385 Theorem Let x > 0. Then — < exp(x). 

x 2 

Proof: Letfix) - exp(x) - — . 7 hen f'ix) — exp (x) -x and f" (x) = exp (x) - 1 . Since x > 0, f" (x) > 0 and so f' 
is strictly increasing. Thus f (x) > /' (0) = 1 > 0 and so f is increasing. Thus 

x 2 

fix) > /( 0) => exp(x) - — > 0, 

proving the theoremD 
x 

386 Theorem lim = 0. 

+oo exp(x) 

Proof: From Theorem 385, for x > 0, 

x 2 x 2 

0 < < - => 0 < lim < lim - = 0, 

exp(x) x x— +oo exp(x) +°° x 

and the theorem follows from the Sandwich Theorem. □ 

x a 

387 Theorem Let a eR. Then lim = 0. 

+oo exp(x) 


Proof: Ifa<l then 


by Lemma 386. If a > 1 then 


„a- 1 


0 0 , 


exp(x) exp(x) 

„( ax „ „ 

- — *• a -0 = 0, 


a 


exp(x) (exp (ax); 


by continuity and by Lemma 386. □ 

388 Theorem Let x > 0. Then logx < x. 


Proof: Put fix) = x- logx. Then fix) = 1 . Forx < 1, fix) < 0 ,forx- 1, f'ix) — 0, and forx> 1, f'ix) > 0, 

which means that f has a minimum atx = 1. Thus 

fix) > fi 1) => x- logx > 1. 

Since x- logx > 1 then a fortiori we must have x - logx > 0 and the theorem follows Li 


logx 

389 ma lim — — = 0. 

+oo X 
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Proof: From Theorem 388, logx < x . For x > 1 , logx > 0 and hence, 

logx 1 

x > 1 => 0 < -2- < 


x 2x 


logx 

whence lim = 0 by the Sandwich Theorem. □ 

x *+oo X 


. . loex 

390 Theorem Let a e 0 ;+oo . Then lim = 0. 

x — * +oo x a 


Proof: If a > 1 then 

logx logx 1 _ a 


x“ X 

by Lemma 389. 7/0 < a < 1 then 

logx logx“ 1 


x“ ax a a 

by continuity and by Lemma 389. □ 



1 71 . 

391 Theorem For x e J 0 ; — | , sinx < x < tanx. 


Proof: Observe that we gave a geometrical argument for this inequality in Theorem 344. First, letffx)- sinx - 

, ] 71 \ 

x. Then f (x) = cosx - 1 < 0, since for x e 0 ; — , the cosine is strictly positive. This means that f is strictly 


decreasing. Thus for allxe 1 0 ; — | , 

/(0) > f[x) ==> 0 > sinx - x ==> sinx < x, 
giving the first half of the inequality. 


For the second half, put g (x) = tan x - x. Then g ' (x) = sec 2 x - 1 . Now, since \ cos x[ < 1 for x e 1 0 ; — | , sec 2 x > 1 . 
Hence g (x) > 0, and so g is strictly increasing. This gives 

g(0) < g(x) => 0 < tanx - x ==> x < tanx, 


obtaining the second inequality :□ 


1 



tt/2 


Figure 6.4: Jordan’s Inequality 


392 Theorem (Jordan’s Inequality) For x e 



2 

— x < sinx < x. 

71 
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Proof: This inequality says that the straight line joining (0,0) to , lj lies below the curve y — sinx for x 


71 


SIM 


for x f 0 and /( 0) = 1. Then /'(x) = (cosx) 


JO; — See figure 6.4. Put f(x) 

] 7i r l 7i \ 

cos x > 0 and x - tan x < 0 for x e J 0 ; — | . Th us f is strictly decreasing for xe 1 0 ; — | and so 


x- tanx 


< 0 since 


f{x) >f( f) 


sinx 2 
> 

X 71 


proving the theorem.d 

393 Definition If w\,w 2 w„ are positive real numbers such that W] + w 2 i 1 w„ - 1, we define the r-th weighted power 

mean of the x,- as: 


M r iv (xi , x 2 , . . . , x„) = ( wi x[ + w 2 x[ + ---+w n x r n ) llr . 


1 


When all the wi = — we get the standard power mean. The weighted power mean is a continuous function of r, and 
n 

taking limit when r — > ► 0 gives us 

M° w = X™ l X™ 2 -Wn n . 


394 Theorem (Generalisation of the AM-GM Inequality) If r < s then 


M[Ax x„) < M* (x i,x 2 x„). 


Proof: Suppose first that 0 < r < s are real numbers, and let w\ , w 2 , w n be positive real numbers such that 

W] + W 2 H h W„ = 1 . 


Put t — — > 1 andyt — x[ for 1 < i<n. This implies that y! = x'J. The function f :J 0; +oo[— 10; +oo[, /(x) = x l is 
strictly convex, since its second derivative is f" (x) 


x* 2 > 0 for all x e]0; +oo[. By Jensen’s inequality, 


tit- 1) 


[wiyi + w 2 y 2 + ---+ w n y,y = f(wyyi + w 2 y 2 + ---+ w n y n ) 

< u)ifly\) + u> 2 f(y 2 ) + ---+w n f(y n ) 

= u>iy[ + w 2 y l 2 + --+ w n y‘ n . 

s 

with equality if and only ify\ — y 2 - ■ ■ ■ — y n . By substituting t = — and y,- = x- back into this inequality, we get 

(W\x[ + W 2 X2 H H W n X r n ) Slr < IfiXj + W 2 X2 H h H/„X* 

with equality if and only ifx\ = x 2 = ■■■ = x n . Since s is positive, the function x x 1/s is strictly increasing, so 
raising both sides to the power II s preserves the inequality: 

(li>ix[ + W 2 X 2 H 1 W n X r n ) llr < (ifiXj + W 2 X 2 H f M/„X*) 1/S , 


which is the inequality we had to prove. Equality holds if and only if all the x,- are equal. 


The cases r <0< s and r < s < 0 can be reduced to the case 0 < r < $.□ 


Homework 


Problem 6.6.1 Complete the following steps (due to George Polya) 
in order to prove the AM-GM Inequality (Theorem 86). 


2. Put 


1. Prove that Vx elR, x < e x 1 . 


A k = 


TKlfc 

Cl\ + 0-2 + * * • + Myi 
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and G n = «i «2 a n Prove that 


Ai A 2 ■ ■ ■ A n 


n n G n 


and that 


(fll + <12 H 1 - a n )' 

A\ + A 2 + • • • + An n . 


3 . Deduce that 

n f fl l + a 2 H a n \ B 


4 . Prove theAM-GM inequality by assembling the results above. 


6.7 Asymptotic Preponderance 

395 Definition Let I Q R be an interval, and let a e I. A function a : I — > ■ IK is said to be infinitesimal as x — *■ a if lim a(x) = 0. 

x— a 

We say that a is negligible in relation to /3 as x — > • a or that p is preponderant in relation to a as x — < ■ n, if Ve > 0,35 > 0 such 
that 

xe ]a-5 ;a + 5[ |a(x)| < e|/1(x)|. 

We express the condition above with the notation a(x) - o x ^ a [PM] (read “a of x is small oh of p of x as x tends to a”). 

Finally, we say that a is Big Oh ofp around x = a — written a{x) - O x ~ a [PM], or a(x) « x ~a (/3(x)) — if 3C > 0 and 
35 > 0 such that Vxe]a-5;a + 5[,|a(x)|<C|/5(x)|. 


Also 


Notice that a above may be finite or +00. If a is understood, we prefer to write a(x) = o[f. i(x)) ratheralx) = o x ^a[Plx)). 


a = O x ^a[P) 


a lx) 

lim = 0 and B la) = 0 => ala) = 0. 

« [) ( x ) 


396 Example sin: 0? — ► [-1; 1] is infinitesimal as x — > ■ 0, since lim sinx = 0. 

x— 0 


397 Example / : R \ {0} — • 


IR,x« 


1 

x 


is infinitesimal as x — ► + 00 , since lim — = 0. 

x^+00 x 


398 Example We have x 2 = o(x) as x -*■ 0 since 


, x 

lim — = lim x = 0. 

0 X x— 0 


399 Example We have x = o(x 2 ) as x — +00 since 

lim ^ = lim - = °- 

X— +oo x 1 X— +00 x 

400 Definition We write a(x) = y(x) + o(/J(x)) as x — ► a if a(x) - p(x) = o(j6(x)) as x — ► a. Similarly, a(x) = p(x) + O (/3 (x) J 
as x — ► a means that a(x) - y(x) = 0[p(x)) as x — * a. 


401 Example We have sinx = x+ o(x) as x — 0 since 


sinx-x sinx 
lim = lim lim 1 

x— 0 X x— 0 X x— 0 


1-1 = 0 . 


402 Theorem Let f,g, a,p, u, v be real-valued functions defined on an interval containing a e IK. Let A e R be a constant. 
Let h be a real valued function defined on an interval containing b e R. Then 

1- /=o(g) => f = 0[g). 

2. f-o(a) => A /= o(a). 

3. /= o(a),g- o(a) => f+g= o(a). 

4. f=o(a),g=o(p) fg=o[aP). 
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5. / = 0(a) => A / = 0(a). 

6. /= 0(a), g= 0(a) =^> f + g- 0(a). 

7- f - 0(a), g = 0[P) => fg=0(ap). 

8. / = 0(a), g = o(/5) => /g= o(a/5). 

9. /=0(a),a=0( j6) => /=0(/5). 

10. /= o(a), a = 0(/5) => /= o(/ 3). 

11. / = 0(a),a = o(/ S) => / = o(/ 3). 

12. / = o(a) , lim Ji(*) = a => / oh - o x ^b ( a°h ). 

13. f - 0(a) , lim Ai(x) = a => f°h= 0 x ^b(. a ° h). 


Proof: These statements follow directly from the definitions. 
1. Iff — o(g) Me > 0 there exists 8> 0 such that 

1 _ /(*) „ 
xe a- 8 ; a + o => 0 < e — 


gW 


\f{x)\ <e|g(Jc)| /= 0(g), 


using C-ein the definition of Big Oh. 

2. This follows by Theorem 272. 

3. This follows by Theorem 272. 

„ n ,, /(*) „ gW „ rr fWg(x) f(x) g(x) f A 

4. Both lim = 0 ana lim = 0. Hence lim = lim lim = 0 => fg — o ap . 

x—a a(x) a p(x) x—a a(x)p(x) x—a a ( x ) x—a 1 

5. Iff = 0(a) then there is 8 > 0 and C > 0 such that 


xe Ja-5;a + d| =^> |/(x)| < C|g(x)| => |A/(x)| < C|A|-|g(x)| => A/ = 0(a) 

6. There exists 8 \ > 0 , 82 > 0 and Ci > 0, C 2 > 0 such that 

xeja-5i + ==> |/(x)| < Q | a (x) | and x e ] a- 82 ; a+ 82 [ ==> |g(x)| < C 2 |a(x)[ . 

Thus if 8 — min(5i,52), 

xeja-5;a + fi[ => |/(x) + g(x)| < |/(x)| + |g(x)| < Qa(x) + C 2 a(x) = (Ci + C 2 )a(x) => f + g- 0(a). 

7. There exists 8 1 > 0,^2 > 0 and Ci > 0, C 2 > 0 such that 

x e J a— ; a + 81 1 => |/(x)| < Ci |a(x)| and xe |a-5 2 ;a + 52[ => |g(x)| £ C 2 |^(x)|. 

Thus if 8 = min(5i,52), 

xe]a-5;a+5[ => |/(x)g(x)| = |/(x)| |g(x)| < Ci |a(x)|-C 2 |^(x)| = (CiC 2 ) |a(x)/5(x)| =^/g=0(a/3). 

8. There exists 8\ > (>,82 > 0 and C\ > 0, such that Me > 0 

x e ] a - 81 ;a + 81 [ ==> |/(x)| < Ci |a(x)| and xe^a- 82 ‘,a + |g(x)| <e\p{x)\. 

Thus if 8 — min(5i,52), 


xe \ a — 8 ;a + 8 


|/(x)g(x)| = |/(x)| | g (x) | < Cl |a(x)|'£ |/3(x)| = £(Ci) |a(x)/S(x)| =^> /g= o(ap). 


& 
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9. 


10 . 


11 . 


12 . 


13. 


There exists Si > 0 , 82 > 0 and Ci > 0, C 2 > 0 such that 

xe^a-Si ;a + 5i[ ==> |/(x)| < Q |a(x)| and x e j a- 82 ‘,a + 82 [ => | «; ( jc) | < C 2 |/5(jc)| . 

Thus if 8 = minfd'i ,82), 

+ => |/(x)| < Ci |aW| < C1C2 || 0 Le)| / = 0 (/ 5 ) . 

There exists 8 \ > 0 ,<i >2 > 0 and C > 0, such that Me > 0 

x e J a- 8\ ;a+ 81 [ ==> |/(jc)| < e|a(x)| and x e ] a- 82 ‘,a + 82 [ => |a(x)| < C|/S(x)| . 

Thus if 8 = min( 5 i, 52 ), 

xEja-5;a + 5| => |/(x)| < £|a(x)| < Ce|j 6 (x)| => f-o[p). 

There exists 81 > (>,82 > 0 and C > 0, such that Me>0 

x e j a- 5i \a+ 5i [ |/(;c)| < C|a(x)| and xe jfl-^2 => |a(xc)| < £|/S(x)|. 

Thus if 8 = minfd'i ,82), 

xejfl-5;« + 5[ => |/(x)| < C I «: (jc) | < Ce | /3 (jc) | => f-o[p). 

There exists 81 > 0,82 > 0 such that Me > 0 

x e ] a-8 1 ;a+8i [ |/(^)| < £|ct(x)| and x e J b-82 ib+82 [ => \h(x) - a\ < £ => h(x) e j a-E ;a+£[. 

Thus if 8 = min( 5 i, 52 ,£), 

xEjfo- 5 ;fo+ 5 [ ==> | (/ o h) (x) | < £ | (a o h) (x) | / oh - o x ^i, (a o h) . 

There exists 81 > 0,82 > 0,C > 0 such that Me > 0 

x e J a-8 1 ; a+81 [ ==> |/(^)| £ C|a(x)| and x e J b-82 tb+82 [ ==> \h(x) - a\ < £ ==> h(x) e J a-E ; a+fj. 
Thus if 8 = min( 5 i, 52 ,£), 

xEjfo-5;fo+5[ => \[foh)(x) \ < C|(a°fe)(x)| => fob- O x ^b(aoh). 


□ 


In the above theorem, (8), (10), and (11) essentially say thatO(o) = o(O) = 0 ( 0 ) = o and (9) says that 0(0) = O. 


The following corollary is immediate. 


403 Corollary Let a and p be infinitesimal functions as x — «■ a. Then the following hold. 

1. The sum of two infinitesimals is an infinitesimal: 

o[p(x)) + o[p(x)) = o(/i(x)) • 

2. The difference of two infinitesimals is an infinitesimal: 

o[P(x)) - o[P(x)) = o[P(x)) . 


3. VceIR\{0},o(c/J(x)) = o(p(x)). 

4. VmeN, ra>2, 1< k< n—1, o((/5(*))") = o[(/J(*)) fc ). 
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5. o(o(/3(x))) = o[P(x)). 

6. Vne N,n> 1, (/S (x))"o(/3(x)) = o((/3(x))" +1 ). 




ft 

9. If Cfc are real numbers, then o ^ Cfc(/3(x)) fc = o(/5(x)). 

U=i 


10. ( a,p)(x ) = o(a(x)) and (a|6)(x) = o(|6(x)). 

11. If a ~ p, then (a - p)(x) — o(a(x)) and (a - 1 S) (jc) = o(/5(x)). 


404 Theorem (Canonical small oh Relations) The following relationships hold 


1. V(a,/S) e IR 2 , / = 0 x ^ +oo (x^j a<p. 

2. V(a,/S) e IR 2 , / = o x ^o+ (jc^j a> p. 

3. logX — Ox— ,+oo (*)■ 


4. V(a,/S) eI 2 ,^> 0, (logx)“ = 0 *_ +oo (x^j. 

5. \/(a,p) eU 2 ,p< 0, |logx|“ = o x ^ 0 + (^)- 


6. M(a,a) e R 2 ,a> 1, x“ = 0 x ^ +oo (a x ) 

7. V(a,a) e R 2 ,a > 1, a x = o x ^- 00 (lxl a ) 

Proof: 

1. Immediate. 

2. Immediate. 

3. This follows from Lemma 389. 

4. Ifa- 0 then eventually (logx)“ = 1 and so the assertion is immediate. If a < 0 the assertion is also imme- 
diate, since then (logx)“ —> 0 asx^ +oo. Ifa > 0, by Theorem 390, 



whence 


(K r *)" = (log*)" _ 0 “ = o 


x p ( x p!a ) 


5. Ifx — ► 0+ then * +oo. Hence by the preceding part and by continuity, as x — «■ 0+ and for y> 0, 



0. 


But 
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6. For a < 1 we have 


x“ xlogfl x“ 1 
a x exp (x log a) logo 


xloga 

since - 

exp [x log a) 


x a 1 

0 by continuity and Theorem 387, and ► 0 since a - 1 < 0. Ifa>\ then 

log a 


a 


t loga \ a 
x 




(log a) “ 


exp x 


log a 


a 


a 


(loga)“ 


0 “ = 0 , 


by continuity and Theorem 387. 

7. If a > 0, a > 1 then |x|“ — ► +oo but a x — > 0 as x — >• -oo, hence there is nothing to prove. If a — 0, again the 
result is obvious. Assume a < 0. Ifx — *• -oo then -x — ► +oo and so by the preceding part 



a x 


since the above result is valid regardless of the sign of a. Now 


a x _ Ixl" 
|x|“ a~ 


proving the result. 


□ 


405 Example In view of Corollary 403 and Theorem 404, we have 

o(-2x 3 + 8x 2 ) = o(x) , 


as x — «■ 0. 


406 Example In view of Corollary 403 and Theorem 404, we have 

o(-2x 3 + 8x 2 ) = o(x 4 ) , 

as x — ► +oo. 

Homework 


Problem 6.7.1 Which one is faster as x — +oo, (loglogx) log;c or | (logx) loglog *? 


6.8 Asymptotic Equivalence 

407 Definition Let / ^ U be an interval, and let a e /. We say that a is asymptotic to a function (5 : 1 — * - IR as x — * ► a, and we 
write cc r ' ^5, if oc ' 1 v ? cc — Oa[P). 


If in a neighbourhood ,.37 a of a pf 0 then 


a ~ p 



P(a) = 0 


ala) = 0 


sin.r 

408 Example We have sinx ~xasx^0, since lim = 1. 

Jt— o x 
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+ x 

409 Example We have x 2 + x ~ x as x -*• 0, since lim = 1. 

x—0 X 


410 Example We have x 2 + x ~ xr as x— > +oo, since lim — - — = 1. 


x— +oo X 


411 Theorem 


a ~ p => < 


a = 0[fi) 
P - 0(a) 


Proof: Ifa-p-o[p ) there is a neighbourhood .W a of a such that 

\/e>0,xe jV a ==> |a(x) - / 8 ( jc ) | < £ | /3(x )| . 

In particular, fore — — , we have 

xEjfa=> |a(x)-/3(x)| < i |/3(x)|. 

Hence 

x£jV a |a(x)| = |a(x)-/3(x) + /3(x)| < |a(x)-/3(x)| + |/3(x)| < ^ |/3(x)| => a= 0(p), 

and 

X£^f a => |/3(x)| = \p(x) - a(x) + a(x)| < \p(x) - a(x)| + |a(x)| < ^ |/3(x)| + |a(x)| =^> |/3(x)| < 2|a(x)| ==>/3 = 0(a). 

□ 

412 Theorem The relation of asymptotic equivalence ~ is an equivalence relation on the set of functions defined on a 
neighbourhood of a. 


Proof: We have 
Reflexivity a- a = 0 = o(a). 

Symmetry a - p - o[p) => 1 6 = 0(a) by Theorem 411. Now by (10) of Theorem 402, 

a - p- o[p ) and/3 = 0(a) => a - P- o(a) ==> p~ a - o(a) , 


whence p ~ a. 

Transitivity Assume a - P - °[P) and P~y — o[y). Then by Theorem 411 we also have p = 0[y) . Hence a- p- o {y) 
by (10) of Theorem 402. Finally a- p- o[y) and p-y- o[y) give ay- o{y) by (3) of Theorem 402. 

□ 

The relationship between o, 0, and ~ is displayed in figure 6.5. 


413 Theorem The relation of asymptotic equivalence ~ possesses the following properties. 

) a~ p 

=> ay ~ pS. 

y ~ 8 
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Figure 6.5: Diagram of Big Oh relations. 


2 . < 


a~ p 

neN\ { 0 } 


a" ~ p' 1 


3. if a ~ p and if there is a neighbourhood jY a of a where Vx e jV a \ {a}, P(a) f 0, then — and — are defined on jV a \ {a} 

a p 

, 1 1 

and „ 

a p 


4. < 


« = o{p) 


P~Y 


=> a = o[y). 


) a~ p 

==> a — o (y) . 

P = o(y) 

6. if a ~ p and if there is a neighbourhood V a of a where Vx e jV a \ {a}, p(a) > 0, and if r e M then a r ~ a p r ■ 
7. (Dextral Composition) If a ~ a P and if lim yM - a , then <x.oy ~ a P°Y- 


Proof: We prove the assertions in the given order. 

1. Since a - p - o[p) andY~S — o(S ) then a - 0[p), and so 

ay - pS = a(Y ~ S) - 8{p - a) - 0[p) o{6) - 8o[p) - o{p8) . 

2. This follows upon applying the preceding product rule n- 1 times, using y = a and 8 - p. 

3. Observe that 

1 1 p- a o(a) / 1 ) 

a p ap ap °\pl’ 

upon using p~ a — o(a) and (8) of Corollary 403. 

4. We have a — o ( p) and p-y-o (y) . This last implies that p-0 (y) by Theorem 411. Hence 

a = o(/5) = o(0(y)) = o(y). 

5. We have a - p - o[p) and p- o (y ) . This last implies that a - O ( j6) by Theorem 411. Hence 

a = 0(/5) = 0(o(y)) = o(y). 

a 

6. Since p is eventually strictly positive, so is a. Hence a ~ p — (x) — 1 as x — «■ a. Since the function 
x 1 — *■ x r is continuous in 0 ; +oo , 


a a r r r 

— (x) — ► 1 => — (x) —i > 1 a ~ p . 

P p r H 
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ct(x) - B[x) 

7 - we — m 0 as , - ». Now , fr W - « « * - * then as , - b. 


a(rM)~ P(y(x)) 
i 8(rW) 


0 . 


414 Theorem (Exponential Composition) exp(a) exp(/5) <=> a-/5~ a 0. 
Proof: We have 


exp(a) exp(/S) 


exp(a) - exp(^) = o(exp(/3)) 

(exp(-/3)) (exp (a) - exp(/5)) = (exp(-/3)) o(exp(/3)) 
exp(a- P) - 1 = o(l) 
a - p = o(0) . 


□ 

The above theorem does not say that a ~ p ==> exp(a) ~ exp(^). That this last assertion is false can be seen from the 
following counterexample: x + 1 ~ x as x — ► 0, but exp(x + 1) = e exp(.r) is not asymptotic to exp(.r) . 

415 Theorem (Logarithmic Composition) Suppose there is a neighbourhood of a ^ C a such that 

Vx £ jV a \ { a},P(x ) > 0. Suppose, moreover, that a ~ a P and that lim fi(x) = l with l e 0 ;+oo \ {1}. Then logoa ~ a 

x * n L J 

logo/5. 


Proof: Either l e 0 ;+oo \ {1} orl- +oo or l — 0. 


In the first case, log a (x) — ► log l and log p (x) — > - log l as x — * a hence 

log a ~ log! ~ log/3, asx^a. 


In the second case p(x) > 1 eventually, and thus log/j(x) f 0. Hence 

a{x) 

logq(x) loga(x) - logj3(x) _ ° g )6(x) ^ logl 
logj6(x) log/S(x) log/3(x) +oo 


since 


a(x) 

P(x) 


1 and log/3(x) 


+oo as x — ► +oo. 


The third case becomes the second case upon considering — and — . □ 

416 Theorem (Addition of Positive Terms) If a ~ p and y ~ 8 and there exists a neighbourhood of a such that Vx e 
jY a \ {a},p(x) > 0,5(x) > 0 then 



a + y ~ p + 6. 
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Proof: We have a - p — o[p) and y -8 — 0 ( 8 ). Hence 

(a + y)-(p + 8 ) = [a- P) + {y- 8 ) 

= o[p) + o{ 8 ) 

= o[p + 8 ), 

which means a + y~~p + 8 .Q 

417 Theorem The following asymptotic expansions hold as x — «■ 0 : 

1. exp(x) - 1 ~ x and thus exp(x) = 1 + x + o (x) 

2. log(l + x) ~ x and thus log(l + x) = x + o(x) 

3. sinx ~ x and thus sin(x) = x + o(x) 

4. tanx ~ x and thus tan (x) = x+ o(x) 

5. arcsinx ~ x and thus arcsin(x) = x + o (x) 

6. arctanx ~ x and thus tan(x) = x + o (x) 

7. for a e IR constant, (1 + x)“ - 1 ~ ax and thus (1 + x)“ = 1 + ax + o(x) 

x 2 x 2 

8. 1 - cosx — — and thus cos(x) = 1 — — + o(x 2 ) 


Proof: Results 1 — 7 follow from the fact that 


f'{a)f 0, fia) -*f'(a) => f(x)-f(a)~f\a)(x-a). 


Property 8 follows from the identity 1 - cosx = 2 sin 2 — . □ 


418 Example Since tanx = x + o(x),we have 


X 2 X 2 I X 2 ) X 2 . 2 , 

tan — = to — \- h o ( x , 

2 2 [22 1 ’ 


as x — ► 0. Also, 


(tanx) 3 = (x+ o(x)) 3 = x 3 + 3x 2 o(x) + 3xo(x 2 ) + (o(x)) 3 = x 3 + o(x 3 ) 


419 Example Since cosx = 1 - — + o(x 2 ), we have 


2 9x 4 , 4 , 

cos3x =1 h ox. 

2 v 1 


420 Example Find an asymptotic expansion of cot 2 x of type o(x 2 ) as x — *■ 0. 


Solution: Since tanx ~ x we have 


We can write this as cot 2 x = — - + o I — 


cot X 7;. 

X 1 
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421 Example Calculate 


lim 

x— 0 


sin sin tan — 
2 


logcos3x 


Solution: We use theorems 41 7 and 403. 


sin sin tan — 
2 



and 


log cos 3x 




(x 2 ) + o 




The limit is thus equal to 


lim 

x—> 0 




= lim 

x—> 0 


r o(1) 

9 

-2 + ° (1) 


1 


9* 


422 Example Find lim (cos jc) tcot2 . 

x— 0 


Solution: 


By example 420, we have cot 2 x - — + o 


. Also, 


logcosx = log] 1 — — + o[x 2 ) ] = 


h o[x 2 ) . 

2 1 ’ 


Hence 


(cosx) cot x = exp ( (cot 2 x) log cos jc) 



1 

exp(-- + o(l)) 
<T 1/2 , 


as x — ► 0. 

Homework 


Problem 6.8.1 


Prove that 


log(l + 2tanx) 
sinx 


2 as x — > 0. 


( M* 

Problem 6.8.2 Prove that 1 1 H — I — * e as x — ► +oo. 
Problem 6.8.3 Prove that (tan x) cot4x — e l/2 asx — ► 
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6.9 Asymptotic Expansions 

423 Definition Let ne N and let / : ,/to — ► K where ,4o is a neighbourhood of 0. We say that / admits an asymptotic expan- 
sion of order n about x — 0 if there exists a polynomial p of degree n such that 

Mx E /to, f{x) = pix) + o 0 (x") . 

The polynomial p is called the regular part of the asymptotic expansion about x = 0 off. 


424 Theorem If / admits an asymptotic expansion about 0, its regular part is unique. 


Proof: Assume fix) = pix) + Oq [ x n ) and fix) - qix) + Oq ( x n ), where pix) = p n x" H 1 p\x + po and qix) = 

q n x n -i tqix+qo are polynomials of degree n. Ifp / q letlc be the largest k for which p k / q k . Then subtracting 

both equivalencies, as x — ► 0, 

pix)-qix) - o(x") ip n -q n )x n +ip n -i-q n -i)x n ~ 1 +-- +ipi-q 1 )x= o(x") => ip k -q k )x k +■■■+■■■ - o(x“). 

But ip k - q k )x k -i 1 — o|x fc j as x — ► 0 , a contradiction, sincek< n. □ 

425 Definition Let n e N, a e R, and let / : jY a — « • K where ..¥ a is a neighbourhood of a. We say that / admits an asymptotic 
expansion of order n about x - a if there exists a polynomial p of degree n such that 

Mxe^ a , fix)-pix-a) + o a [ix-a) n ). 

The polynomial p is called the regular part of the asymptotic expansion about x - a off. 

426 Definition Let heN, and let / : /f+oo — *■ K where -/t+oo is a neighbourhood of +oo. We say that / admits an asymptotic 
expansion of order n about +oo if there exists a polynomial p of degree n such that 

VxE/l^n]o;+oo[, /M-p(“] + 0 +°o(-^r]- 

The polynomial p is called the regular part of the asymptotic expansion about +oo off. 

427 Theorem Let / : ,/tn M be a function with an asymptotic expansion fix) = pix) + o 0 (x' 1 ), where p is a polynomial. 
Then, if / is even, then p is even and if / is odd, then p is odd. 

Proof: Let fix) = pix) + o(x 11 ) as x — * 0, where p is a polynomial of degree n. Then fi~x) = pi~x) + o 
is even then 

pix) + o(x“) = fix) = fi-x) = pi-x) + o(x n ) , 

and so by uniqueness of the regular part of an asymptotic expansion we must have pix) = pi~x), so p is even. 
Similarly iff is odd then 

-pix) + o[x n ) - -fix) = fi-x) = pi-x) + o[x n ) , 

and so by uniqueness of the regular part of an asymptotic expansion we must have -pix) — pi~x), so p is odd. 

□ 

We want to expand the function / in powers of x - a: 


fix) = ao + a\ (x- a) + azix- a) 2 h 1 - a n ix- a) n — , 


and that we will truncate at the n-th term, obtaining thereby a polynomial of degree n in powers of x- a. We must determine 
what the coefficients a k are, and what the remainder 


fix) - oo - «i(x- a) - a, 2 ix- a) 2 a„ix- a) n — Rix) 
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is. We hope that this remainder is o a ((x- a) n ). The coefficients a k are easily found. For 0 < k < n since / is n+ 1 times 
differentiable, differentiating k times, 

f {k) ix) = k\a k + ((fc + l)(fc) -2)a fc+ i(x-a) + ((fc+2)(fc + 1) - - - 3 ) a k+2 lx - a) 2 + ■ ■ ■ + R (k) lx) , => — — — = a fc , 

as long as ff(fl) = if' (a) - R" {a) - ■ ■ ■ - Jf (,,) (a) = 0. We write our ideas formally in the following theorems. 

428 Theorem (Taylor-Lagrange Theorem) Let I IK, If 0 be an interval of IK and let/: / — IK be n+ 1 times differentiable 
in I. Then if ( x , a ) e I 2 ,, there exist c with inf(x, a) < c< sup(x, a) such that 

, /"(a) 2 / ( 3 ) (a) s / (n) (a) „ / (,,+ 1 ) (c) , 1+1 

/(x) - f {a) + f la) (x - a) + lx-a) 2 + L ~^~ L lx- a) 3 + ■■■ + (x ■ - «)" + J 1 J (x - a)' " +1 . 


Proof: Ifx — a then there is nothing to prove. Ifx < a then replace x >-*■ /(x) with x fl~x), which then verifies 
the same hypotheses given in the theorem. Thus it remains to prove the theorem for x > a. Consider the function 
(p : \a ; x — *■ IK with 


m=m-L / (fc) (f)^rr- 

fc=0 ,c - 


n {x-t) n+1 
K (m+1)! ’ 


where R is a constant. Observe that f (x) = 0. We now choose the constant R so that<p(a) = 0. Observe that <p is 
differentiable and that it satisfies the hypotheses ofRolle’s Theorem on [ a ; x] . Therefore, there exists c e j a ; x \ 
such that(p’{c ) = 0. Now 


«'(») = - L 

k= 1 




fc! 


Ik -1)1 


+ R 


(x-ty 

n\ 


(x-f)” (x — t) r ‘ 

-f {n+1) (t) + R- 


n! 


n ! 


from where we gather, thatR — / ( " +1) (c) and the theorem follows. □ 


429 Corollary (Taylor- Young Theorem) Let / : jY a — ► M be n+ 1 times differentiable in Jf a . Then / admits the asymptotic 
expansion of order n about a: 


f (a) f' 6, (a) f m la) 

fix) = fia) + f'la)[x- a) + — (x- a ) 2 + — — — (x- a ) 3 H 1 - j — (x- a) n + o a ((x- a)' 1 ) . 


2! 


3! 


n\ 


Proof: Follows at once from Theorem 428. □ 

The following theorem follows at once from Corollary 429. 


430 Theorem Let x^0. Then 


„2n+l 


1. sinx = x + + (-l)" + o(x 2n+2 ). 

3! 5! (2« + 1)! v 1 

r 2 r 4 'in 

2 . cosx=l- — + - + (- 1 )”— 1 - ofx 2n+1 ). 

2! 4! (2m)! 1 1 

x 3 2x 5 , 5 

3. tanx= xh 1 1 o x . 

3 15 v ’ 


4. e*=l + x+ — + — + ■■• + ho(x"l 

2! 3! m! 1 1 

5. log(l + x) = x— — + + (-1)" +1 — + ofx"). 

8 2 3 m 1 1 



Asymptotic Expansions 


„ , T , t(t-1) 2 t(t-1)(t-2)(t-3)-”(t-h+1) „ , n , 

6. (l + x) T = 1 + TX + x 2 + --- + x" + o x"). 

2 n\ y 1 


431 Example Find an asymptotic development of log(2cosx + sinx) around x — 0 of order o(x 4 ). 


Solution: By theorem 430, 


2cosx+sinx = 


and so, 


log(2cosx + sinx) = 


asx — ► 0. 


Homework 


2 | 1 “ T + h + °^) + ( x “ T + 

, X 3 X 4 , 4. 

2 + x-x 1 1 - olx 

6 12 y 

2|1+ *_^_^ + ^ + 0 (*4 ) ] > 

2 2 12 24 1 ’) 

log2 (l + — - — - — + — + o(x 4 ) 

\ 2 2 12 24 K 1 

. . I X X 2 X 3 X 4 , 4. 

log2 + log[l + -- y -- + - + o(x) 

Iog2+ (£_^_^ + * +o( ** ) 

& U 2 12 24 1 ' 

1 ( X X 2 X 3 X 4 . 4 ' 2 

2 V 2 2 12 24 v . 

1 ( X X 2 X 3 X 4 , 4 ' 3 

3 V 2 2 12 24 y 1 

1 lx X 2 X 3 X 4 4 \ 4 

4 V 2 2 12 24 v J ) y 1 

lx X 2 X 3 X 4 ) l lx 2 X 3 X 4 

° 82+ V2 ~2 12 + 24 J sIt ~2 + ~6 

l I x 3 3x 4 ) 1 x 4 . 4 . 

3 V 8 8 j 4 16 v 1 

x 5x 2 5x 3 35x 4 , 4, 

log2+ + + ox 

2 8 24 192 y 1 


Problem 6.9.1 Prove that the limit 


, 1 1 1 ) , 

lim 1 H 1 1 1 — -logn, 

«-+ool 2 3 n 


exists. The constant 


, 1 1 

r = lim 1 h 1 i- ■ 

i ~ - ■ — 2 3 


■ t — - log n 
n 


is called the Euler-Mascheroni constant. It is not known whether y 
is irrational. 
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Integrable Functions 


7. 1 The Area Problem 


432 Definition Let / : | a ; foj — <• R be bounded, say with m< f(x) < M for all x e | a ; fcj . Corresponding to each partition 
& = {jco, -Ki x n } of [a ;&] , we define the upper Darboux sum 

U{f,& )=£( sup f{x))(x k -x k - i), 

fc=l is-cs-n 


and the lower Darboux sum 
Clearly 

Finally, we put 


L{f,3»)=Y{ inf /(x))(x fc -x fc _i). 

“ v. . < v < v ■ 


fc=l 


X k _i<X<X k 




J f(x)dx - inf U{f, fg), 

a 2? is a partition of | « ;b j 


which we call the upper Riemann integral off and 


/: 


f{x) Ax - 


sup Lif,^). 


' is a partition of \a -,b 


which we call the lower Riemann integral off. 


433 Definition Let / : | a ; b | — *• R be bounded. We say that / is Riemann integrable if J fix) Ax = j fix) Ax. In this case, 


■f 


we denote their common value by / fix) Ax and call it the Riemann integral off over \a ; b . 


434 Theorem Let / be a bounded function on ;foj and let 3 s ^ be two partitions of ya ;hj . Then 

L{f, &>) < Lif, &>’) < Uif, &>•) < {/(/, ,3>). 

Proof: Clearly is enough to prove this when !¥' has exactly one more point than C/ . Let 

3 * = *„} 
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with a= xq < x !<••■< x n -i < x n = b. Let SP' have the extra point x* with x,- < x* < x,- + i . Observe that we 
have both inf fix) < inf fix) and inf fix) < inf f lx) since the larger interval may contain 

Xt<XSXi + l X ,<*<*» .V/ X- X; ] A' . <X1 Xj , ] 

smaller values off. Then 

inf fix) (x,- + i - Xi) - inf fix) (x,-+i - x» + x» - x,-) 

Xi<X<X t+ l Xi<X< X i+ 1 

= inf /(x)(x* - Xi) + inf /(x)(x/+i - x t ) 

Xi<X<X i+ l Xi<X<X i+ 1 

< inf f(x)lx t - X[)+ inf /(x)(x,-+i - x„). 

Xi< X<X* X*<X<Xi + 1 

Thus 


Llf,@>) = ( inf /(x))(xi -xo) + ■■• + ( inf /(x))(x,-+i - x,) + • ■■ + ( inf /(x))(x„ - x„_i) 

.Vo<X<Xl Xi<X<Xi+\ X n -l<X<X n 

< l inf /(x))(x i-xo) + --- + ( inf /(x))(x* - X,-) + ( inf /(x))(x,-+i - x„) + ■ •• + ( inf /(x))(x„ - x„_i) 

Xo<X<Xl Xi<X<X* X*<X<Xi+i X n -l<X<X n 

= Llf,&’). 

A similar argument shews that U If, g?') < U If, g?) . The we have 

Llf, &) < Llf, &’) < Ulf, &>') < Ulf, 0>) 

proving te theoremU 

435 Theorem Let / be abounded function on [a ;fo] and let gP\ and g ?2 be any two partitions of [a ;h] . Then 

Llf,&0<Uif,& 2 ) 


Proof: Let gP' = :g\ u ■g > 2 be a common refinement for g?\ and gP 2 . By Theorem 434, 

Llf, gP\) < Llf, L> ] U Jf> 2 ) < Ulf, ^1 U & 2 ) < Ulf, ^ 1 ), 

and 

Llf, &> 2 ) < Llf, gP\ U .^ 2 ) < Ulf, U &2) < Ulf, & 2 ), 
whence the theorem follows LI 


436 Theorem Let / be a bounded function on a ;b . Then 


J b flx) dx< J 


fix) dx. 


Proof: By Theorem 435, 

nh 

Llf^O^Ulf,^) => J /(x)dx = 


sup L(f } 3?i)<U (/, ^ 2 )> 

is a partition of ;foj 


and so 


Taking now the infimum, 


f 


f lx) Ax < Ulf, ^> 2 . 


J fix ) dx 


< inf 

&2 is a partition of I a ;b 


Ulf, ^ 2 )= f fix) dx, 

J a 



and the result is established .□ 
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437 Theorem Let / be a bounded function on ya . Then / is Riemann integrable if and only if Me > 0, 3:3 a partition 
of | a ;fo] such that 

U(f,3)-L(f } 3)<e. 


Proof: 


If for all £ > 0 ,U if, .3) - L(f, .3) < e then by Theorem 436, 


L(f, 


; J fix)dx< J j 


f(x)dx < j /(x)d.v < U if, 


0-J fMdx-J fix) dx<e, 


and so 


? f f{x)dx- f f(x)dx, 
J a J „ 


which means that f is Riemann-integrable. 


Suppose f is Riemann integrable. By the Approximation property of the supremum and infimum, for all 
£ > 0 there exist partitions 33 \ and .32 such that 


[ b fM dx<^, f b 

J a £ J a 


2 )-J f(x)dx < 

Hence by taking 3? — :3\ u 332 then 


fix)dx-Lif,3»i) < 


f 


U(f, &) < {/(/, 3*2) < fix) dx+ - < L[f, &>!) + £ < L[f, &>) + £, 


from where Uif, 33) - L(f, 33) < e. 


□ 


438 Example 


fix) = 


0 x irrational, 


ie [0; 1] 


1 x rational. 

Then U if, 13) = \,L(f, 33) — 0, for any partition 33, and so / is not Riemann integrable. 



x irrational, 

P 

x rational = — in lowest terms. 

q 

integrable with 


ie[0;1] 


f 

Jo 


f{x) dx 


= 0 


439 Definition Let / be a bounded function on ;foj and let 33 — {xo,xi x„} be a partition of ya ;fo| . If fjt are selected 

so that Xfc-i < ffc < xic, put 

n 

Sif,3*) = £ /( t k )(x k -x k _x), 

k= 1 

is the Riemann sum off associated with 13 . 


440 Theorem Let f\,f 2 fm be Riemann integrable over ya ;foj , and let / : — ► R. If for any subinterval I 3 ya;b 

there exists strictly positive numbers a\ , 112 , . . . , a m such that 


a){f, I) < ai<D{fi,D + a 2 (x)if 2 , /) + ••• + a m a)(f m ,I), 



then / is also Riemann integrable. 


The Area Problem 


Proof: Let S? = {a — xq < xi < • •• < x n - b] be a partition of [ a ; f/| selected so that for all j, 
Using the notation of the preceding theorem, 


d\ + Cl2 + * * * + d n 




r i 

= E \ x k-l > x k )(*Jfc-*fc-l) 
k= 1 
n m 

- E E a j° ) (fj, U fc -1 ;x fc )(x fc -x fc -i) 

k=lj=l 

= E a i E <*>(fj>\ x k-i '<Xk\)(xk- x k -U 

]= 1 k=l 

m 

= i £a j [U(f j ,&)-L{f j ,&)) 

J = 1 


< £. 


and the theorem follows from Theorem 437. □ 

441 Theorem (Algebra of Riemann Integrable Functions) Let / and g be Riemann integrable functions on [a ;fej and let 
A e R be a constant. Then the following are also Riemann integrable 

1 - f+^g 

2- I/I 

3- fg 

4. provided inf |g(jc)| > 0, also — 

X£[a;b] g 

f 

5. provided inf |g(jt)| > 0, also — 

xe[a;b] g 


Proof: Since 

\f(x) + Ag(x)-f(t)-Ag(t)\ < |/(.*;)-/(f)| + |A||g(x)-g(f)|, and | |/(x) - |/(f)| 1 1 < \f(x)-f(t)\, 

we have 

tti{f + Ag,I)<to{f,I) + \A\(jo(g,I) and ft>(|/| ,1) < «(/,/), 

from where the first two assertions follow, upon appealing to Theorem 440. 


To prove the third assertion, put a\ — sup |/(n)| and a-i = sup |g(it)| 

ue[a;b] ue[a;b ] 


\fix)gix)-f(t)git)\ 


< 


< 


|/(*)(g(*) - git)) + git)ifix) - /(f)) | 
|/(*)| |g(*)-g(f)| + |g(f)||/(x)-/(f)| 


sup |/(M)| |g(x)-g(f)|+ sup |g(M)| |/(x)-/(f)| 

\ue[a;b ] 


«1 |g(-*0 - g(f)| + «2 I fix) ~ fit ) | , 
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which gives 

o>ifg,I) < fliw(/,/) + a 2 u>lg,I), 

and so the third assertion follows from Theorem 440. 

To prove the fourth assertion, with a = inf |g(jc) I >0, observe that we have 

X£[tl]b ] 


gW git) 


1 


|g(*)g(f)| 


|g(*)-g(f)| 


and this gives u>i— , I) < —oj(g, I). The fourth assertion now follows by again appealing to Theorem 440. 

g a* 

The fifth assertion follows from the third and the fourth. a 
442 Theorem Let / and g be Riemann integrable functions on [a;fo] and let A e K be a constant. Then 

nb nb nb 

/ ifix) + Ag(x))dx = / fix) dx+A / g(x)d;c. 

J Cl J Cl J Cl 


< — if \\£y > \ \ < 8'. 


Proof: Let ^ - {a - xq < xi <■■■< x n - b} be a partition of | n ; b | and choose f/ c such that t^ e | x ^- 1 ; x k | . 

Then for any e > 0 there exist 8 > 0 and 8' > 0 such that 

£ fWiXk - Xk-i) - f f(x)dx < ^ if ||^||<5, 
k= 1 Ja z 11 11 

n nb 

A £ git k )ix k -x k _i)-A / g(x)d:c 
fc=l Ja 

Hence, < rnin(5,5'), 

n nb nb 

£ ifitk) + Ag(ffc)) ix k - x k -i) - I fix) dx-A g(x)dx 

J J Cl J Cl 

n nb n nb 

< £ fitk)ixk-x k -i)- / fix)dx + A £ gitk)ix k -x k -i )- A / g(r)di 
k= 1 Ja k= 1 Ja 


< e 


proving the theorem.Cl 

443 Theorem Let / and g be Riemann integrable functions on [a ;fo] with fix) < gix) for all x e [a ;fo] . Then 

nb nb 

/ fix)dx< / g(.ic)d.v. 

Ja Ja 

Proof: The function h-g-fis positive for all x e [ a ; b] and hence Lih, S?) > 0 for all partitions !¥ . It is also 
integrable by Theorem 442. Thus 

nb nb 

/ hix)dx- / /i(jc)dx>0. 

Ja — — a 

But 

nb nb nb nb 

/ /i(x)dx>0 => 0< / (g(x) -fix))dx - / g(x)djc- / fix) dx, 

Ja Ja Ja Ja 


nb nb 

> / fix) dx< / 

J a J a 


and so I fix) dx< / g(x)dx , as claimed. □ 


(K3) 


The Area Problem 


444 Theorem (Triangle Inequality for Integrals) Let / be a Riemann integrable function on \a ;b . Then 


I f /(x)dx| < f |/(x)|dx. 
I Ja I Ja 


Proof: By Theorem 441, |/| is integrable. Now, since - |/| < / < |/| we just need to apply Theorem 443 twice. □ 


445 Theorem (Chasles’ Rule) Let / be a Riemann integrable function on | a ;b\ and let c e | a ;b\ . Then / is Riemann 
integrable function on \a;c\ and c ; b . Moreover, 


rb rc rb 

/ /(x)dx = / /(x)dx + / /(x)dx. 
Ja Ja Jc 


Conversely, if c e \a;b\ and / is Riemann integrable on \a ; c and \c ;b\ then / is Riemann integrable on \a ; b\ and 


rb rC rb 

/ /(x)dx= / /(x)dx+ / /(x)dx. 
Ja Ja Jc 


Proof: Consider the partitions 

TP = {a = x 0 < xi < • • • < x,„ = c < x m+ i <■■■ <x n = b], SP' = {a = x 0 < x x < • • • < x,„ = c], 2P" = {c = x,„ < x m+1 < ■ ■ ■ < x„ = b}. 

where by virtue of Theorem 437, given e > 0, we choose fP so that 

U(f,.TP)-L(f,TP)<£. 

It follows that 

[mf, &>') - L[f, &>')) + (. U(f , &>") - L(/, £»")) = f/(/, - L(/, &>) < e. 

Hence f is Riemann- integrable over both [n; c| and [c; b\ . Observe that 


and upon addition, 


whence 


as required. □ 


0 < U(f, gpf - f f{x) dx <e, 0 < U{f, &>") - f fix) dx < £, 

Ja Jc 

0< f fix)dx-Lif,gP')<£, 0< f fix)dx-Lif,lP")<£, 
Ja Jc 

0<Uif,lP)-^J fix)dx + J /(x)dx| < 2e, 

0 <^J fix)dx + J fix)dxj-Lif,£P)<2£, 

rb rC rb 

/ /(x)dx= / /(x)dx+ / /(x)dx, 

Ja Ja Jc 


446 Theorem (Converse of Chasles’ Rule) Let /be a function defined on the interval [a; b] andletc e ]a;b[. If/isRiemann- 
integrable on [ a ; c| and [c; b] then it is also Riemann integrable in [a; b] and 


rb rC rb 

/ /(x)dx= / /(x)dx+ / /(x)dx. 
Ja Ja Jc 


CS) 
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Proof: Since f is Riemann-integrahle on both subintervals, it is bounded there, and so it is bounded on the 

larger subinterval. By Theorem 437, given e>0 there exist partitions 2/' and 2?" such that 

U la; c] if, 0') - ka-,c] if, &") < e, U [C . M if, 0 ") - L lc , h] if, &") < e. 

The above inequalities also hold in the refinement 2? — 2P' u 0*" , and 

Uif, 0) = U [a , c] if, &>) + u [c . b] if, 0), Lif, &>) - L [a , c] if, &>) + L [c . m if, &>). 

We then deduce that 

Uif, 0) - Lif, 2») = [U la;c] if, 0) + U [C . M if, 0)) - (L la . ci if, + L lc , b] if, &)) 

- ( U [a , c ] if, 0) - L la;c] if, &>)) - {U la;cl if, 2?) - L lc;b] if, &>)) 

< 2e, 


and so f is Riemann integrable in [a; b] by virtue of Theorem 437. Now 



f fix ) dx < 
Ja 

Uif,0>) 


< 

Lif,g4) + e 


= 

L[a-,c]if,0 > ) + L lc . M if,0>) + E 


< 

f fix)dx+ f fix)dx + £, 
Ja Jc 

and similarly 

f fix) dx > 
Ja 

Lif,0>) 


> 

Uif,&>)-£ 


- 

U [a -,c]if,0 > ) + U [c . M if,&)-£ 


> 

f fix)dx+ f fix)dx-E, 
Ja Jc 

hence 

f f(x)dx + f f(x)dx-£ 
Ja Jc 

nb nC nb 

< / fix) dx< / fix)dx+ / fix)dx + 
Ja Ja Jc 


giving the desired equality between integrals .□ 


447 Theorem Let/ be Riemann integrable over [a;b] and let g : 
is Riemann integrable on [a;b\. 


inf flu) ; sup fiu) 

ue[a;b] ue[a-,b] 


M be continuous. Then gof 


Proof: Since g is uniformly continuous on the compact interval inf fiu); sup fiu) , for given e> 0 

L ue[a;b] J 

may find 8' such that 


we 


ue[a;b ] 


is, t) e [ inf fit); sup /(w)j ; |s-f|<5'=> |/(s) - fit)\ < e. 

t£[a-,b] u£[a-,b] 


Let S - minis', e) . Since f is Riemann-integrable, we may choose a partition 2 ? — {a - x b < xi < ■ ■ ■ < x n - b] 
such that 

(7.1) 



Uif,0>)-Lif,0>)<8 2 , 


The Area Problem 


by virtue of Theorem 437. Let 


m k = inf fix)-, 

lSJC<-Ci- 


m* k = inf (go/)(x); 


We split the set of indices {1,2 n\ into two classes: 


M k = sup fix); 

M* k = sup (gof)ix). 


A — {k : 1 < k < n, M k - m k < 5}; B - {k : 1 < fc < n, M k - m k > 5}. 


Ifk e A and x k _\ < x<y< x k , then 

\f{x)-f{y)\<M k -m k <8<8' |(g°/) (x) - (/°g)(y)| < £, 

whence M{_ - m k < e. Therefore 

n 

Y [M* k - m* k ) ( x k - x fc _!) <eY( x k~ *fc-i) = e{b- a). 

keA k= 1 

Ifk e B then M k - m k > 5 and by virtue of (7.1), 

S Y^ x k~ x k-i)^ Y ( M k~ mk)i x k~ x k-i) ^ Y (M k -m k ){x k -x k - 1 ) = U(f,0 l )-Llf,0 l )<8 2 , 

keB keB 1 <fc<n 

whence 

Y (Xk~ x k- 1)<8<£. 

keB 

Upon assembling all these inequalities, and letting M = sup |g(f)|, weobtain 

fe inf uela;bl /(«) ;sup„ e[a;il | /(«) 


U(g° /,&>)- L(gof,3?>) = Y { M k -tn* k )( x k-Xk-\)+ Y i M k- m k)( x k-Xk-i) 

fceA fceB 

< E{b-a) + 2MY( x k- x k-i) 

k€B 

< E{b-a) + 2Me 
= Eib-a + 2M), 

whence the result follows from Theorem 437. □ 

rb n a r a 

448 Definition If b < a we define I f(x)dx = - f(x)dx. Also, / fix) dx-O. 

Ja Jb Ja 


449 Theorem Afunction/on | n ; | is Riemann integrable on | a ; /»| if and only if its set of discontinuities forms a set of 
Lebesgue measure 0. 


Proof: 

Given y > 0 and 8 > 0, puts — y8. Let f be Riemann integrable. There is a partition fP — {a — jcq < x\ < 
■■■ < x n -b] such that 

mf,^)-L{f, &>)<e. 

Letx e J xi ;x,- + i j be such thatu>if,x ) > y. Then 

sup fix) - inf fix) > y. 
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Now observe that 


Hence 


{xE[a;b]:<D(f,x)>8} = \ [J U/ ;*i+i u {xo,Xi x„ 

Vsup/-inf/>r l ) 


p({xE[a;b]:oo(f,x)>Y}) < £ |x/+i-*/l 

sup ]x< . Xj+1 [/(*)-inf], < p C , +1 [/(*)>r 


< -£|x*+i -Xi\ sup f(x) - inf f{x) 

^ 1 1 x i ;Xi + i f 1 x i < x i + 1 [ 


r 


LettingS — ► 0+ andy — ► 0+ wegetp({x e [«; : w(/,x) > 0}) = 0, m particular, p[{x e [a;fo] : 0 ){f,x) > 0}) : 

0 which means hat the set of discontinuities is a set of measure 0. 

Conversely, assume p[{x e [a;b] : u> ( f, x) > 0}) = 0. We can write 

{xe [a;b]:a)(f,x) > 0} = [J {x e [a-,b ] : w(/,x) > p}. 

IC>1 K 

Fix K large enough so that — < £. Since p f {x e [a; b] : ut(f,x) > — } j = 0, we can find open intervals Ij ( K ) 


such that 


It is easy to shew that xe [a;b]: w(f,x) > — V is closed and bounded and hence compact, so we may find 


{xe [a;b] :co[f,x) > — } g [J Ij(K), £ p[lj(K)) < e. 
K H 1 7'2l 


a finite subcover with 


{x e [ a ; b ] : to(/,x) > — } g //, u I] 2 U • • • u Ij N . 

A 


a-,b \(/j,u/ i2 u-u/ jlV ) 


is a finite disjoint union of closed intervals, say JiU / 2 U---U I m ■ IfxE Ji theno)(f,x ) < — . Thusoneachof 

K 

the Ji we may find so fine a partition thata>(f,L) < — for every interval such partition. All these partitions 

K 

and the endpoints of the Ih form a partition, say S? . Write - Si u S 2 u • • • u Sm for the intervals of the 
partition SP that are not the hr- Observe that S^) < — . Then 


'ik ' 'j'k 


-L{f,&>) = £ I sup/ - inf/ 1 (p (/*)) + L ( SU P/ “ Ipf/ 1 (F (Sk)) 


S k \ s k S k 


< 2sup|/| £ /*(//*) + -=2>(S*) 

\a-,b] k= 1 A S k 

< 2sup|/| e+ (b- a)e 

[ a;b ] 

= 2 sup |/| + (b- a) e. 

, [a-M , 


This proves the theorem. 





Integration 


□ 

450 Corollary Every continuous function / on [a; b\ is Riemann integrable on \ a ; foj . 

Proof: This is immediate from Theorem 449. □ 

451 Corollary Every monotonic function / on [ a ; &J is Riemann integrable on [ a ; fo] . 

Proof: Since a countable set has measure 0, and since the set of discontinuities of a monotonic function is 

countable (Theorem 335), the result is immediate .□ 



Homework 


Problem 7.1.1 Let f be a bounded function on ;bj . Then f is 
Riemann integrable if and only if Me > 0, 35 > 0 such that for all 
partitions 3? of \a ; b , 


< S 


U(f,&>)-Uf, &>)<£. 


Problem 7.1.2 Let f be a bounded function on « ; b | . Then f is 
Riemann integrable on [ a ; b] if and only if 
lim S(f ,3?) 

||^||— ° 

exists and is finite. In this case we write lim S(f,3^) = 

||^||— 0 
nb 

I fix) dx. 


Problem 7.1.3 Let f be bounded on a ;b | . Then f is Riemann 
integrable on [« ;bj if and only if for every e > 0,e' > 0 there is a 
partition 3? o/ja ;bj such that 

n 

^ ( x 1c ~ Xk—l^XlxEla-yby.atlftlxic-iiXidtee'} < £m 
k= 1 

Here % (•) is the indicator function defined on a set E as 


XeM - 


if xeE 
if x&E 


7.2 Integration 

452 Theorem (First Fundamental Theorem of Calculus) Let/: [a ;fo] — - R be Riemann integrable on [a ;fo] . If there exists 
a differentiable function F : \a ; b\ — *• R such that F' — f then 


/' 


f{x)dx=F(b)-F(a). 
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Proof: Given £>0, in view of Theorem 437, there is a partition = {a = xo < x\ <■■■ < x n -b\ such that 

&>)<£. 

Since F is differentiable on [a;b], it is continuous on [a;b], Applying the Mean Value Theorem to each partition 
subinterval [Xk-i; Xk] , we obtain c k e]xfc_i;xfc[ such that 


This gives 


F(x k ) - F(x fc _ i) = flc k )lx k - x fc _i). 


F(b) - Fla) = Y (Flx k )-F(x k - 1 )) = Y flck)(x k -x k - 1 ), 

1 <fe<n 1 <fc<« 


and since inf flu)<flc k )< sup / (w) , we deduce that 

ut l- v A I m ,X k ] uelX k ^i m ,Xlc] 

L(f, &>) < Fib) - F{a) < Ulf, &>). 

f b 

Furthermore, we know that L{f, £P) < / /(x)dx < U If, ■g > ). Hence, combining these two last inequalities, 

J a 

|F(fo)-F(fl)- f f(x)dx <£, 

I J a 

and the theorem follows Li 

453 Theorem (Second Fundamental Theorem of Calculus) Let/: [a ;foj — <• IRbe Riemann integrable on [a ;&] , and let 

Fix) - J flt)dt, jce|a;feJ. 

Then F is continuous on \a ; b \. Moreover, if / is continuous at c e \a ; b , then F is differentiable at c and F' (c) - flc). 


Proof: There is M> 0 such thatM x e [a;b], |/(x) | < M. Now, if a <x<y<b with jx- yj < —, then 


|F(y)-F(x)| = |[ y /(f)df|< [ y |/(f)|df< f y Mdt=M(y-x) 

\Jx | J X J X 


- x) < £ 


Thus F is continuous on [ a ; b] and by Heine’s Theorem, uniformly continuous on [a;b\. Now, take u e] a; b[, and 
observe that 

fix) -F iu) i 

xfu => = / flt)dt. 

x-u X-UJu 


Moreover, 


and therefore, 


1 r x 

flu) = I f(u)dt, 

X-UJu 


Fix) - Flu) 


x-u 


'flu) — ~ f (fit)- flu)} dt. 

X ll Ju 


Since f is continuous at u, there is 8 > 0 such that 

t e [a;b],\t- u\ < 8 ==> \flt) -/(h)| < £. 

This gives 


Fix) - Flu) 


x-u 


-flu) 


< £ 


for x e\a;b[ with jx- u\ < 8. From this it follows thatF'lu) = flu) Li 




Integration 


454 Theorem (Young’s Inequality for Integrals) Let / be a strictly increasing continuous function on |0;+oo| andlet/(0) = 
0. If A > 0 and B > 0 then 


AB < 


n A rB 

I /(x)dx + / / _1 (x)dx. 

Jo Jo 


Proof: The inequality is evident from Figure 7.1. The rectangle of area AB fits nicely in the areas under the 

curves y = /(x), x e [0; A] and x = / -1 (y)>ye[0;B]-Q 


455 Theorem (Holder’s Inequality for Integrals) Let p > 1 and put — = 1 - — . If / and g are Riemann integrable on I a ;fo| 

q p 

then 


\ rb I pb \ Bp I nb 

/ /(x)g(x)dx < / |/(x)| p dx / IgfxJ^dx 

I Ja \Ja } \J a 


llq 


Proof: First observe that all o/|/g| , |/| p and |g| <? are Riemann-integrable, in view of Theorem 441. Now, with 
fix) - x p_1 in Young’s Inequality (Theorem 454), we obtain, 

A p B U(p-i)+\ A p B q 

AB < — + = — + — . 

p l/(p-l) + l p q 

If any of the integrals in the statement of the theorem is zero, the result is obvious . 


(7.2) 


B q = 


f |gW| P dx. 
Ja 


c b 

ious. Otherwise put A p = I |/(x)| p dx, 
Ja 


Then by (7.2), 


l/(x)g(x)| < A~ p \fix)\ p | B-^gjx)^ 
AB ~v 


Integrating throughout the above inequality, 


^/j/wgw| d *< A- Jj /W |»d,+ = 1, 


whence the theorem follows. □ 



Figure 7.1: Young’s Inequality (Theorem 454). 


456 Theorem Let/: ;foj — >■ 05. Then 

1. If / is continuous on \a ;b , Vx e I a ;b\ ,/(x) > 0, 3c e I a ;b\ with /(c) > 


Othen f b 
Ja 


fix) dx > 0. 


f: 




2. If f,g are continuous on \a ;b\, Vx e | a ;b\,fix) < g(x), and 3c e | a ;b\ with /(c) < g(c) then | /(x)dx < 
1 

g(x)dx. 
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Proof: The second part follows from the first by considering f - g. Let us prove the first part. 


Assume first that c e]a;b[. Then there is a neighourhood ]c - S;c + 8[Qa;b[ ofc, with 5 > 0, such that Vre 

he) 

]c-5;c + 5[,/(x) > . Therefore 


C b rC+8 nC+8 f[r\ 

/ /(x)dx> / /(x)dx> / dx=8f(c)>0. 

Ja Jc—S Jc-8 2 


Ifc = a then we consider a neighbourhood of the form ]a\a + 8[, and similarly ife - b, we consider a neighbour- 
hood of the form \b- 8;b[ □ 


457 Theorem (First Mean Value Theorem for Integrals) Let /, g be continuous on 
Then there exists ce \a;b\ such that 


f 


f(x)g(x)dx = f(c) g(x)dx. 


/*. 


a;b\, with g of constant sign on 



Proof: Ifg is identically 0, there is nothing to prove. Similarly, iff is constant in (n; b] there is nothing to prove. 
Otherwise, g is always strictly positive or strictly negative in the interval [a;b]. Let 

m- inf f(x); M- sup f(x). 

x£l<v,b] x£[a-,b] 


Then 


m < 


fafMgMdx 
fa g(x)dx 

By the Intermediate Value Theorem, there is ce]a;b[ such that 


<M. 


/(c) = 


f 


f{x)g(x)dx 


f 


gWdi 


proving the theorem.^! 

458 Theorem (Integration by Parts) Let/,g be differentiable functions on [a;b\ with /' and g' integrable on [a;b\. Then 

f f'[x)g{x)dx+ f /U)g'(x)d^ = /(x)g(x)| = f{b)g{b) - f{a)g[a). 

Ja Ja ' a 


Proof: This follows at once from the Product Rule for Derivatives and the Second Fundamental Theorem of 

Calculus, since 


(fg)' = f'g + fg'^>f(b)g(b)-f(a)g(a)=[ (f(x)g(x)]'dx f f'(x)g(x)dx+ f f(x)g'(x)dx. 

Ja Ja Ja 


□ 

459 Corollary (Repeated Integration by Parts) Let n e N. If the n+ 1-th derivatives / ( “+D anc j g ( “+D are continuous on 
[a;b\ then 

| fe /Wg ( " +1) Wdx=(/Wg ( ” ) (x)-/'Wg ( "- 1) (x) + /"(x)g ( "- 1) (x)---- + (-l) n / (n) Wgw)[+(-l)” +1 | fo / ( " +1) U)gWdx. 



Proof: Follows by inducting on n and applying Theorem 458. □ 


Integration 


460 Theorem (Integration by Substitution) Let g be a differentiable function on an open interval / such that g is continu- 
ous on /. If / is continuous on g (I) then / o g is continuous on I and \/[a,b) e I 2 , 

r-b fg(b) 

I ( f°g)ix)g'ix)dx = I /(w)dit. 

Ja Jg(a) 

Proof: Fix cel and put Fix) = J fiu)du. By The Second Fundamental Theorem of Calculus, Vx e I,F'{x) = 
fix). Furthermore, let t(x) - F(g(x)). By The Chain Rule, t' — IF' o g)g' = if o g)g' . Therefore 


[ if°g)(x)g'ix) dx = f f'(x)dx 
Ja Ja 


= tfb) - t{a) 

= Figm-Figia)) 

rgW r g(«) 

= 1 f(u)du- 1 /(it)dit 

Jc J C 

rgW 

= I fiu)du, 

Jg(a) 

as was to he shewn. □ 

461 Theorem (Second Mean Value Theorem for Integrals) Let f,g be continuous on [a ;&] , with g monotonic on | a ;b\ . 
Then there exists c e I a ; b I such that 


and therefore 


f f(x)g(x)dx = g(a) f f(x)dx + g[b) f /(x)dx. 

Ja Ja Jc 

Proof: Put Fix) - f fit)dt. Then F'ix) = fix). Hence 
Ja 

f fix)gix)dx= f Ffx)gix)dx - F(x)g(x)| -f F(x)g'(x)dx 

f fix)gix)dx=Fib)gib)-Fia)gia)-[ F(x)g'(x)dx. 

Ja Ja 

By the First Mean Value Theorem for Integrals and by the First Fundamental Theorem of Calculus, there is a 
ce]a;b[ such that 

f Fix)g'ix)dx= Fie) f g'(x)dx = Fic)igib) - gia)). 

J a J a 

Assembling all the above, 

[ fix)gix) dx = Fib)gib)-Fia)gia)-Fic)igib)-gia)) 

Ja 

= gib) (F(fo) - F(c)) + gia) (F(c) - F(n)) 

= gib) f fix)dx+gia) [ fix) dx, 

Jc Ja 

as desired.O 

462 Theorem (Generalisation of the AM-GM Inequality) Let a,- > 0, pi > 0 with pi + P 2 + + p n = 1. Then 

G = a J 71 a% 2 ■ ■ ■ a < pi a\ + p2«2 H 1 Fn«n = A. 


(Here we interpret 0° = 1.) 
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Proof: There is a subindex k such that a^< G < fl/t+i- Hence 


| ^ £ (H) ^ + J, , ■ fa ( d ~ l) dx 21 “• 


as all the integrands are > 0. Upon rearranging 
-G 


n 1 n c«i 1 n n 

E Pi I _d * -LPi r Ax => E Pi( lo 8«i - lo S G ) ^ E Pi • 

j=l ■'“/ x 1=1 JG 0 i=l t=l 

obtaining the inequality □ 


fli — G 


A 

0 < -- 1 , 

G 


Homework 

Problem 7.2.1 Lef p be a polynomial of degree at most 4 such that 
p{- 1) = p(l) = 0 awe/ p(0) = 1. If pix) < 1 /or x e [-1; 1], /foe 

largest value ofj p (x)dx. 

f 3 

Problem 7.2.2 Compute | xllxlldx. 

Jo 

Problem 7.2.3 Let f be a differentiable function such that 
fix+h)-fix) = e x+h -h-e x 
and /( 0) = 3. Find fix). 

Problem 7.2.4 Lef / be a continuous function such that f(x)f(a - 

r a 1 

x) = 1 and let a > 0. Find / dx. 

Jo fix) + 1 

Problem 7.2.5 Let f be a Riemann integrable function over ev- 
ery bounded interval and such that fia + b) = /(fl) + fib) for all 
ia,b) e R 2 . Demonstrate that fix) = x/(l). 

f 2 

Problem 7.2.6 Compute I x|| x 2 ||dx. 

Jo 

Problem 7.2.7 Find J | x 2 — 1 1 dx. 

Problem 7.2.8 Let n be a fixed integer. Letf : R — ► R foe given by 


fix ) = 


x if x < 0 


2" if 2" - 2"“ 2 < x < 2" + 1 - 2"“ 1 


c 2 ' 1 r 2 " n 

| /(x)dx= I xdx = 2 2 _1 . 

Jo Jo 


Prove that 


Problem 7.2.9 (Putnam 1938) Evaluate the limit 


f 

. JO 


(1 + sin2jc) 1/ *djc 


lim 

r — 0 


Problem 7 


.2.10 Find the value of 

Jo 


max(jc , 1 - jc)dx. 


Problem 7.2.1 1 Let a > 0. Letf he a continuous function on |0 ; a 
such that f{x) + f {a — x) does not vanish on [o ;«]. Evaluate 


L 


/(x)dx 


0 /(x)+/(fl-x) 


Problem 7.2.12 Let a > 0. Let F be a differentiable function such 
thatMxe [o;a] F'ia-x ) = F , (x). Evaluate J F(x)dx. 


Problem 7.2.13 Let n > 0 foe an integer. Let a be the unique differ- 
entiable function such thatVx e R 


(a(x)) 2,,+ 1 + a(x) = x. 


r. 

JO 


Evaluate I a(f)df. 


Problem 7.2.14 Find 


1112 sinxdx 


rTtIZ 

ind I — 

Jo si 


sinx + cosx 


Problem 7.2.15 Find 


Problem 7.2.16 Find 


r 7112 idx 

1 + (tan x ) v ' 2 


f — 7 = dx 

J x\J x 2 -l 


Problem 7.2.17 Find f dx. 

J 1 + v x + 1 

r x 112 

Problem 7.2.18 Find J —ppp y^-dx. 


Problem 7.2.19 Find 


r a 2x 
J \! a x + 1 


dx, a> 0. 


Problem 7.2.20 Find f -dx. 

J (e x - e~ x ) 2 


(S> 





Integration 


IxJ 

Problem 7.2.21 Prove that I — dx = 41og(5) - 3 log (2) - log (3). 
J l x 

Problem 7.2.22 Find J e e +x dx. 

Problem 7.2.23 Find J tanxlog(cosx) dx. 

/ log log x 

dx. 

xlogx 


Problem 7.2.25 Find 


Problem 7.2.26 Find 


4 x 

Problem 7.2.27 Find I — dx. 


fx'“-l 

hrz T d * 

h 77 d * 

r 4 X 

md J 2*71 

ind f — 

J (x+ 1) 10 


Problem 7.2.28 Find 


Problem 7.2.29 Find I dx. 


r l 

ind / 

J 1 + e 

ind [ 

J 1 - sir 


Problem 7.2.30 Find / dx. 

1 - sinx 


Problem 7.2.31 Find J vT+ sin2x dx. 

Problem 7.2.32 Find / — dx. 

' V l -x 4 


Problem 7.2.33 Find / sec 4 xdx. 


ind J t 

Problem 7.2.34 Find J sec 5 xdx. 

r v i/3 

Problem 7.2.35 Find I e x dx. 
Problem 7.2.36 Find J log(x 2 + l)dx. 
Problem 7.2.37 Find J xe x cosxdx. 
Problem 7.2.38 Find J x 2/3 logxdx. 


/* 


Problem 7.2.39 Find J sin(logx)dx. 


/ log log x 
dx. 


Problem 7.2.41 (J sec xdx in three ways) A traditional indefinite 
integral is 

J secxdx = log(tanx + secx) + C. 

Justify this formula. 

I COSJE COSX 

Now, prove that = 1 . Use this to 

cosx 2(1 + sinx) 2(1 -sinx) 

find a second formula for J secxdx. 

A third way is as follows. Using sin 2d = 2sin 0 cost) shew that 

/ X 71 

cscxdx = log | tan — | + C. Now use csc(— + x) = secx to find yet 


other formula for j 


secxdx. 


Problem 7.2.42 Find J (arcsinx) 2 dx. 


f dx 

Problem 7.2.43 Find I — = . 

J \/x + 1 + \J x- 1 


Problem 7.2.44 | xarctanxdx. 


7.2.44 J x 


Problem 7.2.45 Find / vtanxdjr. 


fyT, 

r 2 

ind / — 

J x 2 (x-l) 


. 2x + 1 

Problem 7.2.46 Find / — dx. 


Problem 7.2.47 Find J log(x + \/x)dx. 

Problem 7.2.48 Find f — dx. 

1x4 + 1 

Problem 7.2.49 Find f — dx. 

J x 3 + l 

Problem 7.2.50 Demonstrate that for all strictly positive integers n, 


l\ n ( 1 \ l\ n 1 

1+— 1+ — <e< 1 + — 1h 

n 4 n n \ 2 n 


that 

is, e 

is contained 

r I 

1 \ n 

i M" +1 i 

1 + 

- ; 



n) 

l n) I 
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7.3 Riemann-Stieltjes Integration 

7.4 Euler’s Summation Formula 






Chapter 8 

Sequences and Series of Functions 


8.1 Pointwise Convergence 

463 Definition We say that a sequence of functions {/„}^“ /„ : I defined on an interval I (=U converges pointwise to 
the function f if Mx e I, Me > 0 31V > 0 (depending on e and on x) such that 

n> N => \f n (x)-f(x)\<e. 


464 Example The sequence of functions x x n ,n - 1,2,... converges pointwise on the interval 1 0 ;l| to the function 
/ : [o ; 1 j — * {0, 1} with 

1 0 if jc e f 0 ; 1 [ 

L L 

1 if x — 1 


8.2 Uniform Convergence 

465 Definition We say that a sequence of functions /„ : I — ► IK defined on an interval 1 fK converges uniformly to 

the function f if Vx e I, Me > 0 3JV > 0 (depending only on e ) such that 

n> N => \fn(x)-f[x)\ <£. 

In this case we write /„ /. 


466 Theorem Let {/„}+“ be a sequence of functions defined over a common domain I. If there exists a numerical se- 
quence {«„}*“ with a n — <• 0 as n — <• +oo, and a function / defined over I such that eventually 

|/«(*)-/(*)| < a n , 


then /„--/■ 


467 Theorem If the sequence of continuous functions {/ n }^“ f n : I —> U defined on an open interval / £ R converges 
uniformly to / on /, then / is continuous on /. Moreover, if xq e I then we may exchange the limits, as in 


lim 

n —*+ oo 


lim /„ (x) 

X— ‘Xo 


lim lim /„ (x) 1 = lim fix). 

x— >xo vn— -+oo J x— xo 


468 Theorem If the sequence of integrable functions {/„}+“ /„ : / — <• R defined on an open interval I if K converges 
uniformly to / on /, then / is integrable on /. Moreover, if [a, b) e I 2 then we may exchange the limit with the integral, as 
in 

, lm if 

n^+oo \J a 


f n (x)dxj=J | n Um o /„(x))dx = J fix) dx. 


156 
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8.3 Integrals and Derivatives of Sequences of Functions 

8.4 Power Series 

A power series about x - a is a series of the form 

+oo 

fix) = Y, a nix- a) n . 
n = 0 

This is a function of x, and truncating it gives polynomial approximations to f. The goal is to approximate “decent” func- 
tions about a given point x — a. 

These expansions don’t necessarily make sense for all x. The region where the power series converges is called the 
interval of convergence. 


“ 2"(x- 3)' 

469 Example Find the interval of convergence of the series > — — 

£=i Vn 


Solution: By the ratio test, the series will converge if 

i2" +1 (x-3)' ,+1 
I 7ra+I 2"(x- 3)' 

that is when 


— 2 


n 


n+ 1 


|x- 3| — ► r < 1, 


5 7 

2| jc — 3| < 1 => — <x< 

2 2 

5 7 5 “ (-1)" 

The series converges absolutely when — < x < — . We must also test the endpoints. Atx — — the series is ) — — 

2 2 2 “[ \fn 

5 “1 

which converges conditionally by Leibniz’s Test. At x — — the series is > which diverges. 

2 n=iVn 


8.5 Maclaurin Expansions to know by inspection 


• The sine is an odd function: 


• The cosine is an even function: 


• If a is a real constant, 


* x 2 ^ 

e -\ + x+ v h- 

2! 3! 


x 3 x 5 x 7 

sinx = x 1 h- 

3! 5! 7! 


COSX =1 1 1 

2! 4! 6! 


_ ala- 1) , a{a-l)la-2) o a[a- l)(fl-2)(a-3) , 

(1 + X) = 1 + flXH — X H — X H — X + • 


2! 


3! 


4! 


470 Example Expand fix) - cosx around x = 1. 


Solution: We have 


cosx = cos(x —1 + 1) 


= cos(x- l)cosl - sin(x- l)sinl 

( (x-1) 2 (x-1) 4 

= (cos 1)11 — — - + 


2! 


4! 


- (sinl) 


[(*-!)- 


(x-1) 3 (x-1) 5 

+ ■ 


3! 


5! 






Comparison Tests 


Homework 


Problem 8.5.1 Given a finite collection of closed squares of total 
area 3, prove that they can be arranged to cover the unit square. 


Problem 8.5.2 Given a finite collection of closed squares of total 
area — , prove that they can be arranged to cover the unit square, 
with no overlaps 


8.6 Comparison Tests 

Homework 


Problem 8.6. 1 Let{a„ \™ = j be a sequence of real numbers satisfying 

oo oo 

0 < a n < 1 for all n. Assume that Y a n diverges but Y cori- 
ng n = 1 

verges. Letf be a function defined on f 0 ; l| whose second derivative 


exists and is bounded on 0 ; 1 . Prove that if Y flan) converges, 

1 1 n= 1 

OO 

so does Y \f(a n )\. 
n= 1 


8.7 Taylor Polynomials 

Homework 


Problem 8.7.1 Evaluate / (logx)(log(l -x))dx. 




Problem 8.7.2 Evaluate the infinite series V arctan — . 

«=1 


8.8 Abel's Theorem 

Homework 


Problem 8.7.3 Find the sum of the infinite series 

1111 1 

1 1 1 [-■■■. 

4 6 9 11 14 


Problem 8.8.1 Put 


\ti + 1 


111 (-1)' 

a n = 1 1 1 1 log 2. 

2 3 4 n 6 


Prove that Y a n converges and find its sum. 

nl 


Problem 8.8.2 Evaluate the sum 

1 

h 

2 3 


1 1 (1 

oo 1 + — + — H H 

y 

„=1 M(«+l) 


n 


Problem 8.8.3 Evaluate the sum 


LI — + 1 


n=0 


1 


4«+l 4n + 3 2/1 + 2 


Problem 8.8.4 Evaluate the limit 


lim - • f 
a— 0 a Jo 


lim — j tan(asinx)d;e. 






Appendix A 

Answers and Hints 


1.1.1 Observe that An = {0, n,2n,3n, •••}. 


L ^6 

2. N. 

3. {0}. 


1.1.4 We have, 


which establishes the equality. 


xe (AuB)nC 


xe(AuB) and xeC 

(xeA or x e B) and xe C 

(xe A and xeC) or (x e B and xeC) 

(xeAnC) or (xeBnC) 

xe (AnC)u(BnC), 


1.1.13 We check the two statements 

x e A x (B \ C) <=> x e (A x B) \ (A x C). 

Let us prove first =>. By definition of x, x = (a, b), where aE A,b E B,b 4 C. Thus XE Ay- B but x £ A x C. By definition of \ we are done. Now we prove the assertion <=. By definition of x and \, x = (a, b) where a E A, b E B . Since 
x £ A x C, we observe that fe £ C. Thus aE A,b E B\C, and we gather that x E A x (B \ C). 


1.1.14 Attach a binary code to each element of the subset, 1 if the element is in the subset and 0 if the element is not in the subset. The total number of subsets is the total number of such binary codes, and there are 2 ^ in number. 


o 

1.2.1 There are 2=4 such functions, namely: 

O /j given by /j (fl) = /j [b) = C. Observe that Im (/j ) = {c}. 

© /2 given by [a) = [b) = d. Observe that Im (^) = {d}. 

© fy given by fy (fl) = c, fy {b) = d. Observe that Im (fy) = {c, d}. 

O fy given by fyia) = d, fy (b) = c. Observe that Im ( ) = {c, d}. 

1.2.2 Each of the tl elements of A must be assigned an element of B, and hence there are tn- tn - ■ m = m n possibilities, and thus tn n functions.If a function from A to B is injective then we must have W < ttl in view of Theorem 16. If 

ti factors 

to different inputs we must assign different outputs then to the first element of A we may assign any of the ttl elements of B, to the second any of the m l remaining ones, to the third any of the m — 2 remaining ones, etc., and so we have 
m(m - 1) • • ■ (m - tl + 1) injective functions. 

1.2.4 Rename the independent variable, say B(1 — s) = 2s. Now, if I s = 3x then s = 1 — 3x. Hence 

h{ 3x) = h{l - s) = 2s = 2(1 - 3x) = 2 - 6x. 

1.2.5 Put 

^ 4,2003 „ „ , _ „2 , , _ ,.8012 

plx) — ( 1 — x +x) — + flj x + ri 2 % + • • • + a$o\ 2 x 

Then 

O fl 0 =/»(0) = (l-0 2 + 0 4 ) 2003 = 1. 

© flo + fl ! +« 2 +" +«8012 = / , ( 1 ) = ( 1 - l2 + l4 ) 2003 = 1 * 


a b ~ a \ + a 2 ~ a 3 + fl 801 1 + fl 8012 


p(- 1) 


. p(l) + p(-l) 

O The reqmred sum is - 


The required sum is 


p(l)-p(-l) 


159 


Answers and Hints 


1.2.6 We have 



= 125. 


1.2.7 We have 


/( 2) 

(-l) 2 l-2f(l) 

1 -2/(1) 

/( 3) 

(-1) 3 2- 2/(2) 

= -2 -2/(2) 

/( 4) 

(-l) 4 3-2/(3) 

= 3 -2/(3) 

/( 5 ) 

( — 1) 5 4 - 2/(4) 

= -4 -2/(4) 

/(999) 

(-1) 999 998- 2/(998) 

= -998-2/(998) 

f(1000) 

(-l) 10 00 999 -2/(999) 

= 999-2/(999) 

f(1001) 

( _ 1) iooi 1000 _ 2 y (1000) 

= -1000-2/(1000) 


Adding columnwise, 

/( 2) + /( 3) + ••• + /( 1001) = 1 - 2 + 3 + 999 - 1000 - 2(/(l) + /( 2) + • + /( 1000)). 

This gives 

2/(1) + 3(/(2) + /( 3) + • • • + /( 1000)) + /(1001) = -500. 

Since /(l) = /(1001) we have 2/(1) + /(1001) = 3/(1). Therefore 

/(l) + /( 2) + - + /(1000) = - 522 . 

1.2.8 Set a = b = 0. Then (/(0)) 2 = /(0)/(0) = /(0 + 0)= /(0). This gives /(0) 2 = /(0). Since / (0) > Owe can divide both sides of this equality to get/ (0) = 1. 


Further, set b = —a. Then /(a) f{—a) = /(a — a) = /(0) = 1. Since / (a) ^ 0, may divide by / (a) to obtain f(—a) = — . 

/(«) 


Finally taking a = b we obtain (/(a)) 2 = / (a) / (a) = /(a + a) = /(2a). Hence /(2a) = (/(a)) 2 


1.2.9 To prove that / is injective, we prove that /(a) = f(b) => a = b. We have 


/(a) = /(b) 


a-1 _ b- 1 
a+1 b+1 

(a - l)(b + 1) = (a + l)(b- 1) 
ab + a- b- 1 = ab a + b \ 
2a = 2b 
a = b, 


whence / is injective. To prove that / is surjective we must prove that any y £ IR \ { 1 } has a pre-image a e IR \ {— 1} such that /(a) = y. That is, 

a-1 1 + v 

y => a-1 = ya + y ==> a - ya = 1 + y => a(l - y) = 1 + y => a . 


(1 + y) i 1 + x 

Thus / = y, and / is surjective. This also serves to prove that / (x) = . 

v 1 — y ) 1— x 

1.2.10 We have / ® (x) = /(x + l) = (x + l) + l = x + 2, /^ 3 ' (x) = /(x + 2) = (x + 2) + l = x + 3 and so, recursively, /^ (x) = x + n. 

1.2.14 We have / [2] (x) = /( 2x) = 2 2 x,/ [3] (x) = /( 2 2 x) = 2 3 x and so, recursively, / [n| (x) = 2 n x. 

1.2.15 Let y = 0. Then 2g(x) = 2x 2 , that is, g(x) = X 2 . Let us check that g(x) = x 2 works. We have 

g(x + y) + g(x - y) = (x + y) 2 + (x- y) 2 = x 2 + 2 xy + y 2 + x 2 - 2xy + y 2 = 2x 2 + 2 y 2 , 


which is the functional equation given. Our choice of g works. 

1.2.16 Let X - l.Then / (y) = y/(l). Since / ( 1 ) is a constant, we may let k = /(l). So all the functions satisfying the above equation satisfy / (y) = ky. 

1 lxl 

1.2.17 From /(x) + 2/( — ) = xweobtain /( — ) = — — — /(x). Also, substituting 1/x for X on the original equation we get 


/(1/x) + 2 /(x) = 1/x. 


Hence 




which yields /(x) — — — 


x 

3 
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1.2.18 We have 


whence 


Divide (I) by (II), 


from where the result follows. 


( ' w)2 '(t7i) = 64 *' 

(/) 

'(t7i) 2 ' w = 64 (t7i)- ™ 

/W 3 =64 , 2 (I±£), 


1.2.19 We have (1) / I2] (*) = (/ o /) (x) = /(/(x)) = Ij— = . 

(U)/I 3 l(x) = (/o/o/)(x)=/(/ [2 l(x)))=/(^i)= — d— = x. 

(lil)Noacethat/ !41 (x) = (/o/I 31 )(x) = /(/ [31 (x)) = /(x)=/ [11 (x).Weseethat/iscydicofperiod3,thatis,/ [11 =/ [14! = / I?1 =...,/ 121 = / [5] =/ 181 = ...,/ [3] = / [6] = / 19] = .... Hence/ 1691 (x) = / [3] (x) = X. 

1.2.20 To see (i) observe that 

/(«) = f(b) => g(/(a)) = g(/(b)) => a = b, 
whence f is injective. (The first implication is clear, the second implication follows because g ° f is injective.) 


To see (ii), given yeC, 3x E A such that g(f (x)) = y, since g o f is surjective. But then, letting a = f (x) E B we have g(a) = y and g is surjective. 

_ , x- a 

1.3.1 The map f : [0;1] — * [fl; b] f[x) = is a bijection. 

b n 

1.3.2 The map/: J — oo;+oo[ — 1 • J 0 ;+oo| /(x) = e x is a bijection. 

1.4.1 Both answers are "no.” If a = —b = V2, which we will prove later on to be irrational, we have a + b = 0, rational, and ab = —2, also rational. 


.y/3 , 


Then 


and 


This proves that 


which proves that S is closed under multiplication. 


q q q 2 2 

x = a +b +c - 3 abc= (a + b + c)(a + iob + <x) c)(a + to b + cto), 

3 3 3 2 2 

y = u + v + w -3 uvw = [u+ v+ iv)[u + a)v + <o w)(u+co v + tow). 

( a + b + c){u+ v + w) = au+av + aw + bu+ bv + bw + cu + cv + cw, 

(a + cob + oj^ c)[u + o)v + (o^w) = au + bw + cv 

+o)(av + bu + cw) 

+ct)2 ( aw + bv + cu), 


(a + to 2 b + toe) (w + to 4 * v + a) w) 


au + bw + cv 

+u)[aw + bv + cu) 
+(o^{av + bu + cw). 


xy = (au+bw + cv)^ + (aw + bv + cu)^ + (av + bu + cw)^ 
-3[au + bw + cv)(aw + bv + cu)(av + bu + cw), 


1.4.3 We have 


proving commutativity. 

1.4.4 By (1.4) 

By (1.4) again 
By (1.3) 

which is what we wanted to prove. 


xoy 


(xoy)o(xoy) 

[yo(xoy)]ox 

[(loy)ox]oy 

[(yox)oxjoy 

[(xox)oyjoy 

(yoy)o(xox) 

y°x, 


x*y = ({x*y)*x)*x. 

((* * y) * x) * x = ((x * y) * ((x * y) * y)) * x. 
((x * y) * ((x * y) * y)) * x = (y) * x = y * x, 


To shew that the operation is not necessarily associative, specialise Sf = Z andx * y = —X — y (the opposite of X minus y). Then clearly in this case * is commutative, and satisfies (1.3) and (1.4) but 


0 * (0 * 1 ) = 0 * (-0 - 1 ) = 0 * (- 1 ) = -0 - (- 1 ) = 1 , 

and 

(0 * 0 ) * 1 = (-0 - 0 ) * 1 = ( 0 ) * 1 = -0 - 1 = - 1 , 



evincing that the operation is not associative. 


Answers and Hints 


1.4.5 1. Clearly, if a,b are rational numbers, 


|«|<l,|i»|<l => \ab\<\ => -\<ab<\ => l + ab>0, 


whence the denominator never vanishes and since sums, multiplications and divisions of rational numbers are rational, ■ 


■ is also rational. We must prove now that — 1 < 


a + b 
1 + ab 


1 for (a, b) e] 


i;i[ 


. We have 


a + b 
1 + ab 

o -(a + !)(£;+ 1) <0<(a-l)(b- 1). 


o -1- ab < a + b <1 + ab 
o -1- ab- a-b <0<1 + ab- a-b 


Since (a, b ) £] — 1; 1 [^, [a + 1) (b + 1) >0 and so — (n + 1) (fo + 1) <0 giving the sinistral inequality. Similarly a — 
a+b 

established that indeed — 1 < < 1. 

1 + ab 


1 < 0 and b — 1 < 0 give (a — 1 )(b — 1) >0, the dextral inequality. Since the steps are reversible, we have 


2. 


— — — — = b® a, commutativity follows trivially. Now 


J b+c \ 

l : 

a+f 

l + bc) 
b + c \ 

“ l 

l + bc j 


j b + c \ 

a(l + bc) + b + c 

{ 1 + be J 

a + b + c + abc 


1 + bc + a(b + c) 1 + ab+bc + ca' 


One the other hand, 


[a <8> b) ® c 


[l + ab ) 
a+b \ 


V 1 + ab) 

( a + b) + c(l + ab) 


1 + ab + (a + b)c 
a + b + c + abc 

1 + ab + bc + ca’ 


whence ® is associative. 

1) = 0. Since a ^ ± 1, we must have e = 0. 


= -a. 


1.4.6 We must shew that V(fl, b) e we have ab = b a. But 


3. If a ® e = a then - 


a + b 

b = 0, then — = 0, which means that b 

1 + ab 


whence the result follows. 


1.4.7 We have 


ab = e[ab)e 

= (b 2 Hab)(a 2 ) 

= b((ba)(ba))a 
= b{ba)^a 
= b[e)a 
= ba, 


(ab) 3 = a 3 b 3 


ab(ab)ab = a(a 3 b^)b 
baba = (? b 3 
(ba) 2 = a 2 b 2 . 


Similarly 

(ab) 5 =a 5 b 5 = (ha) 4 = a 4 b 4 . 


But we also have 


and so 


We have shewn that V (a, b) e G 


2 


Hence 


(ba) 4 = ((ba) 2 ) 2 = (a 2 b 2 ) 2 = a 2 (b 2 a 2 )b 2 , 

a 2 (b 2 a 2 )b 2 = (ba) 4 = a 4 b 4 => b 2 a 2 = a 2 b 2 . 

((ba) 2 = a 2 b 2 ) and (b 2 a 2 =a 2 b 2 ). 

(ba) 2 = a 2 b 2 = b 2 a 2 => baba = b 2 a 2 
=> ab = ba, 



proving that the group is abelian. 
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1.4.8 Since 

multiplying by a ^ on the left and by b ^ on the right the equality 

we obtain 

By hypothesis 

Hence (A.2) and (A.3) yield 

Similarly, from (A.3) we obtain 

from which 

Multiplying (A.4) and (A.6) together, we deduce 
which is what we wanted to shew. 


{ab)* +2 = (ab){ab) ■ ■ ■ {ab) = a(ba)* + ^ b, 
i+2 times 

(ab) i+2 = a i+2 b i+2 
(ba) t+1 = (a) i+1 (i) i+1 . 
(«ffl i+1 = (a) i+ W +1 . 
(ab) i+l = (M i+1 . 

{ab)* = {ba)* , 

= {bar 1 , 
ab = ba, 


(A.1) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(A.6) 


1.5.1 The first two follow immediately from the Binomial Theorem, the first by putting X = y — 1 and then X = — y = 1. The third follows by adding the first two and dividing by 2. The fourth follows by subtracting the second from the first and 
then dividing by 2. 


1.5.2 Ifa = 10 3 ,b = 2then 


This last expression factorises 


where k < 250000. Therefore p = 250501. 


1.5.4 From the Binomial Theorem, 


Then 


1002004008016032= a 5 + a 4 b+ a 3 b 2 + a 2 b 3 + ab 4 + b 5 



a-b 


{a + b){a 2 + ab + b 2 ){a 2 - ab + b 2 ) 
1002 1002004 998004 
4 4 1002 250501 k, 


(A + B) 3 = A 3 +3A 2 B + 3AB 2 + B 3 => A 3 +B 3 = {A + B) 3 -3AB{A + B). 


a 3 +b 3 +c 3 -3 abc 


( a + b) 3 + c 3 - 3 ab{a + b) - 3abc 
( a + b + c ) 3 -3[a + b)c{a + b + c) - 3ab(a + b + c) 
( a + b + c ) ((a +b + c) 2 -3 ac- 3 be - 3 ab) 

{a + b + c)[a 2 + b 2 + c 2 - ab - be - ca). 


1.5.5 


1.5.6 


1.5.7 We use the identity A: I 


= » 


n-l\ 

fc-lj 


. Then 


1.5.8 We use the identity 


Then 


1 n\ ttl n (n-1)! n/n-l\ 

k) kl(n-k)l k {k-l)l[n-k)l A: ^ A: — 1 J ’ 


n\ n\ w(n-l) (n-2)! n n-1 (n- 2 
k ~ k!(n-k )! “ k(k-l) (k-2)!(n k)! ~ k ' k l lfc-2 



l nfo-'ya-pi"-* 

k= 1 \ k - l l 

I 1 "!", 1 ] p k+l a-p) n ~ lk 
k=0 l * / 

pa-p)"- 1 -* 

np{p + l-p) n ~ 1 


k{k- 1) I = n(n- 1) 


I Hk-i)[ n \ P k a-p) n - k 
k = 2 V k ) 


i r -^ k ^ nk 

"^ 2 «( B -i)(' , ; 2 ]/+ 2 (i-p ) »- 1 - t 

fc =0 \ k ) 

n(n-l)p 2 £ l' , 7 1 )p k »-p) n ^ k 

k=0\ k I 

nt.n-l)p 2 ip + l-p) n 2 
n(n-l)p 2 . 



Answers and Hints 


1.5.9 We use the identity 


Then 


E (*-np> 2 “ p*(l-p)»-* 

I — n Ik/ 


fc(fc - 1) + fc(l - 2 np) + n 2 p 2 . 
n 

£ (fc(fc - 1) + fc(l - 2np) 
k = 0 

+n 2 p 2 )|"Jp <r (l-p)" _ * : 

+(l-2np) £ ki'']p lc {l-p) n - k 
k = 0 V*/ 

+» 2 p 2 E ["W-p>"~ fc 

k=o\ k l 

n(n - 1) p 2 + np(l - 2np) + n 2 p 2 
np[l - p). 


1.5.11 Observe that the numberoffc-tuples with = t is [n — t+ 1) 


k 


( n-t ) k . 


1.7.2 The given equalities entail t 

E (4-- t fc) 2 = 0 - 

fc=l 


A sum of squares is 0 if and only if every term is 0. This gives the result. 


1.7.3 The given equality entails that 

\ ((*1 -*2) 2 + (*2 _ *3) 2 + •" + (•*71-1 -x n ) 2 + (x n -x i) 2 ) =0. 


A sum of squares is 0 if and only if every term is 0. This gives the result. 


1.7.4 Since aB < Abonehas a(b + B ) = ab+aB < ab + Ab = {a + A)b so - 


a+A , . a+A 

: . Similarly B(a + A) = aB + AB < Ab + AB = A[b + B) and so 

b+B b+B 


A 

< — 
B 


We have 

7 11 7 18 11 7 25 18 11 

10 < 15 ^ 10 < 25 < l5 ^ 10 < 35 < 25 < 15’ 

25 5 5 11 4 7 

Since — = — , we have a < 7. Could it be smaller? Observe that — > — and that — < — . Thus by considering the cases with denominators a = 1 , 2, 3, 4. 5, 6, we see that no such fraction lies in the desired interval. The smallest 

35 7 v 6 15 6 10 ^ 

denominator is thus 7. 


1.7.5 We have 

(r-s+t) 2 -t 2 = (r-s+t-t)[r-s+t+t ) = (r-s)(r-s + 2f). 

Since t-s<0, r - s + 2t = r + s + 2(t - s) < r + s andso 

( r-s+ t) 2 -t 2 < (r-s)(r + s) = r 2 -s 2 

which gives 

(r - s + t) 2 < r 2 - s 2 + t 2 . 


1.7.6 Using the CBS Inequality (Theorem 87) on ^ ^ a k^k^ c k once we obtain 


E a k b k c k^ E a k b k\ E c k 


1 / 2 , „ , 1/2 


t i ' 


Using CBS again on 


(£«)' 


E a k b k c k s E a k b k\ E 


k = 1 I \k = 1 


E a k E b \ ,E_ c i 


which gives the required inequality. 


1.7.7 This follows directly from the AM-GM Inequality applied to 1, 2, . . ., ft: 


n! 1, "(l-2 -n) 1/n < 


1+2 + -- + W 

n 


n + 1 
2 ’ 


where strict inequality follows since the factors are unequal for n > 1 . 


1.7.8 First observe that for integer k,l < k < n, k(n — k + 1) = k[n - k) + k > 1 (n — k) + k = n. Thus 


n! 2 = (1 ■ n)(2 - (m- 1))(3 - (n- 2)) ■■■((«-!) -2) (n l) >n n n -n = n n . 


1.7.9 From the Binomial Theorem, for tl > 2. 


2” = tl + 1)” = 




«(w- 1) 


2 


2 n+1 > n(n- 1). 


so the inequality is true for all natural numbers. 
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1.7.10 Assume without loss of generality that a> b> C. Then a > b > C is similarly sorted as itself, so by the Rearrangement Inequality 

a 2 + b 2 + c 2 = aa+ bb + cc > ab+ be + ca. 

This also follows directly from the identity 

, 1 , 2 . , 2 _ 


One can also use the AM-GM Inequality thrice: 


a 2 + b 2 > 2 ab; b 2 + c 2 > 2bc; c 2 + a 2 > 2ca, 


Upon adding 


a 3 + fc 3 + c 3 = ad 2 + bb 2 + cc 2 > a 2 c + b 2 a + c 2 b. 
f fo 3 +c 3 = aa 2 + bb 2 + cc 2 > i (a 2 (i» + c) + b 2 (c + a) + c 2 (a + f>)). 


i, if a > b > c then 


ab > ac > be, 


« 3 +fc 3 + c 3 => a 2 fr + b 2 c + c 2 a = (ab)a + (bc)b+(ac)c > (ab)c + (bc)a + {ac)b = 3abc. 


This last inequality also follows direedy from the AM-GM Inequality, as 


or from the identity 


o q q l /q fl 3 + f> 3 + C 3 

(« 3 b 3 c 3 ) 1/3 < , 


and the inequality of problem 1.7.10. 

1.7.12 We apply n times the Rearrangement Inequality 


+ «2 ^2 bn 

flj + «2 ^2 " l &n bn 

d\b^ + &2 ^2 bn 

+ «2 ^2 "* &n bn 


flj + r*2 ^2 " l bn 

a \ b% ^ **2 ^3 + ■ ■ ■ + Ar 

fjj + «2 ^4 + • • • + Rr &2 
fen + «2 ^1 "* 1" fl/t feji- 1 


+ a2 ^2 “ l &n bn 

aj fej + a2 1>2 •“ n,n bn 

+ ^2 ^2 "f" ■ ■ ■ + &n bn 

Rjftj + «2 ^2 "* ^R bn 


Adding we obtain the desired inequalities. 


1.7.14 Use the fact that (b- a) 2 = (Vb - \/a) 2 (Vb + y/a) 2 . 

1.7.15 Let 

1 3 5 9999 

A= 

2 4 6 10000 

and 

2 4 6 10000 

B . 

3 5 7 10001 


Clearly, X 2 - 1 < X 2 for all real numbers X. This implies that 


whenever these four quantities are positive. Hence 


As all the numbers involved are positive, we multiply both columns to obtain 


or A<B. This yields Ar = A- A< AB. Now 


x- 1 x 
x x + 1 


1/2 

< 

2/3 

3/4 

< 

4/5 

5/6 

< 

6/7 

9999/10000 

< 

10000/10001 

3 5 9999 

2 

4 6 10000 


2 4 6 10000 3 5 7 10001 


1 2 3 4 5 6 7 9999 10000 


2 3 4 5 6 7 8 10000 10001 10001 


and consequently, AT <AB= 1/10001. We deduce that A < 1/vlOOOl < 1/100. 



Answers and Hints 


1.7.16 Observe that for k > 1, (a; + k)* > {x + k)(x + k - l) and so 


( x+k ) 2 {x+k)(x+k- 1) x+k-1 x+k' 


77 + 77 + 77 + • • • + — + — < ’ + + 1 + • • • + ■ - ~ I... ... - 

(*+l) 2 (x + 2) 2 (a: + 3) 2 (x+n-l) 2 (x+n) 2 *(* + 1) (a:+1)(a; + 2) (a; + 2) ((a; +3)) (x+n-2){x + n-l) 

1 1 1 1 1 1 1 1 
x x+l a:+ 1 * + 2 * + 2 x + 3 x + n-2 x + n-l 


1.7.17 For 1 < l < n, we have 


i n n \i \ n )) n) j2 t \ n) n j2 n 


i y. X] = o. Now 


1.7.18 Expanding the product 


£^£(?-KK 


|^N))^l^4N44)£i^( 


na+x fc ) = i + £* fc+ £ x i x j + - 2 i+ £ x k , 

k= 1 fc=l 1 <i<j<n k= 1 


since the x^ > 0. When w = 1 equality is obvious. When « > 1 equality is achieved when ^ Xj Xj = 0. 

1 <i<j<n 


1.7.19 Assume a> b> c. Put s = a + b + c. Then 


a< —b < c => s- a< s-b < s- c - 


s-a s-b s-c 


a b c a b c a b c a b c 

s-a s-b s-c ~ s-c s-a s-b’ s-a s-b s c s — b s-c s-a ’ 


Adding these two inequalities 


2 ( a + ^ + c \ > b+ c ^ c + a ^ c+ a 

[s-a s-b s- c I ~ s-a s-b s-c ’ 


from where the result follows. 


Let us prove P(l), that is 


la b cl 

2 - — + + — r - 3 - 

^ b + c c+a a+b I 


P(ri ) : V I a+J a + J « + ••• + \fa < - 


Va>0, \fa< - 


2 \Ja< l + \/4fl+ 1 
2\fa-\ < J 4a + 1 
(27a- 1) 2 < (v / 4a+I) 2 
\a-\\fa + 1 < 4a + 1 


all the steps are reversible and the last inequality is always true. If a < — then trivially 2 \fa — 1 < \/ 4a + 1. Thus P(l) is true. Assume now that P(n) is true and let’s derive P ( tl + 1 ) . From 

4 


a + J a + J a + --- + \fa< - 


a + J a+J a + --- + \/a<\ a - 1 


we see that it is enough to shew that 


1 + V4fl+1 1 + \J\a + 1 


(v4«+ 1 + lr = 4a+2v4a+ 1+2 


1 + v4a + 1 / 1 + ^ap- 


proving the claim. 


1.7.21 From the AM-GM Inequality. 


¥b>2\fab ; b + c>2\fbc;c+ a>2\fca t 


and the desired inequality follows upon multiplication of these three inequalities. 
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1.7.22 By the Rearrangement inequality 

as dfc > k, the a's being pairwise distinct positive integers. 

1.7.23 By the AM-GM Inequality, 

whence the inequality. 

1.7.24 By the CBS Inequality, 

which gives the desired inequality. 

1.7.25 Put 


n a i n di "1 

y > y > y I, 

k = l * 2 l til 


Vatj x 2 x h 


£ - 


(l xi + 1 x 2 + ••• + ! x n ) 2 < (l 2 + 1 2 + --- + 1 2 ) (x 2 + x| + •• +x 2 ), 


T m = E a k~ E a k- 

1 <k<m m<k<n 


Clearly Iq = — Tn- Since the sequence 7 q , , . . . , Tn changes signs, choose an index p such that Ip_j and Tp have different signs. Thus either Tp j — Tp = 2 1 flp | or Tp — Tp_\ = 2 1 dp \ . We claim that 

mto (| r p-i|-l I i>l) = s 1 ™j |i l“fcl- 


For, if contrariwise both T, 


«_1 > max |aiL| and|r»| > max | aid, then 2|a»| = \T„_\ - Tp \ >2 max \au\, 
p 1 l<fc<n l<fc<n H 1 <k<n 


a contradiction. 


1.7.26 It is enough to prove this in the case when a, b, c, d are all positive. To this end, put O = (0, 0), L = ( a,b ) and M = (a + c,b + d). By the triangle inequality OM < OL + LM, where equality occurs if and only if the points are 
collinear. But then 


\J (a + c)2 + (b + d) 2 = OM < OL + LM = \J +b 2 + \J + d£, 


a c 

and equality occurs if and only if the points are collinear, that is — = — . 

b d 


1.8.3 We have 

L (*/-*/) = L xj- L 

1 <i<j<n 1 <i<j<n 1 <i<j<n 

n n - 1 

= E u-i)*/- E ( n-1 )*i 

;=2 i=l 

nl 

= -(n-l)xi+ ^ ((fc- l)-(n-fc))x^. + (n-l)xn 

k=2 

- -{n- l)xj - («-3 )x 2 + (n-3)x n _i + (n- l)xn« 

This sum is maximal when the negative coefficients of the x^ are 0 and the positive coefficients of the are equal to 1 . If n is even the maximum is 

1 +3H f (w — 1). 


If n is odd, the maximum coefficient is 

2 + 4H 1 - (n- 1). 

The result follows thus. 

1.8.4 We claim that 3 [[2 fj] — 2[L3tJJ = 0, + 1 or —2. We can then take 

P(x, y) = (3x - 2y) (3x - 2y - 1) (3x - 2y + 1) (3x - 2y + 2). 

In order to prove the claim, we observe that |]_x_|] has unit period, so it is enough to prove the claim for t £ [0, 1). We divide [0; 1 [ as 

[0, 1[= [0; l/3[u[l/3; l/2[u[l/2;2/3[u [2/3; 1 [. 

If t e [0, 1 13 [, then both []_2 / JJ and []_3 1 JJ are = 0, and so 3 []_2 1 JJ - 2 [J_3 1 JJ = 0. If t e [1 13; 1/2 [ then []_3 1 JJ = 1 and [J_2 / JJ = 0, and so 3 [J_2 1 JJ - 2 U_3 1 JJ = -2. If t e [1/2; 2/3 [, then []_2 1 JJ = 1 , U_3 / jj = 1, and so 3 U_2 1 JJ - 2 []_3 1 JJ = 

1. If t e [2/3; 1[, then U_2fjJ = 1, = 2, and3l[2fJJ -2[[3fJJ = -1. 

1.8.5 By the Binomial Theorem 

(l + v / 2) w + (l-\/2) n =2 £ (2) fc f n |:=2iV, 

0<k<nl2 \ 2k ) 

an even integer. Since — 1 < 1 — 'J2 < 0, it must be the case that (1 — n/2) n is the fractional part of (1 + \/2) n or (1 + \/2) n + 1 depending on whether n is odd or even, respectively. Thus for odd n, (1 + V2) n — 1 < (1 + V2) n + (1 — VZ) n < 
{l + y/2) n , whence (l + v / 2) n + (l-v / 2) w = lj_(l + \/2) W jJ, always even, and for n even 2AT:=(l + V^) n + (l-v / 2) w = U_(l + V / 2) n J] + l,andsolj_(l + \/2) n J]=2jV-l, always odd for even n. 


471 Example Prove that the first thousand digits after the decimal point in 

(6+\/35) 1980 


are all 9’s. 


Solution: Reasoning as in the preceding problem, 

(6 + V§5) 1980 + (6 - v^5) 1980 = 2k, 

an even integer. ButO < 6 — \/35 < 1/10, (for if — <6 — \/35, upon squaring 3500 < 3481, which is clearly nonsense), and hence 0 < (6 — \/35)^®® < 10 which yields 


2k- 


0.9. ..9 =2 k- 


10 1980 


<(6 + \/35) 1980 <2fc, 



This proves the assertion of the problem. 





Answers and Hints 


1.8.7 By squaring, it is easy to see that 

Neither 4ft + 2 nor 4ft + 3 are squares since squares are either congruent to 0 or 1 mod 4, so 
and the result follows. 


/4n + 1 < \/n + Vn + 1 < V4n + 3. 
l[v / 4n + 2jj = U_v / 4n73j], 


m m < n < m + m + 1. Since n,m — in, m + m + l are all integers, these inequalities imply m -m+—<n<m + m + — , thatistosay, (m- 1/2) <«<(m + 1/2) . But then m = []_\/ft + — JJ. Thus the «-th non-square 
is Tn — n + \LV7i+ 1/2JJ. 

1.8.9 Assume on the contrary that 


(a + 2br 
( a + b ) 2 


a contradiction. By adding, 


1.8.10 It needs to be proved that 


(a + 2f?r 

b 2 ’ ( a + b ) 2 


r <2, 


(fl + 2f>) ,£ 


(« + f ?)2 


-? ~ 2 > 
b 2 


(a + 2bf a* 

(a + b) 2 b 2 ' 


\2x + 5 r-\ | /-\ 

v5 < X — v5 . 

| x+2 I I 


1.8.11 Consider the set E = {x: x> 0,x n < a}. Shew that E is bounded above with supremum b = sup E. Then shew that b n = a by arguing by contradiction first against b n < a and then against b n > a. In the first case it maybe 


advantageous to prove | b 
to establish the inequality. 

2.2.1 [500 ;50l| . 

2.2.2 [i; 2 ]. 


a-b " 


: a for N large enough and use the Binomial Theorem to establish the inequality. In the second case consider b n 1 H > a, for integral M sufficiendy large, again using the Binomial Theorem 

l Ma ) 


2.2.4 { 1 }. 

2.2.5 0. 

2.2.6 0. 

2.2.8 Closure is immediate. Most of the other axioms are inherited from the larger set IR. Observe Op = 0, 1 p = 1 and the multiplicative inverse of a + 'fib, ( a,b ) ^ (0, 0) is 


(a + \/2b) 1 = 


a-\/2b 


V2b 


a + \f2b a 2 - 2b 2 a 2 - 2 b 2 a 2 - 2b 2 


2 2 r~ 

Here fl — 2b ^ 0 since V 2 is irrational. 

2.2.9 Assume (a, b) £ [R^ with a < b. If ab < 0, then 0 £ D is between a and b. If 0 < a < b then \fa < f~b, and since Q is dense in IR, there is a rational number r such that \fa < r < \fb => a < r 2 < b. If a < b < 0, then 
V—b < f—a, and since Q is dense in IR, there is a rational number s such that V—b < s < /—a => —b<s 2 <—a => a<—s 2 <b. 

2 1 

2.2.10 Assume ( a,b ) £ IR with a< b. There is a strictly positive integer n such that n > — . Thus 


Put m = |^2 W «J] + 1, and so by definition m — 1 < 2 n x < m. Hence 

mil 

a < —=7 < a + —rr <a + — < a + b- a = a. 

2 n 2 n n 

2.6.6 For the proof of this let G be such a set (so that x + yisinGifx,y are, and G is closed), and suppose that we are not in cases (i) or (ii). Then it is enough to show that G contains arbitrarily small positive numbers, for then multiples of 
these will be dense in IR , but G being closed forces G = IR. To achieve this let = infix : X £ G, X > 0} . If J? = 0 we are done; but if J? > 0 there cannot be numbers X £ G arbitrarily close to and greater than , for then X — J? would run 
through small positive members of G, in particular smaller than S ' , contradicting its definition. This means that S belongs itself to G, and from there it is easy to see that we are in case (ii) contrary to the assumption. Hence indeed S = 0, 
G = IR. 


3.2.1 No. Take an = — . Then an > 0 always, but L = 0. 

n 

3.2.9 We have for »> 1, 

n 2 n + + n YL H H H H ^ 

n 2 + n n 2 + n n 2 + n i = \n 2 + i n 2 + 1 n 2 + l n 2 + 1 

n times n times 

and the result follows by the Sandwich Theorem since each of the sequences on the extremes converges to 1 . 

3.2.10 Evidently nl < n n . By problem 1 . 7 . 8 , if n > 2 then n nl2 < n\. Thus 

1 1 

— < 

n ( W !) II n 

and the result follows by the Sandwich Theorem. 

3.2. 1 1 Forn > 2 we have 

2 W 2 2 2 2 2 4 

— <2111 - = » 0. 

nl 12 3 n n n 


1 




Appendix A 


3.2.12 There is a positive integer nt with m 


2 


< n < (m +1)2. Consider 


I S,n ^ - — I 

I m 2 n\ 


3.2.13 Since — 1 < sin n < 1, any possible limit must be finite. By way of contradiction assume that sin w — * a as » — * +oo. Then 


lim sin n = a => 

«-*+oo 


sin(n + 2) = a, 


whence 

Now, 

From 
we obtain 

and so a = 0. But then 
a contradiction. 


lim (sin(n + 2) -sinn) = a- a = 0. 
ii — * +oo 

sin(n + 2) - sin n = 2(sin 1) cos(n + 1) => cos(n + 1) — 0, as n -*■ +oo. 


cos(n+ 1) = cos n cos 1- sinn sin 1 


1 1 

sin n = (cosncosl -cos(n+ 1)) — (0-cosl -0) = 0, 

sm 1 sin 1 


1 = sin^ n + cos^ n — • 0^ + 0^ = 0, 


3.2.14 By problem 1.7.8, (n!) n > \fti lottl > 3. Hence, for all M > 0, as long as n > M we will have 


(n!) 1/n >Vn>M, 


giving the result. 


3.2.16 We have 


1 1 

Hence, as long as — — < £ that is, as long as n > — — we will have 
2 Vn 4£ 2 


3.2.17 Write 


Since II n> 1 IN when n< N, we gather that 


Thus 


and the sequence can be made arbitrarily large. 


Fl -yfn= - 


'n + 1 + y/n 


1 

2 y/n' 


|\/n+l- Jn\ < — < £. 

I I 2 y/n 

2 M , M 2 m i 

I n- 

n=l n m=l n= 2 m_ l+l ” 


2 m 2 m 

I > ^ 2~ m = (2 m -2 m_ ^)2 _m = i 

n=2 m ~ l + 1" «=2 m_1 +1 


2 M 

I 


n 


M 

~2 


3.2.18 Observe that for tl>2, 

vt.n-iy. vm 

(1 + vT)(l + \/2) (1 + V3) ■ ■ ■ (1 + \/n— T) (1 + vT) (1 + \/2) (1 + \/3) • ■ (1 + </n) 

V(n-i)i /j _ Ai 1 

(1 + vT )(1 + \/ 2 H 1 + v / 3) -(1 + AiA) \ 1 + x/ni 

= VtH-l)l 

(l + vT)(l + v^)(l + v^)-(l + v / n)' 

Therefore 

^ V(n- 1)! =1 vm 

n=l (1 + VT ) (1 + V 2 ) (1 + V3) ■■■(! + \/n) (1 + vT)( 1 + V2) " (l + VK)' 


Now prove that Uj( = 


An 

(i+VT)(i+v^)--(i + VKi 


decreases to 0. 


3.2. 19 Put Xj = 1 , x n+ 1 = \/ 1 + x n i n > 0. We claim that the sequence {xn } is increasing and bounded above. By Theorem 165 the sequence must have a limit L. To prove that the sequence is increasing consider x n+ j — Xn (fill 

in this gap). To prove that the sequence is bounded, we claim that for all It > 1 , Xn < 4. For this is clearly true for n— 1. So assume that Xn < 4. Then 


x n + 1 


1 + Xn < vT+4 = VE < 4, 


and so the assertion follows by induction. 


Since we have shewn that L exists we now may compute 


L = 


l + v/5 
2 ’ 


where we have chosen the positive root as the sequence is clearly stricdy positive. 


3.2.20 By Theorem 56, 1 + 2 + • • 


■ , and the desired result follows. 


1 

4 



3.2.21 


Answers and Hints 


3.2.22 Put Xj = 1 , i = , n > 0. We claim that the sequence {xn } j is increasing and bounded above. By Theorem 165 the sequence must have a limit L. To prove that the sequence is increasing consider x n+ j — Xn (fill in 

1 + Xfi 

this gap) . To prove that the sequence is bounded, we claim that for all tl > 1 , prove by induction that Xn < 4 (fill in this gap) . 


Since we have shewn that L exists we now may compute 


L = lim i = lim = 

n— + oo M-+oo 1 + Xjj 


L 2 +L- 1 = 0 


L = 


y/E— 1 

2 ’ 


where we have chosen the positive root as the sequence is clearly strictly positive. 


3.2.24 Assume that -< - — > is increasing. Then 

{ bn ) n= 1 


a l “2 , . “n . a „+ 1 

b 1 b 2 b n b n+1 


Using Theorem 79, 

d\ + <12 + • • ■ + fljj (in 

b\ + ^2 bn bn 

( flj + «2 + • • + a n \ + °° ( an I + °° 

proving that < - — > is also increasing. If < - — > were decreasing, 

\ b\+b 2 +-- +bn \ n =l \ bn \ n=\ 


a ^^. j nj + #2 + ■ ■ ■ + an + n 2 + • • • + 

b n + 1 bi+b2 + -- + b n & l+^ 2 + " m + b n+l 

an ) +0 ° 

- — > is increasing and we apply what we just have proved. 

bn I n=l 


< “ n+1 

~ b n+l ' 


3.2.26 We have 


Now 


By observing that (fc + 1) 


2 


(fc+l) + 


+ fc + 1 , we gather that 


n ^3-r n 


fc 2 +fc+i 

it 2 -fr+r 


fc-l (H 1)1 2 

r+T _ (n+Di _ n(n+ 1) ■ 


” *r 2 fc + 1 _ 3 2 + 3 + l 4 2 +4+l 5 2 +5 + l 
^2 A: 2 + fc + 1 2 2 — 2 + 1 3 2 +3 + l 4 2 +4+l 


n 2 + n + 1 _ n 2 + n + 1 

(H- l) 2 + (w- 1) + 1 3 


Thus 

Jl fc 3 - 12 n 2 + n+l 2 
fc U 2 fc 3 + l “ 3 n(n+ 1) 3 ’ 

as n — ► +oo. 

1=2 and 

1 


3.2.27 Clearly Xn < Xn H — = x n < i , and so the sequence is strictly increasing. By shewing that Xn <2 < 2 we will be shewing that it is bounded above, and hence convergent by Theorem 165. For n = 1, Xi = 

(«+ l) 2 n 

so the assertion is true. Assume that Xn <2 . Then 

n 


x n+l 


1 2) B-(« + l) 2 

(n + 1)^ n(n + l) 2 


= 2 - 


n 2 + n + 1 n 2 + n 1 

o <2 o = 2 r. 

n(n+l) 2 n(n+l) 2 n+\ 


and the claimed inequality follows by induction. We will prove later on a result of Euler: 


1 + 2 2 + 3 2 


1 



*2 

6 


3.3.1 The product rule for limits only applies to a finite number of factors. Here the number of factors grows with tl. 


3.3.3 From Theorem 177, and since X •— * log.v is increasing, 

( l + ^T)- < e < ( l + i)-. ( fc+ l , |o g ( l + ^T) <l<( fc+ l,1 ° g ( l + I). 


Rearranging, 


lo g 7 


- < log - 


Summing from fc = tl — 1 to fc = 2 tl — 1 , 


2n-l 

I 

k=n 


k + 2 2 ^ 7 1 1 

u *Tti < L *71 

K + l k=n-l lc + l 


2n-l i 
' L log- 
fc=n-l 


, 2n + 
log 

tl 

log (2+ — I < 


1 1 

— 1 

n n + 1 

1 1 
n n + 1 


1 2 n 

h — < log 

2 n 6 n- 1 


and the result follows from the Sandwich Theorem. 



n + l + n + 2 + + 2n’ 



and use the result of problem 3.3.3. 


Appendix A 


3.3.7 We begin by looking at the Taylor series for e X : 



oo i 

This converges for every X £ 05, so e = E — and e 

k = 0 kl 


/, 1 o 

(—1) — . Arguing by contradiction, assume cie -4 

n k. 


f c = 0 for integers a, b and C. That is the same as ae + b+ce 


Fix n > \a\ + |c|, then a, c \ n\ and VA: < n, kl \ til . Consider 


= 0 . 


0 = nl[ae + b + ce 


oo i oo 

= an\ E h b + cnl E (-1) 

k = 0 kl k = 0 


k]_ 

kl 


” * yfl OO , j 

= b+ Y (<i + c(-l)' c )-j + £ (a + cf-l)*)- 

l — n k. , — , / 


Since fc! | nl for fc < w, the first two terms are integers. So the third term should be an integer. However, 


I 00 t 

Y (« + c(- 1)* 

lfc=n+l 


n! 

>*! 


OO 

<(i«i+id) y . 

k=n + 1 
oo 

= (ini + ici) y 

k=n + 1 


n! 

fc! 


(n+l)(w + 2) -fc 


<(|n| + |c|) £ (n + l)"-* 

fc=n+l 

00 -t 

= (l«l + |c|) Y (“ + !) 

f=l 

= (|a| + |c|) — 

n 


is less than 1 by our assumption that Tl> \ a\ + \c\. Since there is only one integer which is less than 1 in absolute value, this means that E (fl + c(— l)”") — = 0 for every sufficiently large n which is not the case because 

k=n+l kl 


oo , j. oo , i 

E (« + c(-l) /c )— - E ia + ci-lfy- =(a + c(-l) w+1 ) 


(n+1)! 


is not identically zero. The contradiction completes the proof. 


3.3.9 Apply Problem 2.6.6 We can apply this to the stated problem by observing that for a fixed d, a positive integer without square factors, the numbers a + b\fd are quadratic integers if a, b are rational integers, and that the set of such 
numbers is an additive group of reals. Clearly the closure of this group (it, together with its set of limit points) is a group too, for iiXn ~ * X and yn — y then Xn + yn — • X + y. The new group is not of form (i) or (ii), hence must be all reals, and 
the proof (of a slightly stronger theorem) is complete. 

3.5.5 an = o(w 3 ) does, since this says that lim — 77 = 0, whereas an — o(n 3 ) saysthat —~r is bounded by some positive constant. 

V ) n — *+oo n 2 V ; n Z 

a n an 

3.5.6 False. Take an = 2 n, for example. Then fl/j «n, = 2, and so 0. 

n n 


3.5.7 True. * 0 and so by Theorem 195, an «tl. 


4.1.1 This is a geometric series with common ratio |r| = — <l,soit converges. We have 


°° 2 n 2 3 2 4 

o pW+1 p4 + p 5 


-"L e 4 - 2 


4.1.2 Observe that 


4n 2 - 1 2(2n- 1) 2(2w + 1) ’ 


+oo 


■ J. 


1 14, 


-Uf-i — L). 


„= 2 4» 2 -l 1 2(1) 2(3) j 1 2(3) 2(5) I 1 2(5) 2(7) j 2(1) 2' 

tanx-tany 1 , n 

4.1.3 Since tan(x - y) = , observe that arctan — = arctan (n + 1) - arctan n. Hence the series telescopes to lim arctan(n + 1) - arctan 1 = — . 

1+tanxtany n^ + n+l n-*+ oo 4 


4.1.7 By unique factorisation of the integers, the desired sum is 


‘ 77 o n o " 

2 2 2 2 3 


3 3 2 3 3 


4.1.9 Since the sum of two convergent series is convergent by Theorem 232, if E + bn) then from the identity bn = (<*n + bn) ~ an we would deduce that E ^/t converges, a contradiction. 

n > 0 n > 0 


4.1.10 Put Sj\j = E a Tl ■ There is a positive constant M such that ViV > 0, Sjy < M. Observe that because the terms are positive 


S N + 1 = S N + a N + 1 - s iV» 


and so 


the sequence { Sjy } * s a monotonically increasing bounded above sequence and so it converges by Theorem 165. 

This is not necessarily true if the series does not have positive terms. For example, the series E (— 1 ) ^ has bounded partial sums, in fact they are either 1 or 0. But the sequence of partial sums then is 

n> 1 


1 , 0 , 


1,0, 1,0,... 



which does not converge. 


Answers and Hints 


4.2.2 True. For, we must have an — * 0 and so eventually 0 < an — 1 • This means that eventually af^ < an and the series of squares converges by direct comparison to the original series. 

sinx 

4.2.3 True. Since an 0, we must have sin an ~ * an and so die series converges by asymptotic comparison to the original series. (Recall that lim =1.) 

x—0 x 

tanx 

4.2.4 Time. Since an ~ * 0, we must have tan an an and so the series converges by asymptotic comparison to the original series. (Recall that Inn =1.) 

x— >0 x 

4.2.5 False. Since an 0, we must have cos an 1 and so the series diverges by the n-th Term Test. 

a n 

4.2.6 Only the fact that < an is needed here. 


i i „ i 

.2.7 Take ttn = — ■ Then an << — jj- and ~yn ~ 


4.2.8 Take an — — y or an — - 


1 1 

4.2.9 Take a n = —jr or a n = —jr 
2 n n n 


+00 +00 1 +oo , 

\“ n = £ pS + £ piTT' 

n = 0 n = 0 * n= l d 


4.2.11 By the root test 


and the series converges. By direct comparison, for tl > 3 we have 


3" _ 3" 1 1 1 


and the series converges by direct comparison to — — . 

n = 1 n 6 

k k k + 1 

4.2.12 We divide the sum into decimal blocks. There are 9 fc-digit integers in the interval [10 ,10 [ that do not have a 0 in their decimal representation. Thus 


L-=L I -slW-^Nio. 

n esr n k=o ne[w k. la k + i [n5 r n '10* 1 


k = o 


1. a n 

2 . a n 

3. a n 


e 

=> diverges. 


— — - e n ^ a ^ ==> converges iff a <2. 


3 

— => converges. 


1 

4. an 77 => converges. 

n *■ 



for integer tl > 1. Then an 0 and bn 


1 

— » 0, but sin 

a n 


6. converges iff | a\ ^ 1. 

7. Converges. 


8. a n < 


(n-l)(n-l)! + n! 
(n + 2)! 


2 

(n+l)(n + 2) 


converges. 


9. 

10 . 

11 . 

— ► —1 and sin - — 

b n 


Converges. 

rt/j ^ 0 => diverges. 


n — , ; ' Luiiveiges. 

„loglog,i 

♦ + 1, so the limit does not exist in view of Proposition 267. 


5.2.10 /( 0) = 0, but for X > 0, /(x) 


, so f is not right-continuous at X = 


0. 


5.6.2 Consider a unit circle and take any point P on the circumference of the circle. 

Drop the perpendicular from P to the horizontal line, M being the foot of the perpendicular and Q the reflection of P at M. (refer to figure) 
Let x = ZPOM. 

71 

For X to be in [0, — ] , the point P lies in the first quadrant, as shown. 

The length of line segment PM is sin (x) . Construct a circle of radius MP, with M as the center. 

Length of line segment PQ is 2 sin (x) . 

Length of arc PAQ is 2x. 

Length of arc PBQ is 71 sin (x) . 

Since PQ < length of arc PAQ (equality holds when X = 0) we have 2 sin(x) < 2x. This implies 


sin(x) < x 


- x < sin(x) 



Thus we have 


Appendix A 


5.9. 1 If p had odd degree, then, by the Intermediate Value Theorem it would have a real root. Let a be its largest real root. Then 


0 = p(a)q[a) = pia* + a + 1) 


meaning that a +a + l>ttisa real root larger than the supposedly largest real root a, a contradiction. 


5.9.10 If either /(0) = 1 or /"(l) = 0,wearedone. So assume that 0 > f (0) < 1 and 0 < /(l) < 1. Putg(x) = /(x) + x— l.Theng(O) = f (0) — 1 < 0 and g ( 1 ) = /XI) > 0. By Bolzano’s Theorem there is a C £ 1 0 ; 1 j such that g(c) = 0, 
that is, /(c) + C — 1 = 0, as required. 

5.9.11 Consider g (x) = fix) — f[x + l In), which is clearly continuous. If g is never 0 in 1 0 ; 1 J then by Corollary 321 g must be either stricdy positive or strictly negative. But then 
The sum of each parenthesis on the right is strictly positive or stricdy negative and hence never 0, a contradiction. 

cin 271 X 

fill Sill — y . — 

5.9.12 Consider the function / : 0 ; 1 1 — * 0 ; 1 , x *-» = x. 


6.2.1 Observe that that 


If f[x) = (x- 1) * then 
Similarly, if g(x) = (x + 1) — ^ then 


1 (x + l)-(x-l) 2 


X — 1 X + 1 (X — 1) (X + 1) x 2 - 1 

/'(x) = -l(x- l)“ 2 ;/"(x) = (— 1) (—2) (x — 1) 3 ; ( — 1) ( — 2) (-3)(x- l) _4 ;...;/ (100) (x) = 100!(x- l) -101 . 


g l 


(x) = -l(x+l) 2 ;g"(x) = (-l)(-2)(x+l) 3 ; ( — 1) ( — 2) ( — 3) (x + 1) 4 ;...;g (100) (x) = 100!(x+l) 101 . 


= / (100) (x)-g (100) (x) = 100!(x-l) 101 - 100!(x+ 1) 101 . 


dx 100 x 2 - 1 

6.2.2 We use Leibniz’s Rule and the observation that the third derivative of x x 2 is 0. Also (sin x)^ 4n ^ = sinx, (sinx)^ 4w+2 ^ = — sinx, (sinx)^ 4w+ ^ = cosx, and (sinx) (4^+3) =-cosx,Then 
d 100 ^ si* 1 * = j 1 ^ 2 (sin x) ^ 1 (^/(sinx)^ 99 ^ + | 1 ^°|(x 2 ) ,, (sinx)^ 98 ^ = x 2 sinx - 200x cosx - 9900 sinx. 

6.3.1 Put f{x) = X 8 -2x 2 + X. Then /( 0) = /( 1) = 0 and by Rolle's Theorem there is C £]0; 1 [ such that f' (c) = 5c 4 -4c + 1 = 0. 


fix) = OqX+ - 


and use Rolle’s Theorem. 


6.3.4 Setg(x) = f (x) 2 /Xl — x). Since g(0) = g(l) = 0, g satisfies the hypotheses of Rolle’s Theorem. There is a C £ ] 0 ; 1 j such that 

.2 ft 


g ic)=0=> 2 /' (c)/(c)/(l - c) - ficjf' (1 - c) = 0. 
2 f 


Since by assumption fic)fil — c) ^ 0 we must have, upon dividing by every term by /(c) “y ( 1 — c) , the assertion. 

r k k + 1 i ] k k + 1 r 

6.3.5 For 0 < k < tl — 1, consider the interval — : . By the Mean Theorem, there are at, £ I — ; such that 

L n n J K * n n y 


/'(<■*) = - 




frf— 1 

-ftaw 

, \ l n J 

An)] 


Summing from k = 0 to k=n — 1 and noting that the dextral side telescopes, 


6.3.6 Let k} £ 1 0 ; 1 ] be the smallest number such that fikj) = — , 1 < j < tl — 1 . Put fcg = 0, kn = 1 . The existence of the kf is guaranteed by the Intermediate Value Theorem. Moreover, since the kj are chosen to be the first time f is 
i 

— , once again, by the Intermediate Value Theorem we must have 

0 < fcj <k2<---< k n _ i < 1. 

Hence, by the Mean Value Theorem, there exists df £ I k} ; fcj + j , 0 < i < tl — 1, such that 


f , __ m + p-mi i _j_ = n(kui k0 . 

k i+l- k i »(*;+! ~ k 0 f ‘ 1 


L 777^ = " L (*i+ 1 - k P = "(*» - W = "■ 
k=0 t l a k> k = 0 


O) 


Summing, 
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6.4.2 We have f' (x) = X X (logx + 1) whence f' (jc) = 0 


x = e Since f r [x) < OforO < x < e ^ and f' (x) > 0 for x > e ^ , x = e ^ is a local (relative) minimum. Thus /(x) >/(e ^) = 



6.5.3 Let 0 < k < 1 , and consider the function 


/: 


[0;+oo[ 


x K -k[x- 1) 


Then 0 = f 1 (x) = kx ^ ^ - k o X = 1. Since f" (x) = k(k — l)x^ 2 < 0 for 0 < k < 1, X > 0, X = 1 is a maximum point. Hence f (x) < /( 1) for X > 0, that is x^" < 1 + fc(x — 1). Letting k = — and X = we deduce 


b q/p < 1+ p [ b*! T 

Rearranging gives 

P P 

from where we obtain the inequality. 

6.6.1 We have: 

1. Put/:K — R,/(x) = e x l X. Clearly /(l) = e° -1 = 0. Now, 

f'(x) = e x ~ l - 1, 
f"(x) = e x 

If f 1 {x) = 0 then e x ^ = 1 implying that X = 1 . Thus f has a single minimum point at X = 1 . Thus for all real numbers X 


0 = f(l) <f(x) = e x 1 —x, 


which gives the desired result. 

2. Easy Algebra! 

3. Easy Algebra! 

4. By the preceding results, we have 

Aj < exp(Aj - 1), 

A2 < exp(A2 - 1), 


A n <exp(A n -l). 

Since all the quantities involved are positive, we may multiply all these inequalities together, to obtain, 

A\ A 2 ■ ■ ■ A n < exp(A^ + A 2 + • • ■ + A n - n). 

In view of the observations above, the preceding inequality is equivalent to 

n n Gn . . 0 , 

— < exp(n - n) = e =1. 


We deduce that 


which is equivalent to 


(flj + «2 + • • • + Un) 

I rij + «2 "• a n 


G«< 


A In . a \ + a 2 +• + «» 


(fl 1 « 2 a n V 

Now, for equality to occur, we need each of the inequalities A^ < exp (Afc — 1) to hold. This occurs, in view of the preceding lemma, if and only if Afc = 1, V k, which translates into a j = <*2 z 


. = an ■ This completes the proof. 


6.7.1 (loglogx)^ x = exp((logx) (logloglogx)) and (logx^ 0 ^ 0 *’* = exp ((log logx) 2 ) . Now, lexicographically, 

(loglogx) 2 « (logx) (logloglogx) => exp((loglogx) 2 )«exp((logx) (logloglogx)) 

and thus (loglogx) lo S* is faster. 

7.1.1 <= This follows directly from Theorem 437. 

=> If f is Riemann integrable, let £ > 0 and let = {a = j/q < yj < ... < ym = b} be a partition with tn + 1 points such that 

As is bounded, there is M > 0 such that Vx £ j a ; foj , | f (x) | < M. Take S = — — — and consider now an arbitrary partition = {a = Xq <xj <...< Xn — b} with norm || ^*11 <6. Put SP* . Arguing 

as in Theorem 434, we obtain 

Uf, - Uf, 3 s ) < 2mM| I 3 s 1 1 < 2 mMS = ^ . 

Since by Theorem 435 L{f, 3 /’ ! ) < L{f, " ) we gather 

Uf,3 / ‘')-Uf,&‘)< -• 

4 

In a similar fashion we establish that 

«(/,<¥>)-!/(/, j, 

and upon assembling the inequalities, 

[/(/, 3 s ) - Uf, a 2 ) < U(f, &>') - Uf, S 0 ') + | < E, 

since we had assumed that U (f, — L(f, S& 1 ) < — . 



Appendix A 


7.1.2 => Assume f is Riemann-integrable. For £ > 0 let 8 > 0 be chosen so that the conditions of Theorem ?? be fulfilled. By definition of a Riemann sum, 

Lif, &>) < Sif, &>) < Uif, &>), 


and therefore 


These inequalities give 


/ b rb 

f(x)dx + e= / f(x)dx + e 
a Ja 

~F^ rb 

Lif, &>) > Uif, &>)-£> \ fix)dx -£= fix)dx - £. 

J a Ja 

I f b I 

fix ) dx <£, 

I Ja j 


rb 

whence lim Sif, @>) = / fix) dx. 


Suppose that lim Sif, £?) — L, existing and finite. Given £ > 0 there is 8 > 0 such that SP 1 1 < 5 implies 

ll^lUo 


Now, choose SP = {a = Xq < Xj < • •• < Xn = b}. By letting tfc range over [ x lc—l > x k\ we gather, from (A.7) 


meaning that f is Riemann-integrable over | a ; b^ by Theorem 437. Thus 

rb 

-,&>)= J 
Ja 


Uif, S?) - Lif, &>)<-£<£, 


rb 

Lif, &>) < / fix) dx < Uif, &>), 
Ja 


and so lim Sif, £3^) = | fix) dx. 

||s»||~o 

7.1.3 Let SP = {a = Xq < Xj < ■ • ■ < xn = b} be a partition of | a ; . Set 

Zif,gp)= y to(/,[*t_i ’,x k \) ix k -x k _ 1 ) = Uif, S^)-Lif,^), ft = sup fix)- inf fix). 
k= 1 xe[a-,b] xe[a;b] 

Let 

n 

S = ;x k » 2 e'V 

Then Z if, SP ) > Se 1 . Since we are assuming that f is Riemann-integrable, there exists a partition £? {by Theorem 437) such that 

zy, S 3 ) < e'e. 

Thus we have 8e < ££ from where 8 <£. 

<= Assume there is a partition & for which 8 < £. In the intervals / = 1 > x k^ where (oif, I) > E 1 the oscillation of f is at most fl, and in the remaining intervals (the sum of which is b — a — 8, the oscillation is less than £ ! . Hence 

Z(/, 3“1 <sn + (b-a-S)e'. 

Choose now 

2 ib-a) 2S1 


Since b - a- 8 <b- 


whence f is Riemann-integrable by Theorem 437. 


e" e" 

Z(f, 3°'t<8a + (b-a-S)c l < — + — =c", 


7.2.3 We have 


J g *11*11 d* = J g *11*11 dx+ J xll_iJJ dx+j^ x||xj| ( 

= 0 xdx + 1 x dx + 2 x dx 

JO J 1 J 2 

x 2 |2 ?|3 

= — +rl 

2 ll 12 

= (2-i) + (9-4) 

13 


fix+h)-fix) „ e x+h -h-e x „ e x+h -e x „ h x 

fix) = lim — J = lim lim lim - = e x - \, 

h^O h h—0 h h—0 h h^O h 


whence f (x) = e x — x + C. Since 3 — f (0) = e® — 0 + C => C = 2, we deduce that fix) = e x — x + 2. 
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ra i 

7.2.4 Put I = / — dx. We have 

JO fW + 1 


i = r _ d» = r d „ = r fia u) d „ = - f° ^Ld„ = r 

Jo /(**) + 1 Jo f(u)+f(u)f(a-u) Jo l+f(a-u) J a l+f(v) Jo 1 + /(w) 

2/ = r ■ ^Ld„ + r ° dM = r + /<«- “> - . 

JO !+/(«) Jo 1 +/(«-«) Jo 


2 + /(«) + /(a -«) 


7 . 2.5 Observe first that J "(0 + 0 J = /'( 0 ) I J [ 0 ) and so /(OJ = 0 . Integrate f(u + y) = f(u) ■ f (y) for u £ | 0 ; h| keeping y constant, getting 

/*X /*X /*X /*X 

J 0 f{u + y)du=J f(u)du + Jo /(y)dit = J o /(it)du + x/(y). 


Also, by substitution, 


Exchanging X and y: 


rx ry+x ry+x ry 

/ /(it + y)dif = / /(ii)dii = I f(u)du- / /(it)dit. 
JO Jy JO JO 

ry+* ry r x 

Xfiy) = / /(it)dii- / f(u)du- / /(it)dit. 

JO JO JO 


ry+x rx ry 

y/(x) = Jo f(u)du-Jo f(u)du-Jo f(u)du. 


From (A. 8 ) and(A.9) we gather that x/(y) = x/(y). Ifxy 5 ^ 0 then ^ . This means that for ^ is constant, and so for X ^ 0, /(x) = CX for some constant C. Since /(0) = 0, /(x) = exfor allx. Taking X = 1,/(1) = C. 


7.2.7 We have 


|x 2 — 1 1 dx = j\l-x 2 ) dx + j\x 2 -l) dx 


2( i __ ) + ( __ 2 ) _ ( __ i) 

4 2 2 

— I 1 — 

3 3 3 


y 22 , , dx xdx udu 

7.2.16 Put if = Y x* - 1; it = X - 1 so that 2 if d if = 2xdx and — = — = — . Thus 


* X 2 u 2 


— dx = f — -JJ- d u= f — — du = arctan u + C = 

x\Zx^ - 1 ^ (it^ + l)it J u* + 1 


= arctan \ x* - \ + C. 


7.2.17 Put It = V X + 1; It = X + 1; from where dx = 2udlt. Whence 


7.2.18 Putx = it®;dx = 6 n 3 dit, giving 


/ i y . 1 dx = / TTh du= I ( 2_ ITu) d “ = 2u - 2 log 1 1 + it| + C = 2vTTx-2log|l + Vl + x| + C. 


r x 1/2 
J x" 2 -x l 


r (u*ne u°> 

I —3 2 “ d “ 

J UH-U^ 


f^ldu 

J It — 1 

6 J |it 5 + it 4 + n 3 + it 2 + it+l+ 1 ^ jdit 


it® it® it 4 it 3 it 2 1 

T + T + T + T + -2- + B+log|I, - 1| J + c 

- — + — + 2x 1/2 +3x 1/3 +6x 1/6 +6log|x 1/6 -l| + C. 

5 2 6 


f a 2x , f 2it(it 2 - 1) , C2u 2 -2, 2 u 3 2u 2{a x + l) 312 2{a x + l) 112 

I dx = / dit = J — dit = — + C = 

J y/ a x + 1 J itlogfl J log a 31oga log a 31oga log a 

2x — l) 2 , and so 

[ ~dx = f —£■ xix= f - 2 -du = -—+C = 2 +C, 

J (e x -e~ x ) 2 J (e 2x - 1) 2 J 2u 2 2(e 2 * - 1) 


7.2.21 We have 


7.2.22 Put If = e , etc. 


r w . L*J . f d L*J . f 4 L*J . f 5 L*J . 

/ — dx = / — dx+ / — dx+ | — dx+ | — dx 

J 1 x J 1 x J 2 x J 3 x J 4 x 

r2 i r3 2 f4 3 r5 4 
= / — dx+ / — dx+ / — dx+ / — dx 

Jl x J 2 * J3 x J 4 x 

= (log2-logl) +2(log3-log2) + 3(log4-log3) +4(log5-log4) 
= 4log(5) - 3log(2) - log(3). 

J e eX+x dx = f e x e eX dx = J /d/=/tC 
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7.2.23 Put U = log(cosx), etc. 


7.2.24 Put U = log log X, etc. 


f C (log(cos; 

I tanxlog(cosx)dx = / (log(cosx))d(-log(cos(x))) = — 


7.2.25 Carry out the long division. 


/ ..to i p v 16 ..13 «10 v 7 «4 

X — 1 1C 19 Q c 9 X X X X X 

— 5 dx = I (x 13 +x 1 ^+x 3 +x° +x 3 + l)dx = + + + — + — + x 

x 3 lJ 16 13 10 7 4 


7.2.26 After an algebraic trick, put u = 1 + X , etc. 


r l r x ° l r d(it^ 7 ) l _7 

J X»+X J l + x-7 7 J i+x-7 7 81 


7.2.27 Put M = 2 + 1 


[ 2 V 2 dx = — ^ — f — ^ d(2* + l) = , f — — -d u = — («-log|n|) + C= , (2* + l-log|2* + l|)-l 

J 2 X + 1 log2 J 2* + l log2 J u log2 l 8 u log2 1 8 j 


7.2.28 Put M = x + 1. Thenx 2 = (u- l) 2 = w 2 —2u+ 1, andhence 


f x 2 ^ _ f u 2 - 2u+l 

J (x+l)10 “ J 

= J u ® 2u ~ 


2 u 3 + w AU dw 


(x + 1) - ' (x+l) _ ° (x+l) _ 

1 

7 4 9 


7.2.29 Algebraic trick, and then u = e +1, etc. 


I T^^ = I 7^TT dx= l7^TT d(e ' X + 1) = ^° e,e Xi 


f 1 . f l + sinx fl + sinx, f ? , ^ 

/ : — dx= / = — dx = / — dx= / sec x + secxtanxdx = tanx + secx + C 

J 1-srnx J i-sin 2 x J cos 2 x J 

I Vl +sin2xdx = J \f sin 2 x + 2 sin x cos x + cos 2 xdx 

= J \j (sinx + cosx) 2 dx 

= ftsinx + cosx|dx 

= + cosx + sinx + C 


7.2.32 Put U = X , etc. 


— - dx = — [ — d u = — 

\/l (X 2 ) 2 2> ^1-H 2 2 


— arcsin u + C = — arcsinx^ + C 


fsec^xdx = ^sec 2 x(tan 2 x + l)dx 

= J sec 2 x tan 2 xdx + J sec 2 xdx 

= J (tanx) 2 d(tanx) + J sec 2, xdx 


sec 3 xdx = / sec 3 x sec' 1 xdx 


The above implies that 


upon recalling from class that 


O C Q 

= sec xtanx- 1 tanxd(sec x) 

= sec 3 xtanx-3 J tan 2 x sec 2 x sec xdx 

= sec 3 xtanx-3 J (sec 2 x - 1) sec 3 xdx 

= sec 3 xtanx-3 J sec 3 xdx + 3 J sec 3 xdx 

tanxsec 3 x 3 f q , 

+ - J sec xdx 

4 4 J 

tanxsec 3 x 3tanxsecx 3, 

+ + — log|secx + tanx| + C, 

4 8 8 8 


f q , tanxsecx 1 , 

'sec xdx= + — log|secx + tanx| + C 


7.2.35 First put t = X 1 ^ 3 , then f 3 = X => 3f 2 df = dx. Thus 


J e xl ' 3 dx = j3t 2 e t d 


= 3t 2 e f -6te l -6e* + C 

2/3 xl/3 I/O r l/3 yl/3 
= 3x* ld e x -6x A/3 e* -6e x +C, 


where the penultimate step results from tabular integration by parts. 





Answers and Hints 


7.2.36 We have 


J log(x 2 + l)dx = xlog(x 2 + 1) - ^xd(log(x 2 + 1)) 

= xlog(x 2 + l)-2 f - — dx 

J xf + 1 
x 2 + 1-1 


, 2 fr + l-l, 

xlog(x 2 + l)-2 — ^ dx 

J x^ + l 


xlog(x £ + 1) -2 




7.2.37 Put 

Differentiating both sides, 
Equating coefficients, 


= xlog(x‘ : + l)-2(x-arctanx) + C 

I = J xgX cosx:= (Ax + B)e x cos x + (Cx + D)e x sinx + Jf. 
xe x cos x = Ae x cos x + (Ax + B) e x cos x - (Ax + B ) e x sin x+Ce x sin x+(Cx + D)e x sin x + (Cx + D) e x cos x. 


xe cosx 


e cosx 


1 = A+C 
0 = -A + C 
0 = A+B+D 
0 = -B + C + D 


f ie * c 


From the first two equations C = —,A = — . Then the third and fourth equations become = B + D: = —B + D, whence D = , and B = 0. We conclude that 

2 2 2 2 2 

7.2.38 We will do this one two ways: first, by making the substitution 
Observe also that x 2/3 = e 2tl3 . Then 


Aliter: By directly integrating by parts, 


t = log* =» 

e l = x => e*dt = 

= dx. 

J x 2 ^ 3 logxdx = 

f te 2tl3 e‘it 



3t c 5tl3 9 

,5f/3 


5 25 



3 (log*) c 5/3 

9 c 


5 

25 ' 

J x^logxd* = 

H 5 ? 



lfA l3 dx 

M°8*> x 5/3_ 1,5/3 + c 
5 25 


is before. 


7.2.39 This integral can be done multiple ways. For example, you may integrate by parts directly and then "solve” for the integral. Another way is the following. Start by putting 

t = logx => e t = x => e 1 dt = dx. 


Then 


j" sin(logx)dx = j e* sin tdt, 


an integral that we found in class. We will find it again, using a method similar of problem 7.2.37. Put 

I = J e* costdt:= Ae* cos t + Be t sin t + K. 


Differentiating both sides 


Equating coefficients, 


e t cos t = Ae t cos t- Ae* sin t + Be * sin t + Be t cos t. 


e cost i 1 = A + B 

e^sinf : 0 = A + B 


^ sin(logx)dx = J e^sinfdf 


— e t cos t + — e* sin t + K 
2 2 

-x cos logx + — x sin logx + K. 


7.2.40 Put t = loglogx => e e = x=^e t e e df = dx. Hence 


f ,OB '° BX dx = 


(logx) (loglogx) - (logx) + C, 



where the penultimate equality follows from a tabular integration by parts. 
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7.2.41 Observe that 


J secxdx = J 


sec x tan x + sec^ x 

d 

tanx + secx 


x + secx)) = log(tanx + secx) + C, 


For the second way, simple algebra will yield the identity. We have 


J 2(l + sinx) J 2(l-sinx) 

- log 1 1 + sinx| - - log|l -sinx| + C 

1 | 1 + sinx | 

-log \+C 

2 8 1 1 -sinx I 


For the third way, we have 


(—0 

J sinx 

f 2 sin £ 


2 sin ^ cos 2 ^ 
* sec 2 £ 

±-Ax- 


2 tan ^ 
du 


r du 
J u 


/ . r 71 . c 71 . 71 .i 7i x i 

secxdx = I csc( — + x)dx = / csc(— + jc)d( — + x) = log | tan( — + — )| + C. 


7.2.42 Putting t = arcsin x we have 


sin t - x => cos tdt = dx, 


J (arcsii 


(arcsin x)*dx 


J t c cos tdt 

f 2 sin t + 2t cos t - 2 sin t + C 

(arcsin x) 2 x + 2 (arcsin x) cos(arcsin x) -2 x + C 

(arcsinx) 2 x + 2(arcsinx)\/l-x 2 -2 x + C 


7.2.43 We have 


7.2.44 We have 


r dx 

J Vx + 1 + y/x - 

J xarctanxdx 


■ / 


(v/jc+T — Vx- l)dx 


/ arctanxd — 

l 2 


x 2 r x 2 

— arctanx / — d(arctanx) 

x 2 r l x 2 

— arctanx- I — dx 

2 J 2 !+ x 2 

x 2 r l x 2 + 1 - 1 

— arctanx- / — dx 

2 J 2 1 + x 2 

x 2 x 1 

— arctanx + — arctanx + C 

2 2 2 


7.2.45 Put u = vtanx and so u = tanx, 2udu = sec xdx = (tan x + l)dx = (ii* + l)dx. Hence the integral becomes 

„2 


r , r u * , 

/ vtanxdx = 2| — dn. 

J J u 4 + 1 

4 42 2 2 /~ 2 r~ 

To decompose the above fraction into partial fractions observe (Sophie Germain’s trick) that u +l = n +2 u +1 — 2n = (u + uV 2 + 1) (n — n v 2 + 1) and hence 




f u 2 

2 ~~a d 

J n 4 + l 


Zl 


f U J V2 f u , 

J u* + uV2 + 1 2 J „2_„y2 + l 


- — log (n 2 + uZ 2 + 1) + — log (n 2 - uZ2 + 1) + arctan(\/2w+ 1) - arctan(-\/2n+ 1) + C 

Z2, , 4 Z2, , 2 “ 

log(tanx + v2tanx + 1) + — log(tanx- v2tanx+ 1) 

4 Z2 , Z2 , 

+ — arctan(v2tanx + 1) — — arctan(-v2tanx + 1) + C 


2x + 1 ABC 2 

- T + => 2x+l = Ax(x-1) + B{x-1) + Cx z . 


x 2 (x-l) X X 2 X-1 

2 

Letting X = 1 we get 3 = C. Letting X = 0 we get 1 = — B => B = — 1 . To get A observe that equating the coefficients of X on both sides we get 0 = A + C, whence A = — 3. Thus 

f-^-dx = -3 f — dx- f -Ldx + 3 f — 1 — dx 

J x 2 (x — 1) J X J x 2 J x-1 

= -3log|x| + — +31og|x- 1| + C 
= 31ogj — — — I + — + C. 
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7.2.47 Integrating by parts, 


J log(x + \/x)dx 


U=y/X 


U-s/x 


xlog(x + \/jc) - / xdlog(x + \/x) 

J 1 
x(l + — 

xlog(x + \/x)- — — dx 

J X+ y/X 

*iog(, + ya-/(i-i-^)d. 

_ i r \/x 

xlog(x + v/x) -x+ — J —dx 

2 J x+ y/x 

r i 

xlog(x+\/x)-x+ — du 

J u 2 + u 

xlog(x + y/x) -X + / 1 du 

J u + 1 

xlog(x + y/x) -x+u- log(M + 1) + C 


xlog(x + \fx) -x+ v / X-log(v / X+ 1) + C 


7.2.48 We use Sophie Germain’s trick to factor 


and seek the partial fraction decomposition 


Equating coefficients 


x 4 + l = x 4 +2x 2 + l-2x 2 = (x 2 + 1) 2 -2x 2 = (x 2 - V2x+ l)(x 2 + V2x+ 1), 

1 Ax + B Cx + D 9 / — 2 r~ 

— + -= => 1 = {Ax + B)(x* + V2x+l) + {Cx + D){x z -V2x+1). 

x 4 + l x 2 -^2x+l x 2 + v / 2x + 1 


0 = A + C 

0 - B + D + V2( A - C) 

0 = A+ C + V2{B - D) 

1 =fl + D 


From the first and third equation it follows that A = —C and that B = D. From the fourth equation B = D = — and from the second equation A = — = — C. Hence we must integrate 

2 2v2 


\ik T d * = / 


\/2x + 2 


4(x 2 + V2x + 1) J 4(x 2 - V2x + 1) 

y/2 f 2x + y/2 


I: 


V2X-2 


s/2 r 2X + V2 ix+ i r 1 ix _2 r 2 x + s/2 dr | I_ r 1 ix 

8 J x 2 + V2x+l 4 J x 2 + \/ 2 x + 1 8 J x 2 -V2x + l 4 J x 2 - v '2x+l 

■^log(x 2 +x\/2+l)--^log{x 2 -xv / 2 + l)+i f dX + 1 f dX 

8 8 2 J (xv / 2+1) 2 + 1 2 J (- xv /2+l) 2 + l 

^ log(x 2 I xv 2 i 1 ) - logtx 2 -x\/2 + l) + — arctan{x\/2+l) - — arctan(-x\/2 + l) + C 


7.2.49 We begin by observing that 


1 = A(x* - x + 1) + {Bx + C) (x + 1). 


x 2 + 1 x + 1 x 2 -x + l 

Letting X = — 1 we obtain 1 = 3.4 => A = — . Letting X = 0 we obtain 1 = A + C => C = 1 — A = — . Finally, we must have A + B = 0, since the coefficient of x^ must be zero, thus B . We must then integrate 


— ±2 — dx = 

J 3(x+l) J 3(x 2 -x+1) 


-Iog|x+l| 

3 J 3(x 


f + lf 1 

3 3(x-^) 2 +| 2 J (x-^)2+| 

1 1 1 2 3 2 /- 1 

-log|x+l|--log|(x--) 2 +-|+- — 

3 6 2 4 3 J 4 (x-£)2 + l 

1 1 1 2 3 2 \/3 1 

jlog|x+l|--log|(x - -) + j|+- — arctan{x- j) 

1 1 2 \/3 2 1 

-log|x+l|- -loglx' 1 -x+l|+ — arctan — (x- -) 
o b 3 y3 2 
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